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PRBFACB. 

i 

o 

T^HIS work is prepared to meet the demands of our best 
^ High Schools and Academies. The plan pursued in 

t the development of the subjects is substantially the same 
as that adopted in the author's Inductive Algebra, of 
which this is a revision, but the scope of the treatise has 
been considerably extended, so* that it may more fully 
meet the demands of institutions that are preparing 
students for our higher scientific schools, and for advanced 
standing in our colleges. 

It id believed that the treatment of the subject will 
commend itself to teachers on account of its simplicity, 
its clearness, and its thoroughness. The student is led 
by natural and properly graduated exercises to a thor- 
ough comprehension of the principles of the science, and 
then he is given such abundant practice in applying 
them, that they become fixed in the memory, and the 
most rapid progress is secured. 

Improvement in methods of teaching has been very 
great in recent years, and it is necessary, therefore, that 
new text-books should keep pace with the very noticeable 
advance in educational science. This work is prepared 
for the purpose of meeting this demand, and it is con- 
fidently believed that it is constructed upon a plan 
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which exemplifies the methods of the best teachers of the 
subject. 

In no instance has the theoretical treatment of subjects 
been subordinated to the practical, and yet the theoretical 
is at all times illustrated and enforced by numerous 
practical exercises in which the book abounds. 

The author desires to express his obligations to others 
who have preceded him in preparing text-books upon 
this subject, particularly to the authors of the many 
excellent works which have recently appeared in Eng- 
land. He is also specially indebted to Professor Oliver 
S. Westcott, A.M., of Chicago, 111. His distinguished 
success as a teacher, his keen insight into the depths of 
mathematical science, and his eminently practical views 
of truth have peculiarly fitted him to give wise and 
valuable assistance in the preparation of the book. 

The High School Algebra is submitted to the public 
with the hope that its scientific arrangement, its progres- 
sive development of principles, its accuracy of statements, 
its precision in definition, its clearness in discussion, its 
abundant examples, and its special adaptation for its 
purposes, may meet what is believed to be a popular 

demand. 

WILLIAM J, MILNE. 

Statb Normal Collbos, 
Albany, N.Y. 
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ALGEBRAIC PROCESSES. 

1. Example 1. Two boys had together $21. If the elder 
had twice as much as the younger, how much had each ? 

ABITHMETICAL PROCESS. 

A certain sum = the money the younger had. 

2 times that sum = the money the elder had. 

3 times that sum = the money both had. 
Therefore, 3 times that sum = $ 21. 

The sum = $ 7, what the younger had. 
2 times $ 7 = $ 14, what the elder had. 

The above process may be abridged by using the letter s for 
the expressions, a certain sum and that sum. In Algebra it is 
common to use the letter x, or some other one of the last let- 
ters of the alphabet, for a number whose value is to be found. 
Therefore, the following is the 

ALGEBRAIC PROCESS. 

Let X = the money the younger had. 

Then 2 a; = the money the elder had. 

And Sxs= the money both had. 

Therefore, 3aj = |21. 

x= $ 7, what the younger had. 
2 a; = $ 14, what the elder had. 

9 
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2. An Equation is an expression of equality between two 
numbers or quantities. 

Thus, 4 + 7 = 11, and 2 a; = 16, are equations. 

3. A Problem is a question requiring solution. 

4. A Solution of a problem is a process of finding the result 
sought. 

6. A Statement of a problem is an expression of the condi- 
tions of the problem, in algebraic language. 

Solve algebraically the following : 

2. A man paid l|^ 30 for a coat and a vest. If the coat cost 
4 times as much as the vest, what was the cost of each ? 

3. Two boys earned together $36. If James earned 3 
times as much as Henry, how much did each earn ? 

4. A farmer picked 24 bushels of apples from two trees, 
[f one tree bore twice as many bushels as the other, how many 
bushels did each bear ? 

^5. A and B together furnish $800 capital, of which A fur- 
nishes 3 times as much as B. How much does each furnish ? 

6. A man had 450 sheep in three fields. In the second he 
had twice as many as in the first, and in the third 3 times as 
many as in the second. How many were there in each field ? 

7. Two boys together solved 350 problems, of which William 
solved 4 times as many as Charles. How many did each 
solve ? 

8. A certain number added to itself is equal to 260. What 
is the number ? 

9. A farmer sold a horse and a cow for $250, receiving 4 
times as much for the horse as for the cow. How much did 
he receive for each ? 

10. A has 3 times as many sheep as B, and both have 420. 
How many has each ? 
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11. A farm of 480 acres was divided between a brother and 
a sister, the brother having 3 times as many acres as the sister. 
How many acres had each ? 

12. The greater of two numbers is 6 times the less, and 
their sum is 640. What are the numbers ? 

13. A and B had a joint capital of $ 1750. A furnished 4 
times as much as B. How much did each furnish ? 

14. A farmer raised 1320 bushels of grain. If he raised 
5 times as much corn as wheat, how many bushels of each did 
he raise ? • 

16. A farmer raised 1350 bushels of wheat, corn, and rye. 
If he raised twice as much corn as rye, and 3 times as much 
wheat as corn, how many bushels of each did he raise ? 

16. A, B, and C contributed $ 560 for the relief of the sick. 
A gave a certain sum, B gave twice as much as A, and C gave 
twice as much as B. How much did each give ? 

17. The number 169 can be divided into three integral parts 
such that the second part is 3 times the first, and the third 9 
times the first. What are the parts ? 

18. The profits of a business for 3 years were $10,890. 
The second year the gain was twice the gain of the first year, 
and the gain the third year was twice as much as that of both 
previous years. What was the gain the third year ? 

19. The expenses of a manufactory doubled each year for 
three years. The third year they were $ 13,800. What were 
the expenses for each of the other years ? 

20. A lecturer received f 300 for 2 lectures. For the sec- 
ond lecture he^eceived 3 times as much as he did for the first. 
How much did he receive for each ? 

21. A, B, and C own 10,000 head of cattle. B owns 3 times 
as many as A, and C owns \ as many as are owned by A and 
B. How many does each own ? 

22. A number plus twice itself, plus 3 times itself, plus 4 
times itself, equals 30. What is the number ? 
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23. John has 5 times as dany hens as ducks. He has Id 
all 12 fowls. How many ducks has he ? 

24. A man has two daughters and one son. He wishes to 
divide $6000 among them so as to give the elder daughter 
twice as much as the younger^ and the son as much as both 
the daughters. How much must he give each ? 

25. Walter has 3 times as many slate-pencils as Albert has 
lead-pencils. The lead-pencils cost 3 cents apiece^ and the 
slate-pencils 1 cent apiece^ and together they cost 30 cents. 
How many slate-pencils has Walter ? 

26. Divide 36 into 4 parts so that the second shall be 8 
times the first, the third shall be ^ of the first and second, and 
the fourth shall be i of the other three. 

27. What number added to 5 times itself equals 90 ? 

28. What number added to twice itself and that sum added 
to 4 times the number, equals 28 ? 

29. What number added to 7 times itself equals 104 ? 

80. A and B enter into partnership to do business. A fur- 
nishes 4 times as much of the capital as B, and both together 
furnish $15,500. How much does each furnish? 

31. A gentleman dying, bequeathed his property of $ 14,400 
as follows: to his son 3 times as much as to his daughter, 
and to his widow twice as much as to both son and daughter. 
What was th0 share of each ? 

32. A farmer bought some grain for seed — in all, 32 bushels. 
He purchased 3 times as many bushels of oats as of barley, 
and as many bushels of wheat as of oats and barley. How 
many bushels of each kind did he purchase ? 

33. A merchant bought 3 pieces of cloth which together 
measured 144 yards. The second was 3 times as long as the 
first, and the third was 8 times as long as the first What 
wajB the length of each piece ? 
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84. A farmer had an orchard containing 560 trees. The 
number of peach trees was 3 times the number of cherry trees, 
and the number of apple trees 8 times the number of peach 
trees. How many were there of each kind ? 

85. James has 6 times as much money as John. He finds 
also that he has 30 cents more than John. How much has 
each? 

86. A library contains 10,000 volumes. The books of fic- 
tion are 9 times as many as the scientific works, the books of 
travel and biography each one third as many as the books of 
fiction, and all the other works 4 times as many as the scien- 
tific works. How many books of fiction are there in the 
library ? 

87. Mary had 40 cents more than Sarah, and Mary's money 
is 5 times as much as Sarah's. How much has each ? 

88. A farmer had 217 cattle in three fields. The first field 
contained twice as many as the third, and the second twice as 
many as the first. How many were there in each field ? 

89. The earnings of a manufactory doubled each year. If, 
at the end of four years, they amounted to $ 16,000, what were 
the earnings the first year and the fourth year ? 

40. Three men engaged in business with a joint capital of 
$6000. A furnished three times as much as C, and B fur- 
nished ^ as much as A and C. How much did each furnish ? 

41. In a certain school there are 600 pupils. The pupils in 
the second class are twice as many as the pupils in the first 
class, the pupils in the thi^d class are as many as in both the 
first and second classes, while the number in the fourth class 
is double the number in the third. How many pupils are there 
in each class ? 

6. Quantity is the amount or extent of any thing. 

Numbers are used to express quantity. In Algebra, however, the word 
quantity is frequently used for the word number. 
Thus 35 gallons expresses a quantity. 
In Algebra 2 a, (x + y), 4 ox are called quantities. 
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7. Enown Numbeny or QnantitiaSi are such as have definite 
values, or those whose values are given, or to which any value 
can be assigned. They are represented hy figures and the j^r«^ 
Utters of the alphabet. 

Thus, 6, 8, 215, representing given numbers, and a, &, c, etc., repre- 
senting any numbers, are known numbers, or quantities. 

8. Unknown KumberSi or Quantities, are those whose values 
are to be found. They are represented by the last letters of 
the alphabet. 

Thus, a, y, «, r, to, etc., are used to represent unknown numbers, or 
quantities. 

9. Algebra is that branch of mathematics which treats of 
general numbers, or quantities, and of the nature, transforma- 
tion, and use of equations. 

The Signs in Algebra are, for the most part, the same as 
those used in Arithmetic. 

10. The Sign of Addition is an upright cross : H-. It is called 
Plus, Placed between quantities, it shows that they are to be 
added. 

Thus, a + 6 is read a plus 6, and means that a and 6 are to be added. 

11. The Sign of Subtraction is a short horizontal line : — . It 
is called Minus, Placed between two quantities it shows that 
the second is to be subtracted from the first. 

Thus, a — 6 is read a minus 6, and means that b is to be subtracted 
from a. 

12. The Ambiguous or Double Sign is ±, a combination of 
the sign of Addition and the sign of Subtraction. 

Thus, a ±b shows that b may be added to or subtracted from a. 

The signs + and — are sometimes used for other purposes 
besides indicating operations to be performed. Thus, if dis- 
tances east from a given meridian are indicated by the sign + 
prefixed to the number of degrees, distances west will be indi- 
cated by placing the sign — before the number of degrees. 
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K the sign -f indicates gain^ the sign -— will indicate loss. 
K degrees of temperature above the zero point are marked 
with the sign +, those hehw the zero point will be marked 
with the sign — . The signs + and — are, therefore, some- 
times, signs of opposition^ as well as of operation, 

-4 -8 -2 -1 +1 +2 +3 +4 

I 1 1 1 1 1 1 1 1 

13. The Sign of Hnltiplioation is an oblique cross : x . It is 
read multiplied by or times. Placed between two quantities, 
it shows that the one is to be multiplied by the other. 

Multiplication may also be indicated by a dot (•). In Algebra 
the sign is usually omitted except between figures. 

Thus, each of the expressions a x 6, a • 6, and a6, shows that a is to 
be multiplied by h. 

14. The Sign of Division is a short horizontal line between 
two dots: -*-. It is read divided by. Placed between two 
quantities, it shows that the one at the left is to be divided by 
the one at the right. 

Division may also be indicated by writing the dividend above 
the divisor, with a line between them. 

Thus, each of the expressions a-*-h and - shows that a is to be divided 
by 6. h 

15. The Sign of Equality is two short horizontal lines placed, 
one above the other : = . It is read equals, or is equal to. 
When it is placed between two expressions an Equation is 
formed. 

Thus, a; + 2^ = 4 is an equation. 

16. The Signs of Aggregation are : The Parenthesis, () ; the 

Vinculum, ; the Bracket, []; and the Brace, \ \. They 

show that the quantities iticluded by them are to be treated as 
single numbers. 

Thus, each of the expressions (ja-\-h)c^ a'\-h x c^ [o + 6]c, and 
{a + &}c, shows that the sum of a and & is to be multiplied by c. 

When quantities are under the vinculum, or are included within any 
of the other signs of aggregation, they are commonly said to be in paren- 
the9u. 
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17. The Sign of Involution is a small figure or letter, called an 
Eiqfonent, written a little above and to the right of a quantity 
to indicate how many times the quantity is used as a factor. 

Thus, a^ shows that a is to be used as a factor 5 times. 

When no exponent is written, the exponent is 1. 

Thus, a is regarded as a^ ; 6 as 6^. 

An exponent is also called an Index. 

18. A Power of a quantity is the product arising from using 
the quantity a certain number of times as a factor. 

Thus, 4 is the second power of 2 ; a^, the third power of a. 

Powers are named from the number of times the quantity is 
used as a factor. 

Thus, cfi is read the fifth power of a, or a fifth. 

The second power of a quantity is also called the square^ and the third 
power the cube of the quantity. 

19. A Boot of a quantity is one of the equal factors of the 
quantity. 

Thus, 2 is a root of 4 ; a is a root of a*. 

20. Roots are named from the number of equal factors into 
which the quantity is separated. 

Thus, one of two equal factors is the second root, one of three equal 
factors the third root, etc. 

The second root of a quantity is also called the square root, and the 
third root the cube root of the quantity. 

21. The Sign of Evolution is V~, called the Radical Sign. 
When it is placed before a quantity it shows that a root of 
the quantity is required. 

The quantity or number written at the opening of the radi- 
cal sign is called the Index. It shows what root is sought. 

When no quantity or Index is written at the opening of the 
radical sign, the sqiiare root is indicated ; if 3, as V", the 
third root ; if 4, as \^, the fourth roof, etc. 
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22. The Sign .-. is called the Sign of Deduction. It means 
therefore or Ae/ice. The Sign •••is called the Sign of Continua- 
tion. It means and so on or and so on to. 

23. A Coefficient is a figure or letter placed before a quantity 
to show how many times the quantity is taken additively. 

Thus, in the expression 7 6, 7 is the coefficient of b, and it shows that 
7 6 is equal to 6+6 + 6+6 + 6 + 6 + 6. 

Although the first figure or letter of an expression is usually regarded 
as the coefficient, strictly speaking, any factor or the product of any 
number of the factors may be considered as the coefficients of the product 
of the remaining factors. 

Thus, m S ax, S may be regarded as the coefficient of ax, 8 a as the 
coefficient of a;, or 3 x as the coefficient of a. 

24. Coefficients expressed by numbers are called Humeral 
Ooefficients ; those expressed by letters, Literal Ooefficients. 

When no coefficient is expressed, the coefficient is 1. 

ALGEBRAIC EXPRESSIONS. 

26. An Algebndo Expression is the expression of a quantity in 
algebraic language. 

EXERCISES. 



1. Interpret in ordinary language d^ H- 3 Va* — «*. 

Intbbprbtation. — The algebraic expression interpreted or read is, 
the sum of a square and 3 times the square root of the remainder when 
X square is subtracted from a square. Or, the sum of a square and 3 
times the square root of the quantity a square minus x square. 

Copy and read the following expressions : 

2. a +6. ^ V7+Vfy+^. 

8. Sb-a. jQ a?H-4(a;-3y ) 

4. a» + 6. 2-V4a?-g 

6. a-V6. ^^' Va + 6-h^-4. 

6. a^-hb-i-c^. 12. -— — ^• 

Va — (aj-fy) 

7. 4(a + 6)-c ^^ 3a: + ^-V^ . 

8. «» + V«'-y. ' 4y«-.« + 2«y« 
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When a = l, b = 2, c = 3, d = i, e = 5, find the numerical 
value of each of the following expressions by using the num- 
ber for the letter which represents it : 

Thus, a + 6 + 3d-e = l-l-2 + 12-6 = 10. 

1- 3a + 6. 22. ^(a + b + c)-^/d. 

2- 2c- 6. 3 J 
8. 3d + a-b. A^ue-rw-p ^ 

4. 2<?-a-b. 24. (|+|)d- 

«B (a* + V)3b 

6. d-(a + b). 26. ^-27ri~' 

7. o* + 6»-d. jjg o» + y + c« + (P-^e». 

8. (a + 6)d-c. jj^ Vd-|-(o + 6)»-e. 

9. (a + 6)(d-c). 2g (o + 6)(6-a)4a. 

10. (a« + 6«)^(a + 6). ^^ a + 3>/ ^eW4e+3d+26 . 

11. 4 (3a -6). 



12. 7a(3(i~2a). ^0. ^_^ + ^ 

13. a6cd(aif 6 + c-f(f). %;(cg — c*) — < 

14. (o + 6 + c)(a + 2> + c). ' V^d-h& 



15. (d + e-6)-(c-6). 32. ?:£--6V(a + c)«. 

16. (d — a + c)(e-6). 



33. 26(a» + c«)-VpTe). 



34. (a + d)* + a6V(6d-f a). 



17. (&c + d)-6(a + c). 

18. (y-a + c) + (c-a). 

/ 46c V dr 

19. (c + d'-a)-.-(d-6). 86. (^ + j- 

20. 26(a + c)(e-c). „^^ ^ (a + .)' 

OO* "T" "^ ^ 

21. 3ad(c-a + d)-e*. e 6 + c 6 



(o + a) 



88. lla + b X c {d + e)-a']b\ + bdy/ (a + dy. 
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26. The Temui of an algebraic expression are the parts con- 
nected by -f or — . 

Thoa, in the expiession 2a + 3as — 2e(i, there are three terms. 

Several terms in parenthesis are considered but one quantity. 

Thus, a+ (b-\-e—d)x consists of but two terms, viz. : a and (6+c— d)*, 
although the quantity in parenthesis consists of three terms itself. . > - 

27. A Fositiye Term is one that has the sign + before it. 
When the first term of an expression is positive, the sign + 

is usually omitted before it. 

Thus, in the expression a + 3e — 2d + 60, the first, second, and fourth 
terms are positive. 

28. A ITegatiYe Term is one that has the sign — before it. 

Thus,\in the expression da — 2(1 — 3c + 25 — e, the second, third, 
and fifth terms are negative, 

29. Similar Terms are such as contain the same letters with 

the same exponents. 

Thus, Sx^ and 12x3 are shnilar terms ; also 2 (x + yy and 4 (x + yy. 
aofi and &a^ are similar terms when a and b are regarded as coefficients. 

30. Dissimilar Terms are such as contain different letters^ or 
the same letters with different exponents. 

Thus, 8 xy and 2 yz are dissimilar terms, as are also 3 xy and 8 xy^. 

81. A Honomial is an algebraic expression consisting of but 
one term. 

Thus, xy, 3 ab, and 2 j^ are monomials. 

82. A Polynomial is an algebraic expression consisting of more 
than one term. 

Thus, x + y + z and 8 a + 2 & are polynomials. 

83. A Binomial is a name applied to a polynomial of two 
terms. 

Thus, 2 a + 8 & and x — ^ are binomials. 

34. A Trinomial is a name applied to a polynomial of three 
terms. 

Thus, X -H y + « and 2a + 3& — 2e are trinomials. 
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36. 1. How many books are 5 books^ 3 books, and 7 books ? 

2. How many h^a are 46, 36, 56, and 26 ? 

3. How many a^a are 3a;, 5a;, 9a?, 13a?, and 10a;? 

4. How many a6'« are 2a6, 3a6, 4a6, 6a6, and 9a6 ? 

6. James has no money, and owes one person 5 cents, 
another 3 cents, and another 2 cents. What is his financial 
condition ? 

6. If the sign — is placed before each sum which he owes, 
what sign should be placed before the entire amount ? 

7. What sign will the sum of negative quantities have? 

8. How many — a'sare —9a, —3a, —7a, —8a? 

9. Asa owes one person 10 cents, another 12 cents, and 
another 15 cents. If James owes him 5 cents and Henry owes 
him 9 cents, what is Asa's financial condition ? What is the 
value of - 10, - 12, - 15, +5, and -f 9 ? 

10. How much is the debt in excess in the following: —8 
dollars, — 7 dollars, — 9 dollars, 5 dollars, and 12 dollars ? 

11. Which is in excess, and how much, in the following: 
3a, —5a, —2a, 7a, —6a, 9a, —2a? 

12. When no sign is prefixed to a number, or quantity, 
what sign is it assumed to have ? 

36. Addition is the process of uniting several quantities so 
as to express their value in the simplest form. 

87. The Sum is the result obtained by adding, 
20 
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88. Principles. — 1. Only similar quantities can be united 
by addition into one term. 

2. Dissimilar quantities are added by turiting them one after 
the other toith their proper signs. 

In Algebra an indicated operation is often regarded as an 
operation performed, as in Principle 2. 

39. To add similar monomials. 

1. What is the sum of 3a, a, 4a, and 5a ? 

PROCESS. 

3a 

a Explanation. — The sum of 6 a, 4 a, a, and 3 a is deter- 

1 mined by adding the coefficients, or numbers, which tell 

*^ V— _*_Al TT Al i_ -I O _ 



5a 
13a 



how many a^s there are. Hence, the sum is 13 a. 



2. What is the value of 2a + 4o — 2a + 3a — a — 3a? 

PROCESS. 

2 a '-2 a Explanation. — Since the quantities are similar, 

4 a — a ^©y aJ* written in columns. 
Sa — Sa '^^ ^^^^^ ^^ ^^ positive quantities is Oa, and the 

sum of the negative quantities is — 6 a. 

9a — 6a 9a — 6a = 3a. Hence, the value is 3 a. 

9a-6a = 3a 
Find the sum of each of the following : 

3. 4. 5. 6. 7. 

46 3aaj 4a^ — 42J*y' —2ca^ 

b 2aa; 7a^y -SzY - ex" 

lb ax 3a5*y — 7^ — Scaj^ 

96 4a» 27?y -Sz^y^ - c^ 

5b 9aa; 9*^ -Tz'y'' - cg» 

8. Find the sum of ax. Sax, Tax, 9 ax, Sax, and 2aa;. 

9. Find the sum of Tmrij mn, 2mn, Smn, 3mn, and Bmn. 
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10. Find the sum of -SaVi — ^V, -5»y, — Tosy, 
— 9»'y', and — jbV- 

11. Find the sum of 3ajy, 4a?y, 3ajy> «y> 7a^, and 

ajy. 

Express in the simplest form : 

12. 3a + 4a — 2a + 7a — 3a — 6a-f a. 

13. 9a*» — 3a*ic-f a*aj + 2a*aj — 7a»ic — a*«. 

^ 14. 4V^-f 2V^ — 3V^+V^ + 4Va!y — 2Vfl^. 
16. 3 (ajy)« + 4 (xy)* - 3 (ajjr)' - (a^)' - 7 (ajy)». 

16. 2(x + yy^e{x + yy - 7(a? -h y)*-3 (a;+y)*-4(aj+y )* 

17. 3(aj-y) + 5(aj-y)-2(«-y) + 7(aj-y)-(a?-y)-f 

18. 7 (a + &) + 3 (a -f &) - 5 (a + 6) + 6 (a + d) - 4 (a + 5) 
-2(a4-&) + (a + 6)-3(a + 6). 

19. (a — aj) + 6(a — aj) — 2(a — a) + 4(a — aj)-f 6(a — a) — 
7 (a — a?) + 5 (a — a) — 3 (a — a) . 

20. 5{a^ by- 5 {a- by+ 6 (a - 6j»-f 7 (a - &)«-8(a-&)» 
-f2(a-6)»-(a-6)». 

21. 3 (aj + y)»+ 5 (« + yy+ 7 (« + y)»- 4 (a -f y)»-3(a+y)» 
+ 6(a?-hy)»-7(ic + y)' + 9(a; + y)». 



- 22. 6Va«-aj«-f2Va»-aj»-5Va»-a^+3Va«-a*-4Va»-aj» 

40. To add when some terms are dissimilar. 

1. Find the sum of x-^2y + z, x — y, and x-\-Sy + 2z, 

PROCESS. Explanation. — For convenience in adding, simi- 

Q . lar terms are written in tlie same column. Since 

x-^- ^y -tz there are three different sets of similar quantities, 

0? — y their sum, or the simplest expression, is the sums of 

x-\'3y + 2z the different sets of quantities connected by their 

proper signs, for only similar quantities can be 



3x -1-42/ -H 3z united into one term. 
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2. Express in its simplest form the following: Sx + 2xy 
+ » — 3a^ + 2aj — 32 + 4aj — 3a^ — 2a?y + 6« — 7a? + 2u;. 

PBOGESS. Explanation. — The quantities are ar- 

3x + 2xy + z ranged so that similar terms are written 

^ «. in the same column. Beginning at either 

Zx — oxy — oz hand, each column is added separately, 

4:X-~SiCy -^-^z and the dissimilar terms of the result are 

— 7a? — 2ccy +2w connected by their proper signs, for the 

/ dissimilar terms can not be united into 

2a? — 6a?y + 42-f 2mj one term. (Prin. 2.) 

KuLE. — Write similar terms in the sarnie column. Add each 
column separately by finding the difference of the sums of the 
positive and negative term^. Connect the restdts loith their proper 
signs. 



3. 4. 6. 

3a + 25 5a? + 3a^ 8a?4-42;— a?2i 

— 2a-|-36— c 2aj — 7a?y 2a? — 42 

2a -\-2c — 3a? — 6a5y 32 — 4a«i 

3& — 7c 4a?y — 32 3a? + 62 — 4a?2 

3a — 46 3a? -f42 7a!2 

Express in their simplest form the following : 

6. 3a?-|-2y-32-2y-f 32-6a? + 4y + 32+3a?-f32-6y. 

7. 4a?y-f2 — y-f 32 — y — 3a;y + a;y — y-|-2 + 4a? — 3y + 2. 
' 8. 3ac + 4ay + 2ac — 3ay-|-2ay + 2ac — 3ac + ay. 

9. 96 + 2cd-3e-3cd-f 96-f 3cd-6e-26-4c-f 3cd. 

10. 3a?V-f 3a?y-32 + 6a?y-6a?*y + 22-3a?y-f-62-42. 

11. a + 6& + 3c — 4a-f-3c + 3a — 66 + d-f 2c — 3a-|-7d. 

12. a?*y-f-y + w — 3y + 2«7-f 2a?*y-|-2 — 3aj*y — 3y + 2«;. 

13. 9aV-3cy + 2d«-4cV4-4aW-3d«-f2d«-3aV. 
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14. Add 3a6-f 3V^-f 4, 4V^-2a6-f7, 7a6-f3+2V^, 
2V^ + 4 — 4a6, and Sab — 2-\/xy + 7, 

16. Add 3a^-4aj*-aj + 7, 2a^-iB* + 3a; -10, 2^-^!^ 
-2a? + 4, 3a'-2aj2-f 12-3a;, lli»»4-5a» + 6aj-7. 

16. Add |aa*-f |a»-f 2ccV + &', 3a«« + iaj«y 4-3a«-2&8, 
2air2^3ajay_a2_|y«, and ^^q/^ ^\(^yJ^ZGf -\V. 

17. Add oc^ + aft' + ia'-a^ + fa&c + ia^c, a«6 + &« + ay 
+ ftc' + 2a6c + i^c, and a\ - ac'' + 6*c - ftc^ + c^ + a6c. 

18. Add 2(a-aj) + 4a;2^ (a-ic)-n3i»*, 6a5*-3(a-aj), 
7(a — a) — 6iB*, and a^ — (a — a?). 

19. Add 7(a + 6)«+6V, 6W-5(a + 6)', 3(a + &)*-46V, 
66V -f 8 (a + 6)2, and 7 (a + 6)2 - 86V. 

20. Add 6(a6+c)4-7(a— aj)-faa?, 5aaj— 8(a6+c)— 5(a— «), 
3(a — a?) — 2(a6 4-c) — 4aa?, and 3(a6 + c) + 2aaj — (a — a). 

21. Add (a + c)2-3a(aj+y), 5a(a;+y) -5(a+c)2, 7(a-t-c)2 
— 7a(a;-|-y), and a(aj + y) — 9(a + c)*. 

22. Add a(aj4-l)-4(2^-2)+a2, 3(2^-2) -5a*-2a(aj+l), 
7a2 + 4a(aj + l)-2(2^-2), and 3a(aj4-l) + (y-2) + 3al 



23. Add Vo^^ + 5a;2^ 7«2_ 3 ^(j__a.^ 7.^/^3^ _6ar^, and 
3a;2__4y^a__a;. 

24. Add 5a-6(6 + c)+7, 6(6 4-c)-6a-4, 8a-9(64-c) 
- 9, and 3a - 5 (6 + c) -f 2. 

25. Add 7(a; + 3)-4y*4-a62, 3.v*-2a62-6(a? + 3), 5a6* 
-5y*4-3(aj4-3), and 7t/*-2a6* + (aj + 3). 

26. Add axia^V) + (62-2) -f-y^ 2(6^-2) -3.v^+3aa;(a-l), 
5y2-6aaj(a-l) -6(6^-2), and 4aa;(a-l)4-(6'-2)- 7y2. 
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27. Add 7^/a + b + x^/a-'3b'\'abc, Tx-y/a — Sb—BVa-^b 
— Sabc, 4Va4-6+2a6c-6a5\^a-36, and 6Va+6-5ic^a-36 
-Tabc. 

28. Add 4a\^6-c-3Va-f-y, 8Vi-5a\^6-c-6y, 6y 
-h7V«4 3a-v^& — c, and a\/6 — c — 7Va4-2y. 

29. What is the sum of 40*4-03?* — &«'4-2a5'? 

PROCESS. 

+ 4 «* Explanation. — The quantities 4, a, — b, and 2 may 

-f aa^ he regarded as the coefficients of sfi, and the sum 

__ ^>« obtained by adding these quantities and prefixing it 

to {»■. The sum of the coefficients is 6 + a — 6. 
4-2ar ,., the sum of the quantities is (6 + a — 6) x*. 

(6-|.a-6)aj» 

80. What is the sum of 2ax — 36a; -f- 4caj + Scte ? 

81. Whatisthe sumof 2a»»-f-4&a*-f-3cic* + 4i»*? 

82. Add 2(a-h&), 3a(a-f 5), 4(a-f-&), 2a(a-f 6). 
88. Add 6(a + 3), 2(a + 3), 3a(a-f 3), 26(a-f 3). 
84. Add SaVx + y, 2Va + y, 2aVaJ4-y, 3VaJ4-y. 
86. Add 6(aj4-y), a(aj + 2/), &(a5 + y), -4(a; + y). 
86. Add 6(aj-y), ^(aj-y), 6«(a?-y). 

37. Add a Va — 6, 4cVa — 6, 3aVa — 6, 2cVa — 6. 

38. Add 66(a;«+y»), a(a;"+3^), -c(a:»+y«), -.56(x»H-y«), 
2c(«»4-y"). 

39. Add SVa^-c^, 3a;Va^-c», 6Va«-c*, 2a;Va*-c«. 

40. Add 7(aj + y + l), 26(ir + 2/ + l), _5(»4-y + l), 
86(a: + y4-l). 

41. Add a^v^^S"^, b-^x — y, c\^a! — y, (a + 6 + c)^ic — y. 
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EQUATIONS AND PROBLEMS. 

41. Simplify the following and find the value of x : 

Solution. 

3ic 4- 40? 4- 2ic - 3a5 - 2ic 4- 4aj = 16 
Uniting terms, 8 a? = 16 

Whence, x= 2 

2. 5a? + 2a? — 3a? 4- 4a? — 6a? + 7aj = 18. 

8. 5a? 4- 6a? — 9a? — 3a? 4- 2a? 4- 4a? = 20. 

4. 3a? - 2a? 4- 5a? 4- 7a? 4- 4aj- 3a? = 26 4- 2. 

6. 3a? -4a? 4- 2a? 4- 6a? -4a? 4- a?=3l54-3-2. 

6. a? 4- 4a? 4- 6a? -3a? 4- 7a? -9a? = 21 + 7 -4. 

7. 9a?-2a?-3a?4-7a?-6a?4-4a? = 354-9-4. 

8. 8a? -4a? 4- 7a? 4- 3a? -6a? -4a? = 37 -3 4- 2. 

9. llaj — 3a;4-7aj — 4a;4-6a? — 3a? = 234-7 — 2. 

10. 10a;-4a?4.2a?4-7a?-6aj + 2a? = 364-64-3. 

Solve the following problems : 

11. James solved twice as many problems as Henry, and 
Henry solved 3 times as many as Harvey. If they all solved 
70 problems, how many did each solve ? 

12. A had twice as much money as B, and B had twice as 
much as C. If they all had $ 140, how much had each ? 

13. William had twice as many marbles as Henry, and 
Henry had 3 times as many as Samuel. How many had each, 
if they all had 50 marbles ? 

14. A merchant owes B a certain sum of money, and C 
twice as much. Various persons owe him in all 10 times as 
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inuoli as he owes B. After paying all his debts he will have 
^ 1400 left. How much does he owe B and C ? 

15. After taking 5 times a number from 13 times a number 
and adding to the remainder 8 times the number, the result 
was 5 more than 155. What was the number ? 

16. A circulating library contained 10 times as many books 
of reference and 3 times as many historical books as works of 
fiction. The works of reference exceeded the works of fiction 
and history by 12,000 volumes. How many volumes were 
there of each ? 

17. A merchant failed in business, owing A 10 times as 
much as B, C three times as much as B, and D twice the 
difference of his indebtedness to B and C. The entire debt * 
to these persons was $ 36,000. How much did he owe each ? 

18. At a local election there were three candidates for an 
office who polled the following votes respectively : A received 
twice as many as B, and B 1^ times as many as C. The vote 
for all lacked 3 votes of being 1126. How large a vote did 
each receive ? 

19. A man earned daily for 5 days 3 times as much as he 
paid for his board, after which he was obliged to be idle 4 
days. Upon counting his money after paying for his board he 
found that he had 2 ten-dollar bills and 4 dollars. How much 
did he pay for his board, and what were his wages ? 

20. A man loaned the same sum of money to each of 4 men. 
One man had the money for 2 years, another for 3 years, an- 
other for 4 years, and another for 6 years. If the entire inter- 
est money received was $ 420, how much did each man pay ? 

21. In a company of 77 persons it was found that there 
were twice as many women as men, and twice as many children 
as women. How many were there of each ? 

22. A man gave to a hospital a sum of money equal to 
twice what he gave to a library, and to a school four times 
what he gave to the library. If he gave to all 970,000, how 
much did he -crive to each ? 
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42. 1. What is the difference between 7 miles and 9 miles ? 
2. What is the difference between 9m and 3m? 

8. What is the remainder when 8a is taken from 12a? 

4. What is left when 3a^b is taken from 12a*6 ? What is 
the sum of 12 a% and - 3a*6 ? 

6. What is left when Bpq' is taken from 13 j>^ ? What is 
the sum of 13p^ and — 5p^ ? 

6. Instead of subtracting a positive quantity, what may be 
done to secure the same result ? 

7. What is the remainder when 7 -is subtracted from 13? 
When 7 — 3 is subtracted from 13 ? 

8. How does the result when 7 — 3 is subtracted from 13 
compare with the result when 7 is subtracted from 13 ? 

9. What is the remainder when 8 a is subtracted from 11 a ? 
When 8a — 5a is subtracted from 11 a ? 

10. How does the result when 8a — 5a is subtracted from 
11a compare with the result when 8 a is subtracted from 11a? 

11. Instead of subtracting a negative quantity what may be 
done to secure the same result ? 

43. Subtraction is the process of finding the difference be- 
tween two quantities ; or 

The process of finding a quantity which, added to one given 
quantity, will produce another. 

44. The Minuend is the quantity from which another is to 
be subtracted. 

2S 
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45. The Subtrahend is the quantity to be subtracted. 

46. The Difference, or Semainder, is the result obtained by 
subtracting. 

47. Principles. — 1. The difference between similar quantv- 
ties, only, can be expressed in one term. 

2. Subtracting a positive quantity is the same as adding a 
numerically equal negative quantity, 

3. Subtracting a negative quantity is the same as adding a 
numerically equal positive quantity, 

48. To subtract when the terms are positive, ' v 

1. From 9 a subtract 3 a. 

Explanation. — When 3 times any number is subtracted 

PROCESS. from 9 times that number, the remainder is 6 times the 

Q^ number; therefore, when 3a is subtracted from 9o, the 

remainder is 6 a. Or, since subtracting a positive quantity 

^^ is the same as adding a numerically equal negative quantity 

ZL (Prin. 2), 3« may be subtracted from 9 a by changing the 

6 a sign of 3 a and adding the quantities. Therefore, to subtract 

8 a from 9 a, we find the sum of 9a'and — 3 a, which is 6 a. 

2. From 13 a take 15 a. 

PROCESS Explanation. — After subtracting from 18a as much as 

we can of 15a, there will be 2 a yet to be subtracted, and the 

13 a result will be -2 a. Or, since subtracting a positive quan 

15 a tity is the same as adding a numerically equal negative 

- quantity (Prin. 2), 15 a may be subtracted from 13 a by 

^2a finding the sum of 13 a and - 16 a, which is - 2 a. There- 

fore, when 15 a is taken from 13 a, the result is - 2 a. 

6. 7. 8. 

22xy» ' 15a^fz ISa^^c 

Subtract the following: 

9. 8a? 4- 22^ from l2ap-f 63^. 

10. 9aH-36 from 10a + 26. 

11. 7xy + 2z from 5a^ + 4«« 



8. 


4. 


5. 


From 15 a 


ISxy 


15xV 


Take 6a 


Sxy 


17aV 
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12. 3ajy + 6» from 6»y + 3«. 

13. Sxi^ + Sxy from 6ajy*« + 2ajy. 

14. 4jj'gs + 3pg*« from Bjj^qs + 6pg^8. 
16. 6m"na; + 3mwa5 from 7m?nx-\'2mnx. 

16. 5afy + 23^ from 9icV+7y*. 

17. 3a5y* + 4« from an/^ + z. 

18. 5j?*g* + Sjjg from j9*g* + 4pg. 

19. a^yV-{-4:f from 15a^2^2;*4-2^. 

20. 8y2J*4-2^ from 3y7^'{'Sy*z. 

21. 32>*g* 4-4^5 from 9p'q^-\-2qs. 

22. 10a?y2* + 4ajy« from ajy2® + aj^. 

49. To subtract when some terms are negatiye. 

23. From 6a — 26 subtract 3a — 46. 

PROCESS. Explanation. — Since the subtrahend is composed of 

6 a — 2 & *^^ terms, each term must be subtracted separately. 

Subtracting 3 a from 6 a — 2 & leaves 8 o — 2 6, or the re- 

3a — 4 g^Qi; jj^a^y j^^ obtained by adding -3a to 6a — 26. But 

"^ since the subtrahend was 4 b less than 3 a, to obtain the 



3 a 4- 2 6 ^^® remainder, 4 6 must be added to 3 a — 2 6, which , 
gives 3 a + 2 6. Therefore, the subtraction may be per- 
formed by changing the sign of each term of the subtrahend and adding 
the quantities. 

Rule. — Wnte similar terms in the same column. Change thp 
sign of each term of the subtrahend from -{- to —, or from — to 
-f-, or conceive it to be changed, and proceed as in Addition, 

24. 26. 26. 27. 28. 

From 4a^aj 3aj8y' 2a; -f 2^ 6y — 2« 7ax^4by 
Take -2a«fl? -5a^f ''2x--2y 3y + 4« 3aa?-96y 

29. 30. 31. 

From 3a 4- 26 — 3c 4aj4.3y — 32J 4:Xy'\'Sz+ a* 
Take 2a — 464-5c 2a; — 4y — 5« 2a;y — 32; + 4a^ — y 
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32. Prom a + b-^-c subtract a'\'2b'-c. 

33. From SX'\'2y — 3z subtract 2x^Sy + 4:Z. 

34. From 6a* + 268 + 3c» subtract 3a*-362-2c». 
36. From 3a8-2c8-4(P subtract 4c8-3a« + 2(P. 

36. From 8aj*-3y* + 22» subtract 43^-3a?*H-22«. 

37. From 9i>* + 4g« + r» subtract 3r»-4y-2g«. 

38. From rticH-2ay + 2 subtract 2aX'-2ay + z. 

39. From 2xy + 5yz + Sxz subtract 2a5y — 3^2 — 4aw. 

40. From 8ajy+16a?y8+10ajy subtract 14ajy-8aj/-4a?y. 

41. From 5ajy+10iB^— 6y2» subtract IOojV — 'iaj'y^+Sy^'. 

42. From 3aj* + 2a^ + jK« + w subtract 2»«-3{ry-42«. 

43. From 16a^ + 103^ + 82«-r» subtract 63/8^4^^5^ 

44. From 4a:3^ + 3aj*y + 4a?-3 subtract 4:xy^-3x-7, 
46. From 46aj^ + 3ay* + 4 — cy subtract cy--^5 — ba?. 

46. From 3ajV + 3ajy — 6aj subtract 2ajV — 2iry + 4j» — 5. 

47. From 4aj*3/*— 3a!y« — 72* subtract 2aj*y*4-6aJ2/*+22*4-9. 

48. From 7ar^ — 4658 + 3r« subtract Sar^+p + 2b^'{'7. 

49. From 15aj*— 24aj*2^— 16y* subtract 15ajy4-42--5y*H-a?*. 

60. From 3af — 4af*2r + 43r subtract 4af» + 2aj"^ — 4cc^. 

61. From 3aj*»-2iB»Y"-2r"^ subtract 32r"^4-2a*»^-4a^ 
52. From 3 V^ + 22 — ^ subtract 2 Vicy - 32 - 2-^. 

63. From 4(a + 6)2-3a-f-4c subtract a-2(a + &)*-2c. 

64. From 6 Va 4- ^ — 3^a? + y subtract 6\/aHhy— TVo+y. 
56. From 5Va4^-"3\/c+d subtract 4Va+V+2Vc^. 
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56. From aX'{'by subtract cx — dy. 

PROCESS. Since a and c may be regarded as the coeffi> 

- ' cients of x, and b and — d the coelticients of y, 

ax + oy ^jjg difference between the quantities may be 

CX — dy found by writing the difference between the 

" T "7 T~~ coefficients as coefficients of x and y respectively, 

(a — c)a? H- (0 4- cl)y gj^^^ ^ cannot be subtracted from- a, the sub- 
traction is indicated by (^a — c), and since ~d 
cannot be subtracted from by the subtraction is indicated by {b-\-d), 
consequently the remainder may be written (a — c)x + (6 + d)y. 

57. From ay + 2x subtract cy — dx, 

58. From cX'\'2xy — Sdz subtract Sax-\-2osy^2az, 

59. From 2cd — 3a6-fce^ subtract 2 ad + 3 a& — 2 de". 

60. From ax-^-by —z subtract bx-^ay-- cz. 

61. From 5ay-|-2c2 — 6a? subtract cy — az — dax 

62. From ax^ + 2cy -^Sot^y subtract 2boi^''^ay^ca^. 

63. From 2pa?-\-ry^-'Sqxy subtract ra^ -{- socy — py^, 

64. From co? — 14 aby + 7 a%* subtract 9 a? — 14 dby -i- 15 6*. 

65. From Sx-^-ly — Sz subtract bcx — ay-\-qz, 

66. From (a — b)X'\'(a-j' b)y subtract — (a — e)x — (5 — c)y. 

67. From (a+i!/— c)a? f (a— 6+c)y subtract (a-h^— d)a— 
{ahb-c)y. 

68. From 46(a? — y)-f 4cdx subtract 4c(aj — y)4-oa?. 

69. From 5VS -l-3V^ subtract 3Va4-2a">/y. 

70. From (aH^')a?- (a^-i'Oy subtract (5«-c«)aj- (o*-f c*)^. 

71. From a Va? + ^ + i* Vi» — y + da? subtract b'y/x-^y 

72. From n*/^? — (m + »*)"v^ subtract (m — n)>/i^- 
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SIGNS OP AGGREGATION. 

50. The subtrahend is sometimes expressed with a sign of 
aggregation, and written after the minuend with the sign — 
between them. 

Thus, when b-\- c^d is subtracted from a + 6, the result is some- 
times indicated as follows : a-\- b —{b -\- c - d). 

1. What change must be made in the signs of the terms of 
the subtrahend when it is subtracted from the minuend ? 

2. When a quantity in parenthesis is preceded by the sign 
— , what change must be made in the signs of the terms when 
the subtraction is performed or when the parenthesis or other 
similar sign is removed ? 

The term parenthesis is commonly used to include all signs 
of aggregation. 

* See § 16, note. 

51. Principles. — 1. A parenthesis^ preceded by the minus 
sign, may be removed from an expression if the signs of aU the 
terms in parenthesis are changed, 

2. A parenthesis, preceded by the miniLS sign, m^y be used to 
inclose an expression if the signs of all the terms to be inclosed 
in parenthesis are changed. 

When quantities are inclosed in a parenthesis preceded by the plus 
sign, the parenthesis may be removed without any change of signs, and 
consequently, any number of terms may be inclosed in a parenthesis with 
the pltts sign without any change of signs. 

The student should remember that in expressions like —{x^ — y-\-z) 
the sign of x^ is plus, and the expression is the same as if written 

Simplify the following : 

1. a — (a 4-6). 5. a — (a — 6). 

2. a.-(a;-y). 6. y-(-«-y). 

3. a-h6-(-a). 7. 4a-(2a-fy). 

4. a -(-a -6). 8. 3«-l-2y-(2a:-2y). 

▲LOBBRA. — 3. 
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9. 5aj-3y — (-2aj + 4y). 

10. 7aj-h32-(aj + y + «). 

11. 2a-33^-(aj + 2i«-33^). 

12. 3ajy + 2ajV-(4ajy-a^ + a'). 
18. 3ir» + 2y«-.(--4aj«-2/~2;»). 
14. 3ay-2ac»-(-.3a&«-6ac"). 
16. (a + 6>+(a--6)-(2a-26). 

16. (a 4- 6 — c — a;) — (6 — (^ — a? + a) -I- (a? — a). 

17. (3aj — 4c) + (aj — 3t;)-(4aj-7c-4). 

18. (3a«-2a»aj-7)-(7+3a*-4a«a?-»-2)-^3. 

19. (a* + 2a6-»-y)-(a«-2a6-h&")-(-4a6). 

20. l_(l-aj) + (2 + «)-(lH-a^-«). 

21. |(a-»-6)a? + 4}-(a-6)a;-|-7. 

When the expression contains two or more parentheses, they may be 
removed in sticcession by beginning with the outside or the inside one. 

Thus, a + 6_(c-o + [d + &] -c + 26-<f) 

= a + 6-c + a-[(i+6]+c-26 + (i 
=a+6-c+a-d-6+c-26+d 
= 2a~26. 

Simplify the following : 

22. 2a-(26-rd)-{a-6-(2c-2d){. 



23. 2a-[36 + (26-c)-4c + j2a-(36-c-2&)|]. 

24. 2a -[2a -{2a -(2a -2a — a) j]. 

25. aj*-{67iic*-[a: -(3c-3wc*) + 3c-(a^-2mc2,-c)]i> 

26. a-6-c-(d-»-2a + [36-2c4-(«]-4a-26). 

27. a5« + 2y-(a^4-[2y + 3«2-4a^]-6y + 3ar^)-h4x*. 

28. -(a^-f2y-3)-(ajV-[6yH-7-3»«y] + 9). 

29. ab'{'bc- {3db + [36c + 2bd - 3a6] -h 26d) - 6c. 
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80. -.{3aaj-[2a!y-f-32]-»-«-(4xy+[3aa + 6«] + 3«)]. 
31. aj -[-{-(- «)+»{- 2a:]. 



33. (a-6)-{-a-(6-a)4-(a-6){. 



34. 3a-(2a + l)-»-|a-(3-4-a)}. 



36. -7-[-{-a-(-a-a-3){]. 



36*. (a» + l)-[aaj-{-(-2aaj-|-7)-aaj-iB2-7} + 2a«]. 

TRANSPOSITION IN EQUATIONS. 

52. 1. If 05 — 6 s= 20, what is the value of a: ? 

2. If a: H- 6 = 20, what is the value of 05 ? 

3. In the equation a? — 5 = 20, what is done with the 5 in 
obtaining the value of aj? In the equation a? = 20 + 6, how 
does the sign of the 6 compare with its sign in the previous 
equation ? 

4. In the equation a; + 5 = 20, what is done with the 5 in 
obtaining the value of a?? In the equation aj = 20 — 5, how 
does the sign of the 5 cpmpare with its sign in the previous 
equation ? 

5. In changing the 5's from one side, or member, of the 
equation to the other, what change was made in the sign ? 

6. When a number^ or quantity, is changed from one mem- 
ber of an equation to the other, what change must be made in 
its sign ? 

7. If 5 is added to one member of the equation 2 + 3 = 5, 
what must be done to the other member so as to preserve the 
equality ? 

8. If 5 is subtracted from one member of the equation 
2 4-3 = 5, what must be done to the other member so as to 
preserve the equality ? 
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9. If one member of the equation 2 + 3 s 5 is multiplied 
by 5, wbat must be done to the other member to preserve the 
equality ? 

10. If one member of the equation 2 -|- 3 = 5 is divided by 
5, what must be done to the other member to preserve the 
equality ? 

11. If one member of the equation 7 + 9 = 16 is raised to 
the second power, or if the second root of one member is 
found, what must be done to the other member to preserve 
the equality ? 

12. What, then, may be done to the members of an equa- 
tion without destroying the equality ? 

63. The Members of an Equation are the parts on each side of 
the sign of equality. 

64. The First Member of an equation is the part on the left 
of the sign of equality. 

66. The Second Member of an equation is the part on the 
right of the sign of equality. 

66. Transposition is the process of moving a term from one 
member of an equation to the other. 

67. An Axiom is a truth that does not need demonstration. 

Axioms. — 1. Things that are equal to the same thing are 
equal to each other, 

2. If equals be added to equals, the sums mil be equal 

3. If equals be subtracted from equals, the remainders will 
be equal. 

4. If equals be multiplied by equals, the products will be equal. 

5. If equals be divided by equals, the quotients mil be equal. 

6. Equal powers of equal quantities are equal. 

7. Equal roots of equal quantities are equal 
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58. Principle. — A term may be transposed from one mem- 
ber of an equation to the other if its sign is changed from + 
to — , or from — to -{-. 

EQUATIONS AND PROBLEMS. 

59. 1. 2a? — 3 = a + 6. Find the value of a?. 

PROCESS. Explanation. — Since the known and unknown 

2__o__,/^ quantities are found in both members of the equa- 

~ "• tion, in order to find the value of x, the known 

-h 3 = -H 3 terms must be collected in one member and the 

n ~ TT iinknown in the other. 

"* Since — 3 is found in the first member, it may be 

X = a? caused to disappear by adding 3 to both members 

1^^^ (Axiom 2), which gives the equation 2ac = a; + 9. 

"■ Since x is found in the second member, it may 

OR, be caused to disappear by subtracting x from both 

2aj_3 — /R-Lfi members (Axiom 3), which gives, as a resulting 

^ no ©q^iation, X = 9. 

2aj — a? = 6 + 3 Qj.^ gi^ce a term may be moved from one member 

a; =: 9 of an equation to the other, if its sign is changed 

(Prin.), — 3 may be transposed to the second mem- 
ber if it is changed to + 3, and x may be transposed to the first mem- 
ber if it is changed to — x. Therefore, the resulting equation will be 
2x — « = 6 + 3. By uniting the terms the result is x = 9. 

The result may be verified by substituting the value of x for x in the 
original equation. If both members are then identical, the value of the 
unknown quantity is correct. Thus, if 9 be substituted for x in the origi- 
nal equation, it becomes 18 — 3 = 9 + 6, or 16 = 16. Therefore, the value 
of X is 9. 

Rule. — Transpose the terms so that the unknown quantities 
stand in the first member of the equation, and the known quan- 
tities in the second. 

Unite similar terms, and divide each member of the equation 
by the coefficient of the unknown quantity. 

Verification. — Substitute the valve of the unknown quan- 
tity in the original equation. If both members are then identical 
in value, the value of the unknown quantity found is correct. 

1. The same term, with the same sign upon opposite sides of an 
equation, may be' cancelled from both. 

2. The equality will not be destroyed if the signs of all the terms of 
(iQ equation are changed at the same time. 
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Transpose, and find the value of x in the following : 

2. x+ 3= 7. 14. 2aj-f 2= 6+aj. 

8. 2x-' 4 = 12. 16. 3x- 4= 6 -fa. 

4. 2aj-10 = 14. 16. 3x+ 5 = 11 -a;. 

5. 3a+ 7 = 28. 17. 4a5+ 2 = 3aj + 8. 

6. 3aj- 5 = 26. 18. 4aj-ll= 9 -a?. 

7. 7a?- 3 = 25. 19. 4a;4- 3 = 3aj + 10. 

8. 9x+ 6 = 24. 20. 7a;- 5=19 + 4a?. 

9. 8a?-13 = 27. 21. 9aj- 3=30-2aj. 

10. 7a?+ 5 = 26. 22. 2aj + 35 = 5aj + 2. 

11. lOaj- 5 = 35. 23. 3aj-15 + 24 = 25 -10. 

12. 12aj+ 6 = 30. 24. 4a? 4- 13 4- 38 = 10a; -3a?. 

13. 13a?- 4 = 35. 25. 3a?-6 = a?4-14- 4. 

Solve the following problems : 

26. What number increased by 9 is equal to 34 ? 

27. What number diminished by 15 equals 31 ? 

28. What number increased by 9 equals 27 ? 

29. What number diminished by 10 equals 33 ? 

30. What number added to twice itself gives a sum equal 
to 45? 

31. What number added to three times itself gives a sum 
equal to 72 ? 

32. What number is there whose double exceeds the num- 
ber by 10 ? 

33. What number is there such that, if 10 be added to it, 
twice the sum will be 44 ? 

34. Twice a certain number increased by 4 is equal to the 
number increased by 15. What is the number ? 
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35. Three times a certain number diminished by 5 is equal 
to the number plus 21. What is the number ? 

36. A man walked 71 miles in three days, walking 3 miles 
more the second day than the first, and 6 miles more the third 
day than the second. How far did he travel each day ? 

Solution. — Let x = the number of miles he traveled the 1st day. 

Then, x + 3 = the number of miles he traveled the 2d day. 

And, X + 8 = the number of miles he traveled the 3d day. 

Therefore, a;H-a5 + 3 + x + 8 = 71 

Transposing, x + xH-a5=71 — 3 — 8 

Uniting similar terms, 3x = 60 

Whence, x = 20, the number of miles he traveled 

the 1st day. 
X + 3 = 23, the number of miles he traveled 

the 2d day. 
X + 8 = 28, the number of miles he traveled 

the 3d day. 

37. Three boys had together 86 cents. James had 10 cents 
more than John, and Henry had 5 cents more than James. 
How much had. each ? 

38. A farmer remembered that he had 395 sheep distributed 
in three fields, so that there were 20 more in the second than 
in the first, and 25 more in the third than in the second, but 
he could not tell how many there were ii^each field. Find the 
number in each field. 

39. A drover being asked if he had 100 head of cattle, 
replied that if he had twice as many as he then had and 4 
more he would have 100. How many had he ? 

40. A gentleman left his estate, amounting to $ 6900, to be 
divided among his four sons, so that each should have $ 150 
more than his next younger brother. How much was the 
share of each ? 

41. The expenses of a manufacturer for 4 years were $ 9500. 
An examination showed an annual increase of $ 250. What 
were his yearly expenses ? 
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60. 1. If a man walks 4 miles per hour, how far will he 
walk in 3 hours ? 

2. How many m^s are 3 times 4m ? 2 times 4m ? 5 times 
6m? 

8. K a boy can gather 3 quarts of chestnuts per hour, how 
many quarts can he gather in 4 hours ? How many ^s are 4 
times 3g? 

4. A vessel sails 6 miles north per hour, indicated by + 6. 
How far will she sail in 3 hours? What sign should be 
placed before the product to indicate the direction sailed ? 

6. How many are 3 times +6? 3 times -f 6a? 2 times 
+ 56 ? 3 times + 7a? ? 4 times + Sa* ? 

6. When a positive quantity is multiplied by a positive 
quantity, what is the sign of the product ? 

7. If a vessel sails 5 miles south per hour, indicated by 
— 5, how far will she sail in 4 hours ? What sign should be 
placed before the product to indicate the direction sailed ? 

8. How many — m's are 4 times —5m? 3 times —6m ? 
How many are 5 times — 46 ? 6 times — 3aj ? 

9. When a negative quantity is multiplied by a positive 
quantity, what is the sign of the product ? 

10. How does the product of 4 x 5 compare with the product 
of 5 X 4 ? What effect has it upon a product to change the 
order of the factors when they are abstract numbers ? What, 
then, is the product of -4x4-3? Of+3x — 4? Of-5aj 
X-i-7? Of -f-7x-5»? 
40 
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11 . When a positive quantity is multiplied by a negative 
quantity, what is the sign of the product ? 

12. What is the product of — 3 x 6 ? 

13. Since — 3 x 6 is — 18, if — 3 is multiplied by 6 — 2, how 
many times — 3 must be subtracted from — 18 to obtain the 
true result ? 

14. If the subtraction is indicated, what are the signs of 
the remainder when — 6 is subtracted from — 18 ? 

16. What is the product of — 5 x 4 ? 

16. Since — 5 x 4 is — 20, if — 6 is multiplied by 4 — 3, how 
many times must — 5 be subtracted from — 20 ? If the sub- 
traction is indicated, what are the signs of the remainder when 
— 15 is subtracted from — 20 ? 

17. Since, in the results just obtained, —3 multiplied by 
— 2 gives -f 6 and — 5 x — 3 gives -h 15, what may be inferred 
as to the sign of the product when a negative quantity is mul- 
tiplied by a negative quantity ? 

18. What is an exponent ? What does it show ? In the 
expression 5', what does the 3 show ? In the expression a*, 
what does the 5 show ? 

19. When a* is multiplied by a', how many times is a used 
as a factor ? How many times is a used as a factor when a? 
is multiplied by a* ? 

20. How, then, may the number of times a quantity is used 
as a factor in multiplication, be determined from the exponents 
of the quantity in the expressions which are multiplied ? 

21. How is the exponent of a quantity in the product deter- 
mined ? 

22. Multiply 3a^ by 2 a. How is the coefficient in the 
product obtained from the coefficients in the factors ? 

81. MTdtiplication is the process of taking one quantity as 
many times as there are units in another. 



4S HIGH SCHOOL ALGEBRA. 

62. The Mnltiplioaiid is the quantity to be taken or mul- 
tiplied. 

63. The Htdtiplier is the quantity showing how many times 
the multiplicand is to be taken. 

64. The Product is the result obtained by multiplying. 

66. The multiplicand and multiplier are called the/ao^or« of* 
the product, 

66. The Signs of Multiplioation. (See Art. 13.) 

67. PRiNciPliES. — 1. Either factor may he used as multiplier 
or multiplicand when both are abstract, 

2. The sign of the product of two terms is + when the terms 
have LIKE signs, and — when they have unlike signs, 

3. The coefficient of a term in the product is equal to the 
product of the coeffi^cients of its factors, 

4. TJie exponent of a quantity in the product is equal to the 
sum of its exponents in the factors, 

68. The principle relating to the signs of the terms of the 
product is illustrated as follows : 

-h a multiplied by -f ^ = + a6 

— a multiplied by -f- 6 = — aft 
+ a multiplied by — ^ = —ab 

— a multiplied by — 6 = -{-ab 

69. To multiply when the mnltipUer is a monomial. 

1. What is the product of Sa^x multiplied by 2aVt/? 

PROCESS. Explanation. — Since the multiplier is composed of the 

factors 2, a^, a:^, and y, the multiplicand may be multiplied 
oax |)y each successively. 2 times Sa^a: = Ga^a:; a^ times 6a"^a; 

2aVy = Qa^x (Prin. 4); a;^ times Qa^x = Qa^oi^ (Prin. 4), ij times 

— ~~~~ 6a^x^ = 6a^x^y, since literal quantities when multiplied may 
6 a ory y^Q written one after another without the sign of multiplica- 
tion. Or, 
The coefficient of the product is obtained by multiplying 3 by 2 
(Prin. 3). The literal quantities are multiplied by adding their expo- 
nents (Prin. 4). Hence, the product is Qa^ofiy, 
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2. What is the product of 2a — 6* multiplied by — 36 ? 



PBOCESS. 

2a - 6^ 
-6a6 + 36» 



Explanation. — Since 2 a multiplied by - 3 6 is the 
same as 2a times —Sb (Prin. 1), the product of 2a 
multiplied by — 3 6 is —6ab. But, since the entire 
multiplicand is 2a — ft-^, the product of b^ multiplied by 
— 36 must be subtracted from - Qab. b^ multiplied 
by —36 gives as a product —Sb^, which subtracted 
from — 6 aft gives the entire product — 6a6 + 36^ ; or, 

Since ^a and — 3 6 have unlike signs, the sign of their product is — 
(Prin. 2) ; and, since — b^ and — 3 6 have like signs, the sign of their 
product is + (Prin. 2). Hence, the product is — 6a6 + 36". 

KuLE. — Multiply each term of the multiplicand by the multi- 
plier, as follows : 

To the product of the numerical coefficients, annex each literal 
factor with an exponent equal to the sum of the exponents of that 
letter in both factors. 

Write the sign + before each term of the product when its 
factors have like signs, and — when they have unlike signs. 



3. 4. 6. 6. 7. 8. 

Multiply -8 4 7 a -3aj 4a; Sa^ 

By _? r:3 3 _4 ~5 2x* 



9. 10. 11. 12. 13. 

Multiply Sa^ 4iB"y Sa^ —4 amy — 10 xy:i^ 

By 2q^ 2^y 2^y^ Sa^my^ Ax^y^ 





14. 


16. 16. 17. 


18. 


Multiply 

By 


^2^fz' 
^Sxyz 


-4a% QabT? ^Sa^f 
5ab^ ^Aa^b^x -2a^ 


^ 5 a^b^xy 
-Sa^b^xy 




19. 


20. 21. 22. 


23. 


Multiply 
By 


-Sc^dy 
4.(?d - 


Aaa^ 5a^a^f '-4:X^y 
-So^ys _3aV2! 5x^ 






24. 


26. 26. 


27. 


Multiply 
By 


4a«ajy 
-33/V 


500^ (»+y) 

-36«% 2 


4(a + 6) 
-3 
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28. 


29. 


80. 


Multiply 


-5(y + «)» 


(a-6)» 


2(c + d)« 


By 


-3(y + zy 


4(o-6)» 


3(c + d)» 



Multiply 

By 


81. 

2(x + y + zy 
-5(x + y + zy 



82. 

4af 



Multiply 
By 



86. 

2aaf 
4aa* 



86. 

3a*af 



88. 

4a" 

87. 

— 4aJ"y* 



84. 

3aV* 



88. 

3af-» 



Multiply : 

39. a^-2yby3y. 60 

40. 7?y'-2zhy2z! 61, 

41. 4aj*— 2a?y by 3ajy. 62 

42. -3iB*-2y« by 20:^2/. 63 

43. 4aj2y«-|-22;*by -4a22j2 54 

44. 3ar^3^-2y2;by 3a^2. 66 

45. 4a^ + 2y-|-3«by i»y. 66 

46. 3iB*3^ + y-3a»by 2a». 57 

47. 6a:*2/* + 4y«by3a^. 68 

48. 4a6 — 3ac by 3acd. 69 

49. 5ac — 6aa; by —5 oca;. 60 

70. To multiply when the multiplier 
1. Multiply aj — 2y by 2a; -H y. 

PROCESS 



. babe — 3acd by — 4a&cd. 

. 3a*ay — 2a%c by — 2aa:*. 

. 3ajy-|-72by 2a;^2. 

. 4a6*-.3c2 by 35c«. 

. 6aV-4aa;« by 3aV. 

. 4a?*y + 3y* by Safj^. 

. 6a*a;-9aaj« by 3a*a;. 

. 2a«a5»-3aaf by 3a^aj. 

. 7a*6c' + 4daj by bdf. 

. JaV — |aaj by |aV. 

. 2a"6-f 3a6* by 7a"6* 

is a polynomial. 



2aj times (a? — 2y) 

y times (a? — 2y) 

(2a + y) times (a; — 2y) 



X -2y 
2a; +y 
= 2a»-4«^' 
= xy-2f 



!2a*-3ay-2y* 
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BdLE. — Multiply each term of the mvUiplicand by each term 
of the multiplier, and add the partial products. 



2. 


3. 


Multiply a6 + 2c 


So^-axy 


By 2a6-3c 


2a? + 3axy 



2a*6* + 4a6c 6aJ*-2aaj«y 

-3a&c-6<? +9ag^-3a'a^ 

Product, 2a^b^+ a6c-6c* 6 aJ* + 7 aic^y - 3 a Vy* 

Multiply : 

4. X'\-y hj x — y, 14. 3ajy— 4«* by 2aj"3/* + 32*. 

6. 3a + c by a + 3c. 16. Sa?s? + 2y by 2a^+«. 

6. 4a'- 26 by 3a -36. 16. 4a6*+36c' by 2a6-}-26c*. 

7. 2y + 32 by 3y — 4:Z. 17. 5a?y—3axhj5an/^—2ax, 

8. 2aj + 2^ by 2a; + 2y. 18. a* + 2a6 + 6« by a-f 6. 

9. 3a; — 4y by 3a? — 4y. 19. 0^-1-40? + 4 by a? 4- 2. 

10, 5a + 2c by 3a— 7c. 20. a^ + ay — y^ by a — y, 

11, aa? + 6y by aoj -f- 62/. 21. 2a*+a6— 26* by 3a— 36. 

12. 2ac + 36c by 2ac-36c. 22. a« + a* + a* by a«-l. 

13. 36(i-46c by 26d + 36c. 23. oj* -f ar^y^ + y* by aj^-y". 

24. 2a?-3y + 4« by 3aj + 2y-52. 
26. 2a' + 5a6-3c* by 3a«-2a6 4-5c». 

26. 3a;2-4ajy + 52^ by 7aj*-2ajt^-33/>. 

27. l-3a? + 3a;2 by l-2aj + 2aj*. 

28. a^ + aaj + a;* by a^ — aa? + a5*. 

29. x + 2y~-z hj x + y^2z. 31. a:" + 2^ by af -f-y". 

30. a" + 6'" by a* — 6". 32. oT + y^ by ar-{-y\ 

33. af»-^« + y*+" by ar+" + y"*+«. 

34. a"*"" + 6"'-*' by a""** — 6'"-". 

The multiplication of polynomials is sometimes iruUcated by placing 
them in parenthesis. When the multiplication is pe formed, they are 
said to be expanded. 



46 



HIGH SCHOOL ALO£BRA. 



Expand : 
86. {x + y){x^y). 

36. (2x-y){2x--y). 

37. (3aj-4y)(3a? + 4y). 

38. (4aj + 6y)(4a-6y). 

39. {Sax + 2y){SaX'{-2z) 
45. 
46. 
47. 
48. 
49. 
50. 



40. (2aj-4ajy)(2a — 2«). 

41. (3a2-26c)(3a» + 26c). 

42. {a^ + b){a + V). 

43. (a + & + c)(a-6-c). 

44. (a + 6) (a + 6) (a -1-6). 



61. 
52. 
63. 
64. 
65. 
56. 



(a - 6) (a + b) (a - 6) (a -f- 6) . 
(aj«H-2a?-|-l)(ar^-2a; + l). 
(a« - 2a6 -f- 6*) (a^ -|- 2a6 + 6«). 
(l+a)(l-a)(l-f-a)(l-ha). 
(aj2 - /) (a:^ - /) (a:^ - 3/«) (a:^ - 2/2). 
(a^ -I- 6^) (a2 - 62) (a* _ M) (a^ - 6») . 
(a^yj _ yj) (a262 4- ^,2) (a*54 _ ft*) (aW - ft^). 

(« + y - 2) (aj - 2^ -}- 2;) (y - a? + «) (a; -h y -I- «). 

(1 - aj) (1+ a:) (1 -I- a^) (1 + a?*) (1 -h a:«). 

(2aj-3)(2a; + 3)(4aj2 + 9). 

{Srr^3y^)(SyP-\-3y^), 

(m* — m^w + mV — mV -h mn^ -f- n*) (m* -|- w'). 



Multiply : 

67. aj'-|-3a^-5aj-f 20 by a:*~4a;-10. 

58. ar^-2a^-h2-a;8^3a. by 4_3aj + 2a». 

. 69. a^ - a6 -h 6^ 4- a + & H- 1 by a + 5 - 1. 

60. a^-2aj8-a^ + 2a;-|-l by aj2-a;-hl. 

61. 3m3 — 2m2p-h3mp2— p8 by m^ — mp+p^ 

62. a — 26 -I- 3c by a + 26 — 3c. 

63. a^ + d ~2c by a^ — 6 — c. 

64. m^-^'^mn-^-n^ -^p^ by m^ — 2 mn -^ n^ — p^. 
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66. r« — 2r« — «« by r* + 2rt + ««. 

66. m'~^— n^"* by m — n. 

^ 67. af+*~*'— af-*'y'-*^*+ y^'^*-*' by af+*'— y''+*'-*. 

68. a:-*-aj"y* + y*~* by 0*--^-* 

69. (^+(5Pd»+d«» by o'-d'. 

70. a^+ft'+c^+cP by a'-ft'-hc'-cP. 

71. a-'-h6* by a"+6». 

72. «*— 2a^ + 3^ by af—y', 

73. a^ — a^y^aY'-af'^tf* by a + y. 

EQUATIONS AND PBOBLEMS. 
7L 1. 5(a;-3)=2(a;H-3) +3. Find the value of «. 

PROCESS. 

6(aj-3)=2(aH-3) + 3 
Multiplying, 6a;— 15 = 2aj +6 +3 

Transposing, 5a; — 22;=sl5 +6 +3 

Uniting, 3x=24 

«=8 

Explanation. — Since the multiplication is indicated in one term on 
each side of the equation, in finding the value of x, the multiplication 
must be performed. 

The known quantities are then transposed to the second member and 
the unknown quantities to the first member, similar terms are united, and 
the value of x is found. 

Find the value of x and verify the result in the following : 

2. 3(2a-5) = 21. 7. 5(aj + 6) = 2(a;-|- 3) + 30. 

8. 4 + 3(3a;-7) = 19. 8. 3(2a;-4) = 4(a;-5) + 32. 

4. 3(4a; + 7)+5 = 50. 9. 3(aj + 2) = 4(a;-2) +15. 

6. 5aj + 3(2-a;) = 40. 10. 3a;-2(aj + l)=13-7. 

6. 6aj + 3(4a; + 3)=:41. 11. 5a; -3(a5- 4) = 4a; J- 7. 
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12. 4(aj-6)-3(aj-f-6)=0. 

13. (2 + aj) (aj-f 3)= 05*4- 2a; + 18. - 

14. 5(2aj-2) = 27+3(2a; + l). 
16. 10(aj-5)=(aj+l)+6(aj + l). 

16. 5(aj + 3)-2(2aj-7) = 3(aj-7). 

17. 3 + 7(aj-2)-4(2a:-7)=16-f(aj-2). 

18. 6aj = 16-|-3(aj — 3)-3(aj-10). 

19. 19 = 2(4-aj) + 5(7 4-2aj)-48. 

20. 2aj + 3(6aj-6)— 5 = a?-l. 

21. 3(aj-7) = 14 + 2(aj-10) + 2. 

Solve the following problems, and verify the results : 

22. There are two numbers whose sum is 40. One is twice 
the other increased by 5. What are they? 

Solution. — Let x represent the first number. 
Then, 2(x + 6) will represent the second number. 
And, a: + 2(a; + 6)=40 

a; + 2 a; + 10 = 40 

3a; = 40 -10 
3a; = 30 
X = 10, the first number. 
2(10 + 6)= 30, the second number. 

23. What. number is that to which, if 3 times the sum of 
the number and 2 is added, the result will be 22 ? 

« 

24. If B were 5 years younger, A's age would be twice B's 

The sum of their ages is 20. How old is each ? 

26. Two boys find that they have together 21 cents. They 
discover that if Henry had 5 cents less, John's money would * 
be just 3 times Henry's. How much has each ? 

26. Two pedestrians travel toward each other at the rate of 
5 miles per hour until they meet. When they meet they dis- 
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cover that one has traveled 3 hours longer than the other, and 
that the entire distance traveled by both is 55 miles. How far 
does each travel ? 

27. Three men, A, B, and C, each had a sum of money. A 
had twice as much as B, and B twice as much as C. A and 
B each lost 10 dollars and C gained 5 dollars, when the dif- 
erence between what A and B had was equal /to what C then 
had. How much had each ? 

28. A farmer plowed two fields containing together 60 
acres. If the smaller field had contained 10 acres more, it 
would have been half the size of the larger. How many acres 
were there in each field ? 

29. A commenced business with twice as much capital as 
B. During the first year A ^ined $ 600 and B lost $ 300, when 
A had 3 times as much money as B. What was the original 
capital of each ? 

30. A man wishing to buy a quantity of butter found two 
firkins, one of which lacked 6 pounds of containing enough, 
and the other weighed 14 pounds more than he wanted. If 
three times the quantity in the first firkin was equal to twice 
the quantity in the second, how many pounds did he wish to 
purchase ? How many pounds were there in each firkin ? 

31. Ten persons bought a bicycle, but four of them being 
unable to pay their share, the others had each to pay $ 8 more. 
What was the cost of the bicycle ? 

32. Two men start at the same time from two towns 49 
miles apart and travel toward each other. One travels 4 miles 
per hour, but rests 2 hours ; the other travels 6 miles per hour 
and rests 3 hours. How many miles has each traveled when 
they meet ? 

33. A man bought 13 dozen bananas for $ 3.50. For a part 
of them he paid 25 cents per dozen, and for the rest he paid 
30 cents per dozen. How many did he buy of each kind ? 

84. A is three times as old as B, and 8 years ago he was 
sevpu times as old as B. How old is each now ? 

▲LOBBBA. — 4. 
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SPECIAL CASES IN MULTIPLICATION. 

72. The square of the sum of two quantities. 

(a -h 6) (a H- 6) = a' 4- 2ab -f- 6* 

1. When a quantity is multiplied by itself, what power is 
obtained ? 

2. How are the terms of the second power, or square, of the 
quantities, obtained from the quantities ? 

3. What signs have the terms ? 

73. Principle. — TJie square of the sum of two quantities is 
equal to the square of the first quantity, plus twice the product of 
the first and second, plus the square of the second. 

Since a^ xa^^a^\ a^ x a* = a' ; a^ xa^ = a^\ it is evident 
that the exponent of the second power or square of a quantity 
is equal to twice the exponent of the given quantity. 

EXAMPLES. 

Write out the products or powers of the following : 



1. 


(c4-c?)(c + d). 


12. 


Square 2a;-t-4y. 


2. 


(mH-w)(m4-n). 


13. 


Square 3a-f-26. 


3. 


(r + 5)(r + «). 


14. 


Square a^ + y*. 


4. 


(a: + 2) (a? + 2). 


15. 


Square 4aj-|-3y. 


5. 


(a + 3) (a + 3). 


16. 


Square 3p + 2^. 


6. 


(3a + a)(3a4-«). 


17. 


Square 2a? -{-bf. 


7. 


(26 + c)(26 + c). 


18. 


Square 2t/«4-3a^. 


8. 


(2y + l)(2y + l). 


19. 


Square a^ + y"- 


9. 


(m + 2n)(m4-2w). 


20. 


Square aj^ -[-/". 


10. 


(2c-h2d)(2c + 2d). 


21. 


Square a?' * + y'- 


11. 


(2« + 3)(2a:-}-3). 


22. 


Square aj-^»4-y*'. 
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28. Find the square of 31. 








Solution. 31 = 30 + 1. 








312 _ (30 + 1)2 = 302-1-2 


X 30 X 1 -f 1» : 


= 061. 




Square : 








24. 22. 27. h2. 


30. 91. 




33. 202. 


26. 23. 28. 71. 


31. 101. 




34. 207. 


26. 41. 29. 82. 


•32. 103. 




35. 303. 


36. Find the square of 4^. 








Solution. 


4i = 4 + i 







46. 45. 


49. 8.5. 


47. 7.5'.- 


50. 86. 


48. 75. 


51. 35. 



(4 + J)2 = 42 + 2 X J X 4 +(J)2 = 16 + 4 + i = 20} 

Observe that the middle term of the square of any number expressed 
by an integer and the fraction J is equal to the integer. Hence the square 
of such a number will be the integer multiplied by itself for the first term 
+ the integer for the middle term + the square of i for the third term ; 
the sum of the first two terms of the square will be the integer multiplied 
by the integer increased by 1 ; and the third term will be (. 

Thus, (7i)2 = 8x7 + i=56J 

Find the square of : 

37. 5f 40. 12^. 43. 2.5. 

38. 8f 41. lOJ. 44. 3.5. 

39. 71 42. 9^. 45. 4.5. 

74. The square of the difference of two quantities. 

(a - 6) (a - 6) = a«- 2a6 -h 6» 
(x -y){x-y) = Qi?- 2xy + f 

1. How are the terms of the power obtained from the terms 
of the quantity squared ? 

2. What signs connect the terms of the power ? 

3. How does the square of (a — h) differ from the square 
of (a + 6)? 

75. Principle. — The square of the difference of two quantities 
is equal to the square of the first quantity, minus twice the product 
of the first and second, plus the square of the second. 
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Write out the products of : 

1. (a'-c){a'-c). 

2. (y-2)(y-2;). 

8. (r — 5)(r — «). 

4. (6-c)(6 — c). 

6. («-l) («-!). 

6. (aj-2y)(a?-.2y). 

7. {x-'2yz)(x-2yz). 

8. (2a?--3»)(2a?-3«). 

9. {2a — c)(2a'-c). 

10. (3y-2»)(3y-2»). 

11. (3a?-4y)(3aj-4y). 



12. Square 2 a 4- 2d 

13. Square 2 r — 3*. 

14. Square 2 « — g. 
16. Square 3m — 4n. 

16. Square 2 v — w. 

17. Square 2a5«-2y*. 
'18. Square 2iB — 3. 

19. Square 3 oa? — 2 aj". 

20. Square af—j/^, 

21. Square af*"^— jT^*. 

22. Square 2 ic* -|3 sc"y*. 



23. Find the square of 19. 

Solution. 19 = 20 - 1 

192 = (20 - 1)2 = 202 - 2 X 20 X 1 + 1* = 361 

^ Find the square of : 

24. 18. 27. 38. 30. 69. 33. 78. 

25. 29. 28. 49. 31. 58. 34. 99. 

26. 39. 29. 48. 32. 79. 35. 98. 



36. 997. 

37. 998. 

38. 999. 



76. The product of the Bum and difference of two quantities. 

(a + b) {a-b) = a^''b^ 

1. How are the terms of the product obtained from the 
quantities ? 

2. What sign connects the terms ? 

77. Principle. — The product of the sum and th£ difference 
of two quantities is equal to the difference of their squares. 
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BXAMPIiBS. 

!• (c + cf)(c-d). 12. (2«+4)(2flC-4). 

2. (r + «)(r-s). 13. (2x* + y)(2a:*-.y). 

3. {m-\-n)(m-n). lA. {a?-\-f){3i^ -f). 

4. (c -f- a) (c - a). 16. («* - y*) (aj* -h y*). 

6. (aj-l)(aj-hl). 16. (3v + 2m))(3v -2«;). 

6. (2-«)(2 + »). 17. (5a^-3)(5ajy-|-3). 

7. (c + 2d)(c-2d). 18. (2a* + 36«)(2a*-36«). 

8. (2aj+3)(2aj-3). 19. (3a62+5&c*)(3a5«-66c«). 

9. (3m + 4n)(3m-4w). 20. (4ic'y»-h5)(4ay-5). 

10. (2a? + 5y)(2a?-5y). 21. (Sa?- -h4y")(5af" — 4y"). 

11. {ab'{'Cd)(al-cd). 22. (7aV«'4-62J")(7a«ya:»-62"X 

23. Find the product of (a: -f- y + 2) (» + y — 2). 
Solution. x -\- y -\- z ={x -^ y)-^ z 

x-k- y - z=(x-\-y)- z 
By Prill. 77, [(a: + y)+ «] [(ac + y)-z] = ix + y)^ - z^ 

= x« + 23cy + y8-«» 

24. Find the product of {x — y -\- z) (x -{- y >— z). 
Suggestion, x-y-^-z^x — ^y — z) and x-^y — z = x-\-(y^z)^ 

Find the product of: 

26. (a + 6 + c)(a-6-c). 28. (a?+2aj+l)(aj«-2aj+l). 

26. (a-b-{-c){a^b'-c), 29. (a;-y 4-4)(4 — a + y). 

27. {m-\'n'^r)(m — n — r). 30. (ai^+^yH-y'X**— «y+2^). 

31. (4a-|-36-c)(4a-36-f c). 

32. (2« + 32-4)(2ajH-32-h4). 

33. (2m* + mn-|-3n)(2m« — mn + 3n). 

84. What is the product of 32 times 28 ? 
Solution. 32 = 30 + 2; 28 = 30-2 

82 X 28 = (80 + 2) X (30 - 2) = 900 - 4 = 896 
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Find the product of : 

36. 19x21. 39. 74x 66. 43. 34x26. 

36. 29 X 31. 40. 89 x 91. 44. 38 x 42. 

37. 33x27. 41. 78 X 82. 46. 57x63. 

38. 56x64. 42. 97x103. 46. 45x55. 

61. What is the square of 97 ? 

Solution. (a + 6)(a - 6) = a« - 6« 

Transposing (1), (a + 6)(a - 6) + 6« = a* 

Let a = 97 and 6 = 3 

Equation (2) becomes (97 + 3) (97 - 3)+ 9 = 972 
.-. 972 = 100 X 94 + 9 = 9409 

62. What is the square of 38 ? 

Solution. — Let a = 38 and 6 = 2 

Equation (2) becomes (38 + 2)(38 - 2) + 4 = 38« 
.-. 382 = 40 X 36 4- 4 = 1444 



47. 


99 X 101. 


48. 


98 X 102. 


49. 


96 X 104. 


60. 


94x106. 




0) 




(2) 



Square 


by 


a similar process : 










53. 19. 




67. 59. 


61. 


94. 


65. 


103. 


54. 29. 


• 


^8. 49. 


62. 


78. 


66. 


107. 


55. 31. 




69. 98. 


63. 


79. 


67. 


112. 


56. 39. 




60. 96. 


64. 


68. 


68. 


997. 



Form a rule for squaring numbers like those given above, 
and then square each number without writing the results. 

78. The prodnot of two binomials. 

(a;-h2)(a;-f 3) = r^ + 5a;-h6 
(«-|-2)(.'c-3) = a^-a;-6 
(«-2)(aj-3) = a:*-5aj4-6 

1. How many terms are alike in each pair of factors ? 

2. How is the first term of each product obtained from the 
factors ? 



MULTIPLICATION. 



56 



8. How is the second term of the product in the first exam- 
ple obtained from the factors ? In the second example ? In 
the third example ? 

4. How is the third term of the product in each example 
obtained from the factors ? 

6. How are the signs determined which connect the terms? 

79. Principle. — IVie product of two binomial quantities hav- 
ing a common term is equal to the square of the common term, 
the algebraic sum of the other two multiplied by the common term^ 
and the algebraic product of the unlike terms. 
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Write out the products 


of the following : 


1. 


(a: + 4)(a; + 3). 


17. 


[3a; -7) (3a; + 6). 


2. 


(a:-5)(a: + 3). 


18. 


[2y-3)(2y-4). 


3. 


(x-h3)(x-4). 


19. 


[4a + 6)(4a + c). 


4. 


(a:-4)(x-6). 


20. 


[5a-h26)(5a-2c). 


6. 


(a + c)(a4-5). 


21. 


(3aa;-|-4)(3ax-7). 


6. 


(a + m){a-\-n). 


22. 


(2a«a; + 2)(2a«a;-6). 


7. 


(2 a; + 4) (2a; -5). 


23. 


(2xV + 4)(2a;^y» + 7). 


8. 


(3a; -5) (3a; + 2). 


24. 


(3ac* + 3)(3ac*-5). 


9. 


(^-3) (a,** + 7). 


25. 


(5c2(f-fa;)(5c2(f-y). 


10. 


(ar»-a)(a;» + 2a). 


26. 


(3aa;« + 4)(3aar» + 7). 


11. 


(3a; -6) (3a; -6). 


27. 


(5cda; + l)(5cda;-5). 


12. 


(2a + y)(2a + x). 


28. 


{i€^ + ab){4:€»-d). 


13. 


{5b-c)(5b + 3c). 


29. 


{ax -9) {ax -{-5), 


14. 


(3a«-|-2)(3a2-3). 


30. 


(2ax + 4)(2aa;-.6). 


15. 


(4d-f5)(4d + 2). 


31. 


(3x»-f m»)(3a;--f w"). 


16. 


(7y-3)(7y-4). 


32. 


[adJ'a^ - 10) (ad'a?- 3) 
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80. To sqnare any polTiiomial. 

(a + 6 + c)*= a* -f- 6' -f c» 4- 2a6 -h 2ac + 2ftc 
(^a + b-c-^- d)«=a* + 6« + c* + d» + 2a6 - 2ac + 2ad - 26c 
4-26d-2cd 

1. In the square of the polynomials what terms are squares ? 

2. How are the other terms formed ? 

3. How are the signs of the terms determined ? 

81. Principle. — The square of a polynomial is equal to the 
square of each of the terms and twice the product obtained by 
multiplying each term by all the terms that follow it. 

Find the square of : 

1. aj-hy-2. 16. a + y + 2;-t-4. 

2. jr-y + g. 16. 3X'\-2y -\-3z + 3. 
8. a-6-c 17. 2aj — 3y — 22-1-5. 
4. a -1-6 — c. 18. 2a;-|-6y-|-2 4-w. 
6. a?-f-y+3. 19. 3aj + y -f- 22 + 5. 

6. 2a?-hy-7. 20. 2a:H-3y-5 + 22. 

7. 2a? -y — 2. 21. 3aj- 7 -h 2y -5 «. 

8. 3a?-hy-4. 22. 4a; - 2y - 22 -h 6. 

9. 2a; -f-3y- 6. 23. 2a -36 -2c. 

10. a;-6y-5. 24. 4an + 3a6-h6. 

11. 3a; -21/ + 32. 25. 3 aa;* - 2 6y2 ^- 7. 

12. ai-6-fc + d. 26. 2a;-f-3y- 22 + 4. 

13. rt-6-c-d. 27. af -f-y'' + 2"-f w*. 

14. 4Ci + y-2-d. 28. a;*"-hy" — 2*»-8. 
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82. 1. What is the product of a* x a* ? 

2. Since the product of a^ x a* is a*, if of is divided by a* 
what will be the quotient ? What will be the quotient if a* is 
divided by a' ? 

3. What is the product when t? is multiplied by aJ* ? 

4. What is the exponent of the quotient when ofi is divided 
byaj"? Bya^? a^hya?? a^bjaf^? aj^bya?*? 

6. How is the exponent of a quantity in the quotient 
determined ? 

6. How many times is 5 as contained in lOaj* ? 6y in 18y* ? 
8«in40«»? 

^ 7. How is the coefficient of the quotient determined ? 

8. When + 5 iy multiplied by -|- 3, what is the product ? 

9. Since +16 is the product of -f 5 x +3, if -f 16 is divided 
# bj -^ what is the sign of the quotient ? 

10. What is the sign of the quotient when a positive 
quantity is divided by a positive quantity ? 

11. When + 6 is multiplied by — 3, what is the product? 

12. Since —16 is the product of -|-6x— 3, if —16 is 
divided by -f- 6 what is the sign of the quotient ? What when 
it is divided by — 3 ? 

13. What is the sign of the quotient when a negative 
quantity is divided by a positive quantity ? 

14. What is the sign of the quotient when a negative 
quantity is divided by a negative quantity ? 

67 
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16. What is the product of — 4 by — 3 ? 

16. Since +12 is the product of — 4x— 3, if -f 12 is 
divided by — 3 what is the sign of the quotient ? What when 
it is divided by — 4 ? 

17. What is the sign of the quotient when a positive 
quantity is divide by a negative quantity ? 

83. Division is the process of finding how many times one 
quantity is contained in another. Or, 

The process of finding, from a product and one of its 
factors, the other factor. 
Division is therefore the inverse of multiplication. 

84. The Dividend is the quantity to be divided. 

86. The Divisor is the quantity by which we divide. It shows 
also into how many equal parts the dividend is to be divided. 

86. The Quotient is the result obtained by division. The 
part of the dividend remaining when the division is incomplete 
is called the Bemamder, 

87. The Signs of Division. (See Art. 14.) 

88. Principles. — 1. The sign of any term of the quotient is 
-I- when the dividend and divisor have like signs, and — when 
they have unlike signs. 

2. The coefficient of the quotient is equal to the coeffi>cient of 
the dividend divided by that of the divisor. 

3. The exponent of any quantity in the quotient is equal to its 
exponent in the dividend diminished by its exponent in the divisor. 

89. The principle relating to the signs in division may be 
illustrated as follows : 



-f-a X +6 = + a6 ' 

— ax4-6 = — a6 
-ha X —b^ — ab 

— a X — 6 = -|-a5 



[ 



Hence, 



-f a5 -i- 4- ft = + a 

— a6-5-H-6 = — a 

— oft -5 — 6 = -f-a 
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90. To diyide when the diyisor is a monomiaL 

1. Divide -ISi^ya;* by 3a^V. 

PROCESS. Explanation. — Since the dividend and divisor 

3ajyV) — ISaJ^y^JS* bave unlike signs, tlie sign of tlie quotient is -. 
^bxu^ (Prin. 1.) 

^ Then - 16 divided by 3 is - 5 ; x^ divided by x 

is x; y8 divided by y^ is y ; and af* divided by z'^ is «* (Prin. 3). There- 
fore, the quotient is - 5a:y^*. 

2. Divide 12 aV^ by SaVa;^ 

PROCESS. Explanation. — Since division may be 

1 9, M«/3 1 9 i* indicated by writing tiie divisor under the 

^ = — 2- dividend with a line between them, the 

5 a TTTT 5z division may be expressed as in the mar 

gin. And since the same factors are 
found in both dividend and divisor, they may be cancelled without chang- 
ing the quotient. Hence, the quotient is — ^. 

3. Divide 9 aV - 12 aV + 6 ao?* by Sas^. 

PROCESS. Explanation. — Dividing 9a%c-' by 

3aa^^9aV - 12aV + 6ax^ Sox^, the result is Sax; dij^iding -12aV 

^^ g , ^ by 3 ax'-^, the result is — 4 al^x^ ; divid- 

6ax — 4aar'-|-Jar ing 6 ox* by 3 ox'^, the result is 2 x'^. 
Therefore, the quotient is 3 ox — 4 a'^x* + 2 x*. 

EuLE. — Divide each term of the dividend by the divisor, as 
follows : 

To the numericcU coefficient of each term of the dividend divided 
by thai of the divisor, annex each literal factor with an exponent 
equal to the exponent of that letter in the dividend mintis its ex- 
ponent in the divisor. 

Write the sign -|- before each term of the quotient when the 
terms of both dividend and divisor have like signs, and — when 
they have unlike signs, 

1. An equal factor in b«th dividend and divisor may be omitted, since 
it forms no part of the quotient. 

2. When the quotient is not integral it should be expressed as a frac- 
tion. 

4. 6. 6. 7. 8. 

Divide ea -12a«aj 15ay -20aJy 24y«2« 

By 3a 8a'g — 5ay - 5^^ ■- Sfz_ 
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Find the quotient in the following : 



9. — 2ba?y^7^ -^ 5 ocyzK 

10. 20 aWc^ 10 o^KJ. 

U. 30c(P/-»-15c(P. 

12. d^aa^-i-l^ay. 

13. — 18a?y2;-8-9ajy. 

14. — 21in(;2^-*-7v«*. 

15. -SSr'sai^-hllr*. 

16. ^bm^rvx-^bm^x. 

17. 20x^7^-^100^. 



18. — 14 a*a^ -i- 7 oajy". 

19. 32r*«»g-H8Ag. 

20. — 18'W*aj*y-*-i;*a5y. 

21. 24a*»6c"-s--a*'6(5». 

22. 36ri^i»2/®"-»--4w"»y**. 

23. 25a?y«^H — bahjh. 

24. -282/*2**-f-4yVaj. 
26. -30n*aj»-f-6mV. 
26. 28iBy^*-^7aJy2. 



33. a* — 3a6 + ac' by a. 

34. aj*y — ajj^ -I- ojV by ajy. 
36. a^ — 2ajy-f^ by a?. 

36. 2f* — 3a» + 32;* by %. 

37. m*n + 2 mn — 3m* by mn. 

38. c*d-3cd* + 4cP by cd. 



Divide : 

27. aa^'-2xy^ by ajy. 

28. Sxj^ — 3a?y by ajy. 

29. 4aj'3/2 + 2aj*y» by 2a^l 

30. 3aV-6a6« by Sab. 

31. dbc^-^a^Vc by — a6c. 

32. 9«yK + 3a^2* by 3ajy3. 

39. a(6 + c)* + 6(6 + c)^ by -(6 + c). 

40. 9(a-c)-6(a-c)3 by 3(a-c). 

41. 6aV -15aVH-30aV by —3a8a:'. 

42. 20aj»y* - 14ajy8 + 8 a^y* by 2 a^y^. 

43. 28a6V + 36a»6V-32a86V by 4aW. 

44. 18 (^da^ + 24 c^cPaj* - 30 c^d^a^ by 6 c'cPx. 
46. ajy* 4- caj'y^ 4- cto'y* by a^. 

46. o(6-c)«-|-6(6-c)*-c(6-c)» by (6-c) 
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47. 3(aj + y)-9(aj-hy)» + 6(aj + y)» by -(» + y)". 

48. aj* — i»»-^aj* — 2«-l by 2x. 

49. ar+^ + ar^^ + af^+ar^ by aJ*. 
60. y^i — y»»+' — 2^"*^ — JT^ by y^*. 

01. To diyide when the divisor is a polynomial. 
1. Divide aj8 + 3aj^ + 3ajy»-h/ by x + y. 

PBOCESS 

g» + 3a^ + 3a^-fy« | x +y 



a^ + 2a^ + y» 



2aj^ + 3a!y« 
2a?«y + 2a^ 

a^ + 2^ 

gy' + y' 

ExPLANATiow. — For convenience, the divisor is written at the right of 
the dividend, and both dividend and divisor are arranged according to the 
descending powers of x. 

When the first term of the dividend is divided by the first term of the 
divisor, the result will be the first term of the quotient, x is contained in 
3fi, afi times ; therefore, x^ is the first term of the quotient, x*^ times the 
diyisor equals sfi + x^. Subtracting, there is a remainder of 2 x^, to which 
the next term of the dividend is annexed for a new dividend. 

When the first term of the new dividend is divided by the first term of 
the divisor, the result will be the second term of the quotient x is con- 
tained in 2 x^, 2 xy times ; therefore, 2 o::;^ is the second term of the quotient 
2xy times the divisor equals 2xhf + 2 xy\ Subtracting, there is a remain- 
der of a^, to which the next term of the dividend is annexed for a new 
dividend. 

The third term of the quotient is found by dividing the first term of the 
new dividend by the first term of the divisor, x is contained in icy«, ^ 
times. y8 times the divisor is scy^ _|. ys. Subtracting, there is no Remainder. 
Hence, the quotient is aj^ + 2fl;y + y'- 

EuLE. — Write the divisor at the right of the dividend^ arrang- 
ing the terms of each according to the ascending or descending 
powers of one of the literal quantities. 

Divide the first term of the dividend by the first term of the 
divisor, and write the result for the first term of the quotient 

Multiply the divisor by this term of the quotient, subtract the 
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product from the dividend^ and to the remainder annex cm many 
terms of the dividend as are necessary to form a new dividend. 

Divide the new dividend as before, and continue to divide in 
this way until the first term of the divisor is not contained in the 
first term of the new dividend. 

If there he a remainder after the last division, write it over the 
divisor in the form of a fraction, and annex it with its proper sign 
to the part of the quotient previously obtained. 



2. a?*-a*a^-h2a*aj 



-a^ 



ic* -i- aa? — g^ 



ojc* '\-2a^x —a* 



a^ — go; 4- g' 



gV + a*a? — g* 
g V 4- g^a? — g^ 



8. a^-1 



X -1 



a^-f g' + g + l 



a^-1 
aj»-aj* 



a^-1 • 
of — x 

a-1 



4. rf-oc* 

g* — g^a; 



g —05 



g* -I- ga; 4- a^ 



g^a? — «* 
(j?x — aa^ 






6. 48a^-76gaj«-64g«aj4-105fl^ 
48g«-72gg' 

— 4ga?* — 64g^a; 

— 4gg»+ 6g'a? 

-70g«aj-f-106g» 
-70g«a?4-10ga^ 



2aj —Sg 



24a^-2gaj^35g^ 
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6. a?*4-4a* 



a?-{'2ax-^2c^ 



x^-'2ax + 2a^ 



-2aaj5-2aW + 4a* 
^2aoi? — 4aV — 4a^a? 

2aV + 4a^a; + 4a* 

Divide : 

7. a^-2ab + b^ by a-6. 

8. ar^ + 4aj + 4 by a? + 2. 

9. 9 + 6aj + aj* by 3 + a. 

10. ic^ + a^y4-a^ + 2/* by x + y. 

11. a* + a*y + a2/^ + y* by a + y. 

12. aj^ + Say'y + Sa^ + j^ by a; 4-3^. 

13. r8 4-3r»« + 3rs2 + «^ by r2 + 2r« + 5*. 

14. aJ* + 4aj'y-f 6a5*y^ + 4ary* + 3^ by x + y. 

16. c* + 4c^ + 6c2(f + 4c(f + d* by €?-^2cd'\-d^. 

16. aj*-3aj»-36aj*-71aj-21 by aj*-8aj-3. 

17. a« + 5a^aj + 6aaj* + a^ by a*-|-4aa; + ic2. 

18. a2 + 26c-6*-c2 by a-6 + c. 

19. a^'-4:a^y + 6ay^4:af + y*hja?'-2ay-\-f. 

20. aa^ — a^a^ — bx^ + b^ by ax — b, 

21. 20a«6-25a«- 186^ + 2706* by 66 -6a. 

22. 3a?*-8a5«y« + 3iB2^-h53^-33^»2 by aj^-j^. 

23. 4a*-9a2 + 6a-l by 2a2 + 3a-l. 

24. 2ay + 367/ + 10 a6 + 1562 by 2/4-56. 

26. 6-663-2a + 54a*-3a26 by 2a-6. 
96. 25a*-a«-8a-2a2 by 5a2-4a. 

27. a^-{-j^-\-s^ — Sxyz by a? + 2/ + 2. 

28. 18i»*-45a;« + 82»*-67» + 40 by 3ar^-4a; + 6. 
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29. 16aJ*-72aV + 81a* by 2aj-3a. 

30. a* + 4aV-fl6«* by a*-|-2aaj + 4aj*. 

31. a?* + iBV + «* by »* — a»+2*. 

32. aj* — 2/* by a? — y. 

33. «* + ^ by «+y. 

34. aj^ + 1 by «4-l. 

36. aJ*-8l3^ by «-3y. 

36. 81a* -166* by 3a + 26. 

37. of* — 3^ by a + y to three terms. 

38. a^ + 2a^V + 9b* by a«-2a6 + 36». 

39. 8aj» + 272^ by 2» + 3y. 

40. aj*— aV + 2a*flj — a* by a^^-ax + a^. 

41. a* — 4a*a; + 6aV — 4aaj»-faJ* by a* — 2aaj + «". 

42. aJ* + llaj2-12a?-5aj» + 6 by 3-3aj + aj«. 

43. 8m»-27n« by 2m«-3n2. 

44. 6ajV-"^^--^^y + 3^ + ^ by a? — y. 

45. a^ + aj8-aj« + 2a?-aj* — 1 by a? + aj-l. 

46. a*-6«by (a« + ft*) (a + 6) + aV. 

47. a«-6« by a»-2a%4-2a6«-y. 

ZERO AND NEGATIVE EXPONENTS- 
92. 1. How many times is a* contained in a* ? a* in a* ? 

2. When similar quantities have exponents, how may the 
division be performed ? 

3. What, then, will be the quotient when a' is divided by 
a* by subtracting exponents ? a' by a* ? a"* by a* ? 

4. Since a* -»■ a^ a' -h a^ and a"» -!- a* are each equal to a° and 
to 1, what is the value of a^, or any finite quantity with for 
an exponent ? 
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6. WHat will be the quotient when a* is divided by of by 
subtracting exponents ? a* by a? ? a^ by a* ? 

6. What will be the quotient when a* is divided by a* with- 
out subtracting exponents ? a* by a* ? 

7. Since a^ -«- a« = a'^ and i, a« -j- a» = a-« and — , to what 

« a* 

IS any quantity with a negative exponent equal ? 

93. The Reciprocal of a quantity is 1 divided by the quantity. 

Thus the reciprocal of aia ~, ofx-\-yis ^ 
a aj + y 

94. Pbinciples. — 1. Any finite quantity having for an 
exponent is eqticU to 1, 

2. Any quantity having a negative eoDponent is equal to the 
reciprocal of the quantity with an equal positive exponent. 

EQUATIONS AND PROBLEMS. 

96. 1. Find the value of x in the equation ox -f 4 = a' — 2 a?. 

Solution. 005 + 4 =a* — 2x 

Transposing, ax + 2x =a^ — ^ 

Then, (a + 2) aj = a^ - 4 
Dividing by (a + 2), x = a -2 

2. Find the value of 05 in the equation 6« — 6"s=4aj 
-96 + 20. 

Solution. hx--b^ = 4a; - 96 + 20 

Transposing, 6a; - 4a; = 6^ - 96 + 20 

Then, (b -4)x=b^ -96 + 20 

Dividing by (6 - 4), a; = 6 - 6 

Find the value of x in the following : 

3. ca:-9 = c* + 6c-3aj. 6. 3aj-12a = 4a*-2aaj + 9. 

4. aa:+16 = a* — 4a?. 6. da5 + 9a*=scP — 3a«. 

▲LGicBBA. — 6. 
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7. oaj — a^ = 2a6-f 6* — ftaj. 

9. aaj — c^ = a' + ac + a*c — ca?. 

10. 2ax-6a^=:lSab + 6b^-3bx. 

11. 2aaj-10a5-155 = 14a4-21-3a?. 

12. ax + bx = 5a^-{-7a^-\-2b'^ + 5aC'\'2bC'-'CX. 

13. :^ca? — 4c* + cP = 2c*d — 2cd — cte. 

14. 6«a?4-3yc + 6c8 = 68 + 25c2-2c*a?. 

16. 4m* — 2m^a; — 3ma? = l — 6m + 9m* — a. 

16. a* + 3aj — 9a2 = aa;-27a + 27. 

17. 2m*aj + 3mn' + 7mV — 4m* = 3mna?. 

18. 5aaj = 15a»-5a6 4-5a6« + 26aj-6a% + 26«-2y. 

19. A man being asked how much money he had, replied 
that if he had $ 25 more than 3 times what he then had, he 
would have $ 355. How much money had he ? 

20. A gentleman divided $ 10,500 among four sons, giving 
to the second twice as much as to the first, to the third twice 
as much as to the second, and to the fourth one half as much 
as to the other three. How much did he give to each ? 

21. A man who met some beggars gave 3 cents to each and 
had 4 cents left, but found that he lacked 6 cents of having 
enough to give them 5 cents each. How many beggars were 
there ? How much money did he have ? 

22. A man has six sons, each 4 years older than the one 
next to him. The eldest is 3 times as old as the youngest. 
What is the age of each ? 

28. A vessel containing some water was filled by pouring 
into it 42 gallons, and there was then in the vessel 7 times as 
much as at first. How many gallons did the vessel contain 
at first ? 
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24. A man borrowed as much money as he had and spent 
a dollar; he then borrowed as much as he had left and 
spent a dollar; again he borrowed as much as he then had 
and spent a dollar; he then had nothing left. How much 
had he at first ? 

26. Divide ^3400 among A, B, and'C, giving A $ 100 more 
than B, and 9 200 less than C. What is the share of each ? 

26. There are 360 sheep in two flocks. If 40 are taken 
from the second and added to the first flock, the first flock will 
then contain twice as many as the second. How many sheep 
are there in each flock ? 

27. Two persons invest equal sums of money in trade. 
One gains $ 252, and the other loses $ 174. The one has now 
twice as much as the other. What did each invest ? 

28. Three persons have $ 152. The first has $ 20 less than 
the second, and the third as much as the first and second. 
How much has each ? 

29. Divide the number 37 into three parts, such that the 
second shall be 3 more than the first, and the third 5 less than 
the second. 

30. A manufacturer shipped a certain number of harvesters 
to Denver, 10 more than that number to Omaha, 5 more than 
3 times as many to St. Paul as to Omaha, and twice as many 
to Chicago as to St. Paul. How many did he ship to each 
place, if the whole number shipped was 1215 ? 

REVIEW EXERCISES. 

96. 1. Add 6aaj-140-f 3Va, 5aj« + 4aaj + 9a?, 7aaj + 4Va 
+ 160, and V« + 3aaj-4aj*. 

2. Add 3am + 2a? — 3Vy-2, 2^/y + Sz "20? + 3am, 
4aj2 — 32f + 2V^ + 3a;, and 2Vy — 4am-f 2^; — 3ic2. 

3. Fro m Va* — 6* — 2 (a? + y) — 6 subtract 4 (aj + y) — 

3VSn:v. 
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4. From Va + 2Vy — ai-f 6 subtract 3V^ — 2V» — y4 
2«-16. 

6. From (]?q? -h 2ay -^ Sf + if subtract 6V -|- Say — 
cy^ + Asf. 

6. From the sum of a^ 4- Soj^y" — 3^2 + az and 40?* — Syz 
4-2«4-3ajy subtract 5aj*»-42; + 6aj2y2-3a2f. 

7. Multiply aj* + 2aj^2^-f-i»2/^ by a^H-2ajy — y^ 

8. Multiply aj"-|-2a;V + y** by af»4-2ic"y'»-f y*. 

9. Multiply 3af* + 2a:**y*'— y'* by x''—y'^-\-afy\ 

10. Multiply 3itf*+* + 2y^ + «r by 3a?-2y''-"' + 2*». 

Expand : 

11. (a:-l)(a;-2). 28. (p4-12)(p4-ll)- 

12. (a? -2) (a? 4- 3). 23. (y-2)(y4 9). 

13. (a + 3) (a? -6). 24. (d + 20)(d + 15). 

14. (a; -10) (a? 4-9). 26. (18-4aj)(18 4-4aj). 
16. (a -7) (a 4- 4). 26. (10 4-1) (10-1). 

16. (a; -3) (a; -2). 27. (aj4-2y)(a;4-2y). 

17. (a; -6) (a; 4- 6). 28. (a'»-6«)(a«4-&"). 

18. (a-l)(a4-2). 29. (3m* -2m) (3771^4- 2m). 

19. (y*- 7) (2/2 + 4). 30. (aj« 4- «)(«"-«). 

20. (c4-ll)(c-4). 31. (a4-64-c)(a4-&-c). 

21. (m-l)(m4-4). 32. {x-y){x^y){x' ^y^). 

33. (l4-aj)(l-aj)(14-a:')(l + aj0(l+aj*). 

34. (aj4-2/)(aJ + y)(« + y)(« + 2/)(a; + y). 
36. (a4-2)(a4-2)(a-2)(a-2). 

86. (3a - 6) (3a - 6) (3o 4- 6) (3a 4- 6). 
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Square : 

37. p^ — q. 

38. ix?-\-y^. 

39. 20 -f 5. 

40. 60-1-4 



41. 15 -h 3. 46. 2aa? -|- 3ay. 49. aj»+»-y*. 

42. 2a-h5y. 46. 4a' — 3ay. 60. a-|-6 + c. 

43. 3aj2 - 2y«. 47. 2a"' + 6*". 61. a - 6 + c. 

44. 3a-26. 48. aj*'-|-2y*'. 62. a-|-6-c. 



68. (6y + 6c«)(6&»-6c«). 

69. (8ajy-h3«*)(8ajy-3aj«). 

60. (9am-|-8icy)(9am— 8a?y). 

61. (aaf'-l-y^Xaa?*-!/"). 

62. (aa^-|-a2^)(aa*'— ay*"). 



Write out the product of : 

63. (2a? + y)(2»-y). 

54. (3a? + 7y)(3aj-7y). 

56. (4aj«-2y*)(4a^-|-2y'). 

66. (3a*6 + 262)(3a26-262). 

67. (7a* + 26) (7a' -26). 

63. (a-faj)(a-a?)(a* + aj*)(a*-|-aj*). 

64. («' + y*)(»*-2/*)(a;*4-yO(a^ + y«). 

66. (2aj-f-3)(2a-3)(4a:»-h9)(16aj*-81). 

Divide : 

66. 4a*-5a*6*-|-6* by 2a*-3a6 4-6'. 

67. Saj'y-haj^ + y^ + Sajy* by aj* 4- 3^-1-40^. 

68. m*-6m»-h7m'-4m-12 by m*- 2m 4-3. 

69. a^ -h 2aJ* + 7aj« 4- Gaj* -46aj- 120 by ar^^ 4a; 4-6. 

70. a*4-aj* — 4a;^ — a^^-l-aj by a* — a?— 1. 

71. a«-a*-ha3 — a*4-2a — 1 by a*4-a — 1. 

72. ar* -5a?*y 4- 10«*y*-10aV 4- 5a^-y* by 0*4-2/*- 2a:y. 

73. 6»«-16a:*y4-14«y*-42/*-2a*4-4xy-2y* by 3a;-2y-l. 

74. af - 6a:«y 4- 21 o'y*- 31 a;*2/* + 23a:«y* 4- 3aV- 8*2^ 4- ey 
by a*-2a^4-22/*. 

76. a*c — a6* 4- acd — acP — a6c -h 6' - 6cd 4- 6cP — ac* 4- c6* - 
c"d4-ccP by ac — 6* -h cd — (P. 
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Remove parentheses and simplify by collecting like terms : 



76. (a*-2aa;-iB*)-{a*-(2aaj-aj« + 7)}. 

77. a»-[(-a»-a»6 + atf»-6»)-{a«6-(a6«-y-a%)n. 



78. 4a?-(a«-y)-[-}6«-(a«-d*-a«)}]. 



79. l-[4-{7-(2-{3-4-a{)|]. 



80. 14-{-7 + (3-4 + aj)-aj}-[-{-(-aj-4){]. 

81. a -[26 -(3c + 26) -a]. 

82. a -{2a -[36 -(4c — 2a)]}. 



83. 7aj — [3aj-(4aj-5aj-2aj)]. 

84. -[5a-(116-3a)]-[56-(3a-66)]. 
86. aj - {2aj + 3* - [4a; -5aj- (6a;- 7a?)] {. 

86. 8a;-}16y-[3a;-(12y-aj)-8y] + a;}. 

87. a-26 + {3c-[3a-(a + 6 + 2a-6)]{. 



88. 2a; — {2a; -[2a? -(2a; -2a? -a;)]}. 

89. a-{26-[3c-2a-(a-h6-|-2a)]}. 



90. 2a;-{3y + (2y-2;)-4z + [2a?-(3y-2;-2y)]}. 

Collect in parentheses the coefficients of x, y, and z in the 
following : 

91. oa;- fty + te- ay — ca? — ca;. 

92. 2aa; — 3&8 + 4cy + 3a« — oa; — y. 

93. cy + 4aa; — 3d2;-h3a2; — 56a;4-6y. 

94. 3aa; — 66a; + 2ay — 4y + 5a« — 36«. 
96. 46y + 2c» — 36a; — 4cy-ha« — 2ca? — ay. 

96. oa;- 26y + 3c2; — 46a5 — 3cy-f a« — 2ca5 — ay. 

97. 6aa? + 5ay + 26y — 66« — 5ca; + 6cy + 3c2;. 

98. 3aa;-26y-4c2;-26fl( — 2&fiB + 8cz-2ca; — 2cy. 
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Expand the following : 

99. (a^ + y»)». 109. (3aj-|-2a)(3aj-2a). 

100. (aj»-y*)«. 110. (5aj* + 3)(6aj«-3). 

101. (2a; + 1)'. 111. (76c4-(P)(76c-(P). 

102. (3a«-f42^)*. 112. (2x + e)(2x + l). 

103. (5a--2c*)«. 113. (2a; -5) (2a; -3). 

104. {2ad-\-3cd)\ 114. (aa;4-36)(aa;-26). 

105. {ea^-Sfy. 116. (a? + y-|-2)*. 

106. (3aV+2d^aJ»)«. 116. (a;4-2y-32)>. 

107. (2a;» + 3y*)(2a^-3y»). 117. (a;-3y + 2i8)«. 

108. (2a* + 6*) (2a* -6*). 118. (m-n+p-g)*. 

Find the value of x in the following equations : 

119. 7a; -36 -10a; + 12 = 80 -33a; + 46. 

120. 6x - 2(9 - 4a;) + 3(5a; - 7) = 10a; — 4 - 16a;. 

121. 3a? - 6(a; - 5) + 2a; = 2(a; + 5) + 5{x -4). 

122. a; - 7(4a; - 11) + 30 = 14(a; - 5) - 19(8 - a;) - 3L 

123. 17 a; -(8a; -9) -[4 -3a; -(2 a; -3)] = 30. 

124. (a; + 12)(a;-8) = (a;+l)(a;-6). 

125. 4(a;-3)-3(a;-2) + 2(a;-l) + 2 = 0. 

126. (a; - 1) (2a; + 1) + 14 = (2a; + 3) (a; + 3). 

127. (a; + 2)(a;+l)(a; + 6)-9a;* = ar^ + 4(7a;-l). 

128. a(a; — a)-2a6 = -6(a; — 6). 

129. (a2 + a;)(6* + a;) = (a6 + a;)«+a;*. 

130. ax-\-h^ = a^'{'bx. 

131. 6a; + 3i!>*=76c + 3ca;. 

132. a(a; + a) + 6(6 — a;) = 2a6. 

133. 2aa; + 12a6-4a2 = 9y + 36a;. 

134. 3a;-9-3c = 12a — 2aa; + 4a* + 2ac. 

135. 2aa; + 9c* + 3c(l = 4o* + 3ca; + 2ad. 
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97. 1. What is the product of 4 x 6a ? What relation do 
4 and 6 a bear to their product ? 

2. What are the integral factors of 5? x? 6? 4a? 

3. Since 5 and x cannot be separated into any integral 
factors except themselves and 1^ what kind of quantities are 
they called? 

4. Since 6 and 4 a can be separated into other factors besides 
themselves and 1, what kind of quantities are they called ? 

6. Since 3 and 2, the factors of 6, are prime numbers, what 
kind of factors are they called ? 

98. The Factors of a quantity are the quantities which multi- 
plied together will produce the quantity. 

Thus, a, 6, and (x + y) are the factors of ab(x + y). 
Factors of a quantit}' are exact divisors of it. 

99. A Prime Quantity is a quantity that has np integral fac- 
tors except itself and 1. 

100. A Ciomposite Quantity is a quantity that has integral 
factors besides itself and 1. 

101. A Prime Factor is a factor that is a prime quai^tity. 

102. Factoring is the process of separating a quantity into its 
factors. 

103. To separate a monomial into its factors. 

1. What are the prime factors of 24: o^t^z ? 
Solution. 24 z^z = 2.2.2.3.jc.5c-y-y.y-« 
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BxTiiE. — Separate tJie numerical coefficient into its prime 
factors. 

Separate the literal quantities into their prime factors by imit- 
ing each quantity as a factor as many times as there are units in 
its exponent 

Find the prime factors of the following : 

2. 8a%. 4. ISa^iS. 6. 42aajy8. 8. 28aVaj. 

3. 10 ay. 6. 20aaj»2^. 7. ^^m^, 9. 35 aj^^^^. 

104. To separate a polynomial into monomial and polynomial 
factors. 

1. What are the factors of ^a^hc + lOa^c - 20a*6c ? 

ExpLANATioK. — By examining the 

&a*c )5a^bc + lOa'c — 20 a%c terms of the polynomial it is found 

X , 2 _ 4ft t^at 6 a^c is a factor of every term. 

Dividing by this common factor the 

6a*c(6 + 2 — 46) other is found. Hence, the factors 

are ba^c and (6 + 2-46). 

Rule. — Divide the polynomial by the highest factor common 
to all the terms. The divisor and the quotient will be the factors 
sought. 

Find the factors of the following polynomials : 

2. 5a% + 6a*c. 13. 46V- 12a6c-9c2. 

8. 8aj*i/^ + 12aJ*2^. 14. Za^b + abc — abd, 

4. ^QcyZ'\' 12 ahf^z, 15. 5aV — 5 aW + 10 aVa;. 

6. 9aj»3^2 + 18ajy«2». 16. ^o^y^z - Sxy^T? -^ xy. 

6. a^Q^z + a^xyT?, 17. 12 a^cx + 15 a(?x — 12 acx. 

7. a*c + 6«c-f-c*(P. 18. 6a*6^ + 21a»68-24a26*. 

8. 4aj*3/4-ciBi^ + 3a:2/8. 19. 20(?qi? -Ibc'^x + ^t^v^, 

9. 4a6aj+6aW4-8aaj. 20. 56 a^2^+ 112 aY-^l^a^y®. 

10. 3aV-6ay4-9a2r^. . 21. 65a^/-85ajY + 255ajV. 

11. 2a2c-2aV + 3ac. 22. 76 ay +150 a Y— 225a/. 

12. 6acd-2c*d2 + 6cd. 23. 486V- 1446V -1926V. 
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106. To separate a trmomial whioh is a perfect square into two 
eqtial factors. 

(a-|-6)(a + 6) = a« + 2a6+y 

(a-6)(a-6) = a»-2a6-|-6« 

1. What is the product of (a + b){a + b)? What, then, 
are the factors of a^ + 2ab + V? 

2. What is the product of (a — 6) (a -6)? What, then, 
are the factors of a* -- 2 a5 + 6^ ? What term of the trinomial 
determines the sign which connects the binomial factors ? 

One of the two equal factors of a quantity is called its 
Square Soot. 

BuLE. — Arrange the terms of the trinomial according to the 
aacendir.g or descending powers of one of the qtumtiti-es. The 
square roots of the first and third terms connected by the sign of 
the second term will be one of the equal factors. 



Find the equal factors of the following trinomials ; 


1. a^-^^ab-^-b^ 


13. 


16aW-8aW + yc*. 


2. 7?-\'2xy-^y\ 


14. 


9m' + 18mn + 9n«. 


3. 6«-26c-|-c*. 


15. 


9 + 6aj + «*. 


4. r* + 2rs-|-5*. 


16. 


l-.2a^ + «*. 


6. «»4'2aj+4. 


17. 


16n»-.8n + i; 


6. aj» + 4aj + 4. 


18. 


16 + 16a + 4a*. 


7. y>-2y + l. 


19. 


36 + 12a« + a*. 


8. 4y2-4y + l. 


20. 


49-14aj3 + a^. 


9. 9a? + 6aj + l. 


21. 


81aj*-18aa: + a«. 


10. 16aj2 + 16a + 4. 


22. 


4a*' + 12a"6» + 96^ 


11. 9y»- 182^ + 9. 


23. 


a^- 30 a; + 225. 


12. 2^ + 162^^ + 64. 


24. 


4aJ*-64a:» + 256. 



86. 49a!*-112iBy + 64y». 

86. 196aVc' + 112a6Vd + 16 WcP. 
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Perfect squares containing terms in parenthesis may be fac- 
tored in a similar manner. 

27. Factor aj* + 2aj(a? — y) + (a: — y)*. 
SoLUTioK. x^ + 2 x(x — y) H- (« — y)* 

= [a; + (a;-y)][aJ + (x-y)] 
= (« + x-y)(aj + a;-y) 
=(2x-y)(2aj-y) 

28. Factor (aH-6)*-2(a4-6)(&-c)-|-(6-c)l 
Solution. (a + 6)2 - 2 (a + 6) (6 - c) + (6 - c)« 

= [(a ^ 6)-.(6 _ c)][(o -f 6)-(6 - c)] 
= ((i +6-6 + c)(a + 6'- 6 + c) 
= (a + c)(a + c) 

Find the equal factors of the following: 

29. aj* + 4aj(aj~y) + 4(aj-y)*. 

30. 4-|-4(a:-y) + («-y)'. 

31. (a + 6)* 4- 6(a -h &) + 9. 

32. 16 -h8(a- 6) + («-&)*. 

33. 4a:(aj-y) + 4aj»-h(a-y)'. 

34. 9aj»-6aj(aj + y)4-(«4-3/)'. 
36. 4aj* + 9(aj-y)* + 12aj(a;-y). 

36. 12y(aj-y)-h4(a:-y)2 + 9y». 

37. (a + 26)»-4(a4-26)(6-c)4-4(6-c)«. 

38. 4(a4-6)*--4(a + 6)(26-c)4-(26-c)«. 

39. (aj-hy)"-2(« + y)(y-2) + (y-«)'. 

40. 9(aj 4- y)» - 6(aj + y)(3y- 2) + (3y- 21)1 

41. (a 4- 56)» - 10(a + 56) (6 - c) + 25(6 - c)». 

42. 4(a + 3ft)' - 24(a 4-36) (6 - c) 4- 36(6 - c)« 

43. 16(a 4- «)* - 32(a 4. a?) (a? - y) 4- 16(aj - y)". 

44. 26(aj4-y)*-60(a4-y)(y-«)4-25(y-2;)». 
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106. To resolve a binomial whioh is the differenoe of two squares 
into two binomial factors. 

(a + 6)(a-6) = a«-6* 

1. What is the product of (a + 6) (a -6)? What, then, 
are the factors of a* — 6* ? How do these two factors differ ? 

2. What is the product of (oj* + y^) (a* - y*)? What, then, 
are the factors of a?* — y*? What is the difference between 
these two factors ? 

EuLE. — Find the square root of each term of the binomial 
and maJce the sum of these square roots one factor, and their 
difference the other. 

Sometimes the factors of a quantity may themselves be factored. 
Thus, X* - y* =(a;2 + y2)(x^ _ yS) 

Resolve into their simplest factors : 

1. a^-bK 13. 4a:* -9y'. 25. 121a«-366* 

2. c*-cP. 14. a^2/2_ 42^2^2 26. 169c* -49d«. 

3. m^-n^ 15. m*-n*. 27. lOOaW-64 

4. 4ar^-42^. 16. a«-6» 28. 64-26a!V- 

5. 9iB*-yl 17. m^-n^. 29. 49-36a»y*. 

6. a?-9y^ 18. 9a*»-46*«. 30. 16m^-n^. 

7. i6a^-16yl 19. a"-6«. 31. 289a^-y^. 

8. 9c«-16d«. 20. 9a%''-4c*. 32. 256a*-362;». 

9. 25a* -961 21. aV-9c*d*. 33. 196a^-9. 

10. 93^-1. 22. aP-y'^ 34. 2250*3^- 121 »*: 

11. 26a?*-16y«. 23. 4yc*-25cP. 36. 324icy8«-81. 
X2. 36y«-49««. 24. 81 6* -16. 36. 226ajy-l^ 
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87. Factor 9a*-(2a-f &)'• 

Solution. — One factor is 3 a + (2 a + &), and 3 a - (2 o + 6) is the 
other. 

3a+(2a + 6)=5a + 6 

and 3a-(2a + &) = (a- b) 

.-. 9a2 -(2a + 6)2 = (6 a + 6)(a - 6) 

38. Factor {5x + 3yy-{3x — 2yy. 

Solution. — One factor is (5 x + 3 y) -f (3 « — 2 y), and (6 « + 3 y) - 
(3 X — 2 y) is the other factor. 

(6x + 3y) + (3x-2y)=8x + y 

and (6x + 3y)-(3x-2y)=2x + 6y 

.-. (5x + 3y)2-(3x-2y)2=(8x + y)(2x + 6y) 

Factor : 

39. c*-(a + 6)«. 48. (a + 6)«-(a-6)«. 

40. V-{x-y)\ 49. (a? + 2/)*-(2a: + 3)«. 

41. 4o2_(a; + y)2 60. (ic4-2/)*--(2aj-4)*. 

42. 9c»-(aj-y)*. 61. (2aj + 3)2-(3aj~4)2. 

43. aj«-(a-f26)«. 62. (2aj4-3y)2-.(3a-4y)2. 

44. c«-(3a + &)*. 63. {bx + 2yy^{A:X-3y)\ 
46. 6«-(2a + 3c)». 64. (7a;-3yy-(2a? + y)2. 

46. 4c2-(2a + 36)^ 65. (8aj + 52^)2-(3aj-22/)l 

47. 9c«-(2a-36)*. 66. (9a;4-32/)'-(2a;-5i/)2. 

Polynomials may sometimes be expressed in the form of the 
difference of two perfect squares, and factored like the pre- 
ceding examples. 

57. Factor a2 + 2a& + &* — <?*. 

Solution. a^ + 2 a6 + &2 _ c^ = (a + 6)2_ c* 

(a + 6)2 - c2 = [(a + 6) + c][(o + 6) -c] 
or (o + 6 + c) (a H- 6 — c) 
A a* + 2a6 + 62 _ e? -(o _l_ 5 ^ c)(a +6 - c) 
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68. Factor 2cd + 6*-c»-2aft — (P + a*. 

Solution. 2e(l + &^-<^-2a&-(iP + a^ 

Airanging terms, = a* — 2 a6 + 6^ — c^ + 2 cd — cP 

= a^ - 2 a6 + 68 - (<^ - 2 of + cP) 

= (a-6)2-(c-(02 

= [(a-ft) + (c-d)][(a-6)-(c-(f)] 

= (a - 6 + c - d)(a - & - c + d) 
Factor: 

59. y + 26c + c*-(P. 64. a?«-6«-2aiy + ^. 

60. a' + 2aa;H-a^-4y". 66. aj" + 4ajy -42;» + 4y». 

61. 4a*-»^ + 2a?y-y*. 66. aj* — 9y' + 6a5 + 9. 

62. a*-6aaj4-9aj2-4c«. 67. 4a5» + 12a?y-9c* + 9^. 

63. 4aj« + 4ajy4-y*-4«*. 68. 4a* + 96^-160^-1206. 

69. 9a^-252;« + 16y* + 24ajy. 

70. a* + 26d + c«-6* + 2ac-(P. 

71. 46«-aj*+4a^ + a« + 4a6-4^. 

72. (P — a2 + 4aaj — 4cd + 4c* — 4«". 

107. To factor a qnadratio trinomiaL 

(a? + 3) (a? + 4) = 2^ 4- 7a? + 12 
(aj-3)(aj + 4)=:ar^+ a?-12 
(a; + 3)(aj-4) = a;2_ a:«i2 

(a?-3)(a;-4) = aj*-7a; + 12 
(aj-2)(aj + 6) = a:* + 4a;-12 

1. In what respects do the factors differ in the first four 
examples ? 

2. What terms in the products are alike in each instance ? 

3. How may the first term of each factor be found from 
the product ? 

4. How may the last terms of the factors be found from 
the last term of the product ? 

5. How is the coefficient of the second term of the product 
found from the last terms of the factors ? 
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108. A trinomial of the form of «• -f 6aj + c, in which c is 
the product of two quantities and b their algebraic sum, b and 
c being either positive or negative, is called a Quadratic Trinomial 

1. Resolve a?^ — 9 a? — 36 into two factors. 

Explanation. — The first term is evidently x. Since 36 is the product 
of the two other quantities, 6 and 6, or 4 and 9, or 3 and 12, or 36 and 1, 
or 18 and 2 are the other quantities. 

Since their sum is — 9, the quantities must be 3 and — 12, for the 
other sets of factors of 36 cannot be combined so as to produce this 
result. 

Therefore, (x + 3) and (x — 12) are the factors. 

EuLE. — Arrange the terms of the trinomial according to the 
ascending or descending powers of one of the quantities. 

For the first term of each factor take the square root of the 
first tei-m of the trinomial, and for the second term such quanti- 
ties that their product will equal the third tetm of the trinomial, 
and their algebraic sum multiplied by the first term of the factor 
shall equal the second term of the trinomial. 

Separate into their simplest factors : 



2. 


a^ + 3ic + 2. 


16. 


OE^f + 7 xyz + 107^. 


3. 


a^ + 7x + 12. 


17. 


a:2 + 9aj-36. 


4. 


a^-4aj-21. 


18. 


a:*- 57 a; 4- 56. 


5. 


aj8-7a.-.18. 


19. 


a'-10«-39. 


6. 


a^ + ex-^-S. 


20. 


a^-12x-64:. 


7. 


aj« + 12a; + 32. 


21. 


4a^-10aj + 6. 


8. 


b^^Sb + 15. 


22. 


9a^-27a? + 18. 


9. 


6*4-6-12. 


23. 


4aj2 + 16aa4-12a«. 


10. 


y_5-12. 


24. 


9a2 + 30a6 + 24y. 


11. 


52^.26-36. 


25. 


4a2 + 4a-3. 


12. 


y* + y-56. 


26. 


462^106-14 


13. 


3^ + 3y-40. 


27. 


9a2-15a-14. 


14. 


6« + 196c4-48c«. 


28. 


16c«-48c + 36. 


15. 


c«d*4-7c*(P4-12. 


29. 


9aj* + 6a^-16y». 
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30. 162r* + 24y2-72«. 32. 253^-25y« + 6«* 

31. 4a?-14a^ + 103^. 33. 49 sfi + U o^y - 15 f. 

109. To separate other trinomialB into binomial factors. 
First, when the first term is not a perfect square. 
1. Factor Saj^-f-a — 7. 

Solution. 

8x2 + a;-7=(8aj2 + x-7)x| 

o 

^ 64xa + 8x-66 ^ (8x + 8)(8g-7) 
8 8 

= «(^+^K^^-7) =(x + l)(8x~7). 
8 

Explanation. — Since the first term is not a perfect square, it may be 
made so by multiplying by 8, and the value of the quantity will not be 
changed by multiplying by f . 

Multiplying by } and factoring in accordance with Art. 108 and sim- 
plifying the result, the factors are (x + l)(8ac — 7). 

Second, when the second term does not exactly contain the 
square root of the first 

1. Factor 4aj»-7ir + 3. 

SoLimoN. 

4*»-7x+3=(4xa-7xH-3)X7 

4 

^ 16x^ - 28x 4- 12 _ (4x~4)(4x-3> 
4 4 

= ^(^-^y^-^)=(x^l)(4x~3). 

Explanation. —Although the first term is a perfect square, its square 
root is not an integral factor of the second term. The second term may 
be made to contain the square root of the first term by multiplying by 4, 
and the value of the expression will not be changed by multiplying by J. 

Multiplying by | and factoring in accordance with Art 108 and sim- 
plifying, the factors are (x - l)(4x - 3). 
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Find the binomial factors of : 

2. 2a? + Sx-2, 

3. Sa? + 6x + S. 

4. 3aj«-17aj + 10. 

5. 5a?-3Sx + 21. 

6. 3a^-a?-2. 

7. 3aj» + 7a?-6. 

8. 3aj* + ll«-20. 

9. 2a^ + lla; + i2. 



10. 4a? + ajy-33^. 

11. 4aj* — Sajy + y'. 

12. 5a5«-29a^4-36y'. 

13. 7aj»+123aj-54. 

14. 10aj« + 3iry-y*. 
16. Sa? + 7xy-^6f. 

16. 4aj* + 7a5 — 16. 

17. 6aj*-ay-2y». 



110. To factor by grouping terms. 

1. Factor xy + ay -{- bx -^ ab. 

Solution. xy + ay -f 6« + aft = y(x + a) + 6(x + a) 

=(y + &)(« + «) 

2. Factor ax^bx — ay + by. 

Solution. ax — bx —ay -\- by = ax — hx - (ay — by) 

= x{a—b)—y{a — b) 



Factor the following : 

S. Qi? + bx + cx + bc. 

4. ofiD — 6y + 6a5 — ay. 

5. y — 6c-fo^ — oc. 

6. ay — by + ab — y^. 

7. 6y — &aj + 3aaj — 3ay. 

8. dbc + acd + bd + a^(?. 

9. 2a + 6aj* + 26 + aaj2. 
10. fic* — a^ + 3y — 3a?. 



11. 6aj — ca5 + 6c — a^. 

12. dxy — cxy + cda^ — y^. 

13. abTf — axy + bosy — y^ 

14. 6cPaj— 6*dy + a6cy — acda; 
16. 3&C — 4ad4-6ac — 2M. 

16. 15aaj— 20ay+96a;— 1262/. 

17. 36a6-18ac-18624.96c. 

18. 12aa: — 9a3( — 86aj + 66y. 



19. aca; + 6caj + adaj + 6daj4-acy + 6cy + ady + 6dy. 

20. 2axz—2avx+^hvx-'ZboBZ^^avy+A:ayz--^byz+Qbvy. 



v/ 
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111. To factor a trinomial of the form of a^ + a^V + 6^ 

1. Factor a?* + aj'y' + y*. 

Explanation. —05* + x^y^ + y* lacks ac^* of being a perfect square. 
If x^> is added to the expression and then subtracted from it, the value 
of the expression will not be changed. The quantity added and then sub- 
tracted must be such as will render the trinomial a perfect square. Add- 
ing and subtracting oc^^, the expression becomes 

X* + «V + »* = x* + 2a«y2 + y* - jkV 

= [(x2 + y2) + ary] {{v^ + y^) - ay] 
. =(a;2 + y2^a;y)(x2 + y2_a7) 
= (x2 + ay + y2)(a;2 -xy^-j/^) 

2. Factor a* + a*-fl. 

Solution. o* + a^ -f 1 = o* -|-2a2 + 1 - a^ 

= [(«' + l)+a][(a2 + l)- a] 
= (a'' + l + a)(aaH-l-a) 
= (aa + a+l)(aa-a + l) 

Factor the following : 

3. 6* + 6V + c*. 11. 64a* + 128a«62+816* 

4. o^ + ir'-f 1. 12. 49a?* + 34iBy + 25y*. 1 
6. 96* + 216V-f25c*. 13. 9c*H-38c»cP-f 49d*. 

6. 96* + 36V + 4a?*. 14. 36a*-16aV + 496*. 

7. 25aJ*-9a^ + 16y*. 16. 26 6* + 31 6«c* + 64c*. 

8. 16a*-17aV + 6*. 16. 256*- 6V-f-64c*. 

9. 36a;* + 23ajy + 163^. 17. 81aj* + 20a^y« + 4y* 
10. 496*-llW-f26c*. 18. 81aJ*-64aj22/' + 4y*. 

112. To faotor the difference of the same powers of two quantities. 

(a«-62)-fr.(a-6) = a-h6 
(a»_6«)-.(a-6) = a2 + a6 + 6» 
(a*-6*)-i-(a-6) = a« + a*6 + a5« + y 
1. How does the first term of the quotient compare with 
the first term of the dividend? What quantities does the 
second term of the quotient contain ? The third term ? The 
fourth term? 
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2. What is the sign of each term ? 

3. What are the exponents of a and b in each term when 
the difPerence of the same powers of two quantities is divided 
by the difference of the quantities ? 

113. Principle. — The difference of the same powers of two 
quantities is always divisible by the difference of the quantities. 



Write out the quotient of: 


Factor: 


1. {a?-T/^^{x-y). 


. 6. (a" -27). 


2. (a^-y») + (a5-y). 


7. (a^-64). 


3. {3*-\)^{x-l). 


8. (8a»-6»). 


4. (a!«-16) + (!B-2). 


9. (27a!«-y). 


6. (a*-f)-i-(a»-f). 


10. (343 -a!»). 



114. The difference of the same powers of two quantities is 
always divisible by the difference of the quantities ; it remains 
to find when it is divisible by the sum of the quantities. 

(aj2-2/*) -H (aj + y) = » — 2/. 

(a^-f)^(x-\'y) = x'^xy + y'. Rem. -2j^. 

Eem. -2^, 

1. What are the signs of the terms of the quotient when 
the difference of the same powers is divided by the sum of the 
quantities ? 

2. What is the law of the exponents in the quotient? 

3. What are the exponents of a; and y when the difference 
of the same powers of two quantities is exactly divisible by 
the sum of the quantities ? 

. 116. Principle. — The difference of the same powers of two 
quantities is divisible by the sum of the qu^antities only when the 
exponents are even. 



84 HIGH SCHOOL ALGEBRA. 

Write out the quotient of : Factor : 

1. (j»8 — 3/8)-^(a;-f y). 6. »* — 81. 

3. (aj4_i)^(^^i)^ 8. 16a*-166*. 

4. (aj*-16)-j-(aj + 2). 9. a^af^-^i/'. 
6. (aj8-y8)_5-(aj2-f.y«). 10. a%^^&^. 

116. To factor the sum of the same powers of two quantities. 
{^^f)^{x + y) = x-y. Rem. 22^. 

{v^ + f)^{x-{-y) = x^ — xy-\-f. 

(a^ + y*)-^(« + y) = a^ — «^ + «2^-3/*. Rem. 2y*. 

(a;*-|-2^) Hh (» + 2^) = aj*- ic^i/ 4- aV- ajy' + Z^. 

1. What are the signs of the terms of the quotient ? 

2. What is the law of the exponents ? 

3. What are the exponents of x and y when the sum of the 
same powers of two quantities is exactly divisible by the sum 
of the quantities ? 

117. Principle. — The sum of the same powers of two qwam- 
titles is divisible by the sum of the quantities only when the 
exponents are odd. 

Write out the quotient of : Factor . 

1. (aj' + yO-^C^ + y)- ^- (jf-^-bTf^. 

2. (oi?'\-lf)^(x + y) 8. a^ + if^. 

3. (aj*4-l)-^(« + l). ^. m^n^-{-r^s^: 

4. (a^2r + a«60 + («2^-4-a6). lO. a^b"^ ^^ (fd}^. 

6. (aJo + l)-h(a^ + l). 12. a^Y + 2*y*^. 

118. To factor by the Factor Theorem. 

1. What is the value of 2 times ? 5 times 0? of multi- 
plied by any number ? 

2. If 6 a? = 0, what must be the sraiue of x 1r 
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3. If 5(x — 3) = 0, what must be the value of the factor 
(a? — 3) ? What value of x makes a? — 3 equal to ? 

4. Since 5(aj — 3) reduces to when aj — 3 reduces to 0, and 
a; — 3 is reduced to by substituting 3 for x, what value sub- 
stituted for X will reduce to every polynomial of which a; — 3 
is a factor ? 

5. How, then, may it be ascertained whether a: — 3 is a factor 
of a given polynomial involving x ? 

Isa;-3afactorof ar^-9? of ar^-5a;.4-6? of ar»-243? 

6. What value of x will reduce the polynomial a^ — 8 to 0? 
What factor, then, has «» - 8 ? 

7. When is a? — 1 a factor of a given polynomial ? x — 2? 
a? — 3? a? — 4? »—(— 2), or a?4-2? a?— (any number), or a?— a ? 

119. Factor Theorem. — A polynomicU that reduces to wh£n a 
18 svbstituted for x has x — a for a factor. 

1. Factor a^-f- 8 by the factor theorem. 

Solution. — The last term of the divisor must be contained exactly in 
the last term of the dividend. Therefore to factor ic^ ^ g by the factor 
theorem, only factors of 8 need be substituted fur x. 

When X = - 2, jb8 _|_ 8 =- 8 + 8 = 0. .'. jk- (-2), or X'\-2, is one factor. 

The other, found by division, is x^ — 2a; + 4.' 

.-. x» + 8 = (» + 2)(x2 - 2x + 4). 

2. Factor a?* — 6a^ + 8a; — 3by tJie factor theorem. 

Suggestion.— When x= 1, x*-6x2 + 8x-3=l-6 4-8-3 = 0. 
x — lis a factor whenever the sum of the coefficients is zero. 
Divide by x — 1 and factor the quotient by the factor theorem. 

Factor by the factor theorem : 

3. a"-4. 7. a^-S. 11. «» + 32. 

4. aj*-al 8. a?-tS. 12. af-y'. 
6. a^ — cf. 9. y* — 27. 13. m^-\-n\ 

6. aj»-32. 10. / + 1000. 14. p«-6i) + 9 
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15. a^-Tx-^e. 20. aj»-6aj*4-llaj-6. 

16. 5a^-8a?-|-3. 21. o^ + Oar^ + H a + 6o 

17. 7»*-4aj-20. 22. aj» - 67 a? - 126. 

18. «»-a^ + a;^l. 23. «» - 6 a?* - oj + 30. 

19. a^-^a^ + x + 1. 24. a?*-9a^ + 12aj — 4 

120. REVIEW IN FACTORING. 

Factor the following : 

1. a2-2a-8. 21. (x-yy-sf. 

2. 9a»-6«. 22. aj» + 13 ajy + 36 j^. 

3. (a^by^(a-by. 23. a^^-ft^ 

4. f-\-2ym-{-mK 24. 4aV-12ac* + 9e* 

5. &«-126-46. 26. c* + 5c-14. 

6. aj* — y*. 26. f-^6y-\-S, 

7. n« + 2n-80. 27. a^-1. 

8. m* — w*. 28. xy — y^-^-xz — yz. 

9. ac + 6c-f a(i + &ei. 29. 9 a* 4- 12 02* 4- 4 2*. 

10. g*-4gr + 4r2. 30. 4a«-46«. 

11. 9aj*-24a» + 16c«. 31. a^ + 2ar + l. 

12. aj^ + y*. 32. 4 «*• + 4 ar^y* -h y*^. 

13. a*-7a-30. 33. 4^-8prH-4r«. 

14. a*-9a + 14:. 34. 16 a?*» - 81 j/*". 

15. «" — /. 36. m* — m — 90. 

16. ax — ay — bx-\-by, 36. a^H- 2 a; — 35. 

17. a2;-24-2a — 2. 87. ac — a<;P + 6c — ftcP. 

18. p*-4p-6. 38. m^-3m-28. 

19. a^- 6". . 39. a* + 14aj-f-40. 

20. 6a2-31a-|-36, 40. 85 + 123/-yl 
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41. 4a5* + 8aB + 3. 51. 66* — 76 — 3. 

42. a^ + a? + l. 62. lOOa?* — (10a5 + y)«. 

43. a* + y — c»-2a6. 63. 6a*-3am— 2an + mn. 

44. 4<J*-25c*. 64. 4c» + 40cd + 100cP. 
46. <J*-8c* + 16. 66. 405" -9y*. 

46. <J*-c*-12. 66. 2a» + 4a + a6 + 26, 

47. y»-3y + 2. 67. a?-2aj-360. 

48. a* -102* -24. 68. 26ir — 36aj*'. 

49. p^ + 7p + 10. 69. 12c" + 7c -12. 

60. aj" — y". 60. 2;»-f-(aj— y)»-22(a?-y). 

61. (aj»-.ajy)"-2(aj"-ajy)(«y-l) + (j»y-l)". 

62. (3ic-4y)"4-(2aj-3y)"-2(3aj-4y)(2aj-3y). 

63. (a + ft + c + d)' - (a - 6 + c - d)". 

64. (a? + j^ + 2"-2a?y + 2a»-2y«)-(y4-«)". 
66. a?y -^ sAi -^ xt^ + xyz, 

66. ajV + aoj^ — ofe"- c^. 

67. aftajy + 6y + <w» — c*. 

68. 3/« — 2ay"-&y» + 2a6y + aV-a*6. 

69. 2mn — m" — n" + a" + y — 2a6. 

70. a"-2cd + 6"-c"-(P-2a5. 

71. (a' — 6")* — m" — 2mn-n". 

72. 3a"-6a6 + 36" + 6ac-66c. 

73. (aj"-l)«-2(aj"-l)(y"-l) + (y»-l)«. 

74. (a" + 6* + 2a6)*-(a" + 6«-2a6)». 
76. 2cKB + 2ay — 2ou; + 2&a; + 25^ — 262. 
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121. 1. What qi^^tlte will exactly divide both 3 a* and 2 ax? 

2. Give all the eroct divisors^of 12ofxy and 18aa*y. Which 
is the highest of these common divisors ? 

3. What is the highest common divisor of 24aVc and 
48a26c2? 

4. What prime factors, or divisors, are common to 24aVc 
and 48 a%c*? 

6. How may the highest common divisor of 24 aVc and 
48a^6(^ be obtained from their factors ? 

122. A Common Divisor of two or more quantities is an exact 
divisor of each of them. 

Thus, 6 a is a common divisor of 12 a, 24 a^c, and 80 a^ 

123. A divisor of a quantity is a factor of it. 

124. The Highest* Common Divisor of two or more quantities 
is the quantity of the highest degree that is an exact divisor 
of each of them. 

Thus, 4 a^ocy is the highest common divisor of 12 dhy and 8 €My. 

125. When quantities have no common divisor except 1, they 
are prime to eaoh other. 

Thus, bXy 3 ^, and 8 z are prime to each other. 

126. Principle. — The highest common ^isor of two or more 
quantities is the prod/wet of all their common prime fOsCtors. 

* The letters H. 0. D. are used to abbreyiate the expreailon ffighut Common JHvitor. 
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127- To find the highest oommoii divisor of quantities that oan be 
faotore^ readily. 

1 . What is the highest common divisor of 8 a%V and 12 oft V ? 

PROCESS. 

8a*6V= 2 x2x2xaax&6xccc 
12ah^(? =3x2x2x.aX?>6xcc 



H.C.D. = 2x2xax66xcc = 4a6V 

Explanation. — Since the highest common divisor is the product of all 
the common prime factors (Prin.), the quantities are separated into their 
prime factors. The only prime factors common to the given quantities 
are 2, 2, a, 6, h^ c, c\ and their product, 4 abt^c^, is therefore the highest 
common divisor. 

2. What is the highest common divisor of a?—! and 1— a?^? 

PROCESS. 

a?-l = (a; + l)(aJ-l) ' 

H.C.D. = aj-l 

Note. — Since — (a — 1) is contained — (ac + 1) times in the first poly 
nomial and (x^ + x+V) times in the second, it is evident that — (x ■- 1) 
also may be regarded as the H. C. D. The result — (a; — 1) would be 
written \—x. 

The H. C. D. may have either sign. 

Rule. — If necessary, separate the quantities into their prime 
factoids, and find the product of all the common factors. 

Find the highest common divisor of the following : 

3. 12 mVoj^ and 18 m^woj^. 

4. 16 T^s^ar^ and 20r^M, 

5. 2].Q^f^ and Uvhf^. 

6. l^a^f^ and 20 ar^ysj^ 

7. 11 a^xy, Sax-y, and 9axy. 

8. Wa^a^y^, 9aV^, and 8a*a?j^. 
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9. 18WcP, ^V(?d^, and 120^0. 

10. 10c»ajy, 8aWy», and 12a*icy*. 

11. 18r>«V, 10r»A and 16r«««««. 

12. 20a^a?f, 15aWy», and lOa^a^l 

13. 12ajy««, ISajy^*, and 16aj»yV. 

14. a^-ft^ and a*-2a6 + 62. 
16. ar*-2aj and 2ajy'-42^. 

16. 16aj» — y* and 16aj» — Sa^ + y*. 

17. ar^-2aj-16 and iB*4-9aj4-18. 

18. aj* + 9aj + 20 and aj* + 2aj — 15. 

19. aj* + »-30 and aj2-f 12aj-h36. 

20. «2-aj — 12 and aj*-4aj-21. 

21. a^ + 9a? + 14 and aj' + 2aj--a6. 

22. a.'2^^_3() and a:« + 9aj + 18. 

23. a(aJ* — y*) and aJ*-f-2a^y + a^«/'. 

24. 4a*-9aj* and 4a*-12aaj + 9a*. 
26. b*'-'27a?b and (6-3a)l 

26. 4'a5» - 4 a6c» and 12 a^^ - 12 aV. 

27. yz — z and r/*z — yz. 

28. 6a^-2a — 3 and 6a»-lla + 6. 

29. 92/^-4 and 92/^ — 16y — 14. 

30. a^ — y, a' — a6, and a»-2aft4-6'. 

31. 8(a;-y)*, 10(a^-3/')*, and 12(aJ*-y*). 
82. a*-6^, a*-2a6 + 6«, and a^b-ab^ 

33. 22 + Z-6, 2* + 7z + 12, and z«-22;-15. 

34. jc* + 5aj + 6, aj» + 7aj + 10, and a:24-12aJ + 20. 
36. 1— a*, l + a», and a»-h 6a + 4 
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128. To find the highest oommon diyisor of quantities that oannot 
be factored readily by inspection. 

1. What are the exact divisors of oo?*? What are these 
also of 2 times oaj* or 2aa^ ? Of c times oaf or oaa? ? 

2. If a quantity is an exact divis6r of some quantity, what 
will it also be of any number of times that quantity ? 

3. Since a is a divisor of 2a6 and 3a6, what will it be also 
of their sum ? What of their difference ? 

4. What is the H.C.D. of 2a» and 6a*? Of 2i3f and 6 
times 6a», or 6a»& ? Of 2a* and 56c times 6a«, or 30a»6c ? Of 
2a» and \ of 6a«, or 2a» ? Of 12 times 2df or 24a* and 6a» ? 

6. When, then, is the H. C. D. of two or more quanti- 
ties not affected by multiplying or dividing any one of them 
by other quantities ? 

• 129. Principles. — 1. A divisor of any quantity is a divisor 
of any number of times that qtuintity. 

2. A divisor of two or more quantities is a divisor of their 
sum and of the difference between any two of them. 

3. The highest common divisor of two or more quantities is 
not affected by multiplying or dividing any of them by quantities 
which are not faxiorrs of the others, 

130. 1. Find the H. C. D. of 2aj*-5aj+2 and 4aj»+12ic*-aj-a 
process. 

2a?-5a + 2)4aj»4-12aj»- «- 3(2aj + ll 
4g» — 10a^+ 4a? 

22aj*- 6aj- 3 ' 
22a^-55a?4-22 
25 )50a?-25 

2»-l)2aj*-6aj + 2(«-2 
2g*— X 
— 4aj + 2 
.-. 2«-listheH.C.D. ^^x + 2 
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Explanation. — It is evident that the highest common divisor cannot be 
higher than 2x'^—bx-\-2. The highest common divisor will be 2 x^ — 6 a; + 2 
if it is contained without a remainder inix^ -\- I2x^ — x — S, By trial it 
is found that it is not an exact divisor of 4 ic^ _^ 12 a;2 _ x — 3, inasmuch 
as there is a remainder of 50 x — 25. Therefore, 2 a;^ — 6 a: + 2 is not the 
highest common divisor. 

Since 2x2 — 5x4-2 contains the highest common divisor, (2x + ll) 
times (2 x^— 5 x+2) will also contain the highest common divisor (Prin. 1); 
and since that product and 4x3+ 12x2 — x — 3 both contain the highest 
common divisor, their difference, or 50 x — 25, will contain their highest 
common divisor (Prin. 2). Hence, the highest common divisor cannot 
be higher than 50 x — 25. 

Since 25 is a factor of 50 x — 25, but not of the quantities whose highest 
common divisor is sought, 50 x — 25 may be divided by 25 without chang- 
ing the highest common divisor (Prin. 3). Therefore, the highest common 
divisor cannot be higher than 2 x — 1. 

2 X — 1 will be the highest common divisor if it is an exact divisor of 
2x2— 5x+2, since, if it is contained in 2x^—6x4 2, it will be contained in 
any number of times 2 x^ - 5x 4- 2 (Prin. 1) and in the sum of (2 x 4- H) 
times 2 x2 — 5 X 4- 2 and 50 x — 25 (Prin. 2) . By trial it is found to be an 
exact divisor of 2 x^ — 5 x 4- 2. Therefore, 2 x — 1 is the highest common 
divisor of the quantities. 

2» Find the H. C. D. of 3a* 4- 11* -H 6 and 2a? + 11a? -f 16. 

Solution. 

2a? + llaj + 16)3aj« + llaj+ 6 

2 

6a;* -f 22 aj 4- 12(3 
- 6^+_33aH-46 
-11 ) -11a; -33 

a; + 3 ) 2 ar^ + 1 1 a + 1 6 (2 a; + 5 
2 a;* 4- 6a; 

6a; -I- 16 
5a; + 16 

Suggestions. — Since the divisor is not contained in the dividend an 
entire or integral number of times, the terms of the quantity which con- 
tains the highest coefficient of x^ are multiplied by 2 so that the quotient 
may be integral or entire. The same result might have been obtained by 
multiplying the quantity 2 x^ 4- H « 4- 15 by 3 (Prin. 3). 

The remainder — 11 x — 33 may be divided by — 1 1 since ~ 11 is not 
% factor of2x3 + llx+16. 
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8. Find the H. C. D. of 2aJ* — 12aj» + 17a?» + 6aj — 9 and 

I 

Solution. 

4«»-189:?»+19x-3)2«*-12x»+17x2h- 6x- 9 

2 

4x*-24jB8+34x2+12a;-18(x 
4a!*-18x84-19xg- Sx 
-8 )- 6g8+16g24-16x-18 

2x»- 6x2- 5a._|. 6)4x?-18xH19x- 3(2 
4x8-10x^-10x4-12 
- 8x2+29x-16 

2x*- 5x»- 6x+ 6 

. 4 

-8xH29x- 16)8x3-20 x2-20x+24(-x-l 
8x»-29x8+16x 

9x2-36 x+24 
8a^-29x+16 
a^- 6x+ 9)-8x«+29x-16(-8 
-8x24-48x-72 
-19 ) -19x4- 67 

x-3>x2-6x4-9(x-3 
x2-3x 
-3x4-9 
-3x4-9 
,-. TheH. C. D. isa? — 3. 

SuGGBBTioys. — The highest quantity is multiplied by 2 so that the 
other quantity may be contained in it an entire or integral number of 
times. Then the first remainder is divided by — 3 because — 3 is not a 
factor of the preceding divisor and consequently not of the H. C. D. 
Another dividend is multiplied by 4, and another divisor divided by — 19< 

Rule. — Divide the higher quantity by the lower, and if there 
be a remainder, divide the lower quantity by it, then the preceding 
divisor by the hist remainder^ and so on until nothing remains. 
The la^t divisor will be the highest common divisor. 

If more than two quantities are given ^ find the highest common 
divisor of any two^ then of this divisor and another, and so on. 
2%e last divisor will be the highest common divisor. 
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1. If any quantity oontainB a factor not found in the other, the factor 
may be omitted before beginning the process. 

2. A common factor of the quantities may be removed before begin- 
ning the division, but it must appear as a factor of the highest common 
divisor. 

8. When necessary, the dividend or divisor may be multiplied or divided 
by any quantity not a factor of the other quantity. 

4. The signs of all the terms of either dividend or divisor, or both, may 
be changed without changing the highest common divisor. 

Find the H. C. D. of the following : 

4. 2iB* -16a; + 14 -and ar^- 5a: -14. 

5. 3a" + 14aj + 8 and 4«* + 19a? + 12. 

6. 6«*-23aj + 15 and 2«^ — 12a?-fl8. 

7. 4a* + 21aj-18 and 2a' + 15aj4- 18. 

8. 21a;*-26aj-f 8 and 6a*-aj-2. 

10. a? — y^ and aP^2osy + y^. 

11. a?* — 2a" + l and «* — 4a*-f 6a* — 4aj-}-l. 

12. 2a» + 6a*4-6a? + 2 and 6a*4-6a*-6aj-6. 

13. 3«» + 3a;*-16aj + 9 and 3a* + 3a;«-21aj*-9a. 

14. 20aJ* + a»-l and 25a?*-f-5a«-aj-l. 
16. «*-9, a?-3a;-1.8, and a«4-ll«4-24. 

16. aj*-3a;-28, a*-lla; + 28, and «*- 15a;-|-56. 

17. a?-f 6aj4-9, a*- a* — 12aj, and a* — 4aj — 21. 

18. a^-6^ a^^a^b-ab'-b^, and a* - 2a«&« 4- &*• 

19. ai^+5a^'\-6a^, a^+3a^'^Sx'\-2, and 3a^4-8ar^-|-6aj+2. 

20. a« + 3a26 4-3a6*4-&', 4a262-|- 12a63 + 86^ and a^-fe*. 

21. 9a^-|-12aj»+10«*-f4a;-|-l and 3ar*-f8«»-hl4«*+8a4-3. 
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22. «!*+ 3a?+ 9a8»+ 12aj+ 20 and ob^ + 6a? + 6»» + 8aj + 24. 

23. 3aV+ a'aj + 2a*+ 12a? + 4» + 8 and aW + 3a*ic + 4a» 
+ 4a? + 12 a; 4-16. 

24. 15a? + 9a? — 3a? + 3 and 40a? — 21a? + 10a? — 1. 
26. 16aa?-20aa? + 10aaj — 6a and 3aa? — 15aaj + 12a. 

26. 2a^x-2a^bx^2ab^X'{'2Vx and 4a»+4a%-4a6«-46» 

27. 2a?-14aj + 20 and 4a? -25a? + 20a? + 25. 

28. 3a? + 21a? — 132 and 6a?y + 54a?y-138ajy-66y. 

29. a? — a? — 3a? + a? + 3a?+l and a?-a?-3a? + 2a? + 2. 

30. a« — 5a'-99a + 40 and a» — 6a*-86a + 35. 

,31. 14a? + a? + 8a?-a? + 2 and 6a? + 7a? + 7a? + 3aj + l. 

32. 3a? — a? — 2a5-16 and 2a? — 2a? — 3» — 2. 
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181. 1. What quantity exactly contains 2, 3, a, and 6? 
What relation does each of them bear to their product ? 

2.' What is the lowest quantity that exactly contains 3 a 
and4a6? 

3. What factor of 3 a is not found in 4a5? What is the 
product of 3 multiplied by 4a6 ? 

4. To what, then, is the lowest common multiple of several 
quantities equal ? 

132. A Hidtiple of a quantity is a quantity that will exactly 
contain it. 

Thus, a%B is a mnlUple of a, a', and as. 
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133. A Oommon Mnltipie of two or more quantities is a quan- 
tity that will exactly contain each of them. 
Thus, ih^ciBA common multiple of 2 6 and c. 

184. The Lowest * OonuDon Multiple of two or more quantities 
is the lowest quantity that will exactly contain each of them. 
Thus, 2 be is the lowest common multiple of 2 & and c. 

135. Principle. — TJie lowest common multiple of two or 
more qtuintities is the product of all their different prime factors, 
using each fa^or the greatest number of tirfies it occurs in any 
of the quantities. 

136. 1. What is the lowest common multiple of 3qi?j/^zv and 

PROCESS. 

3ay«v = 3 xa^ xy^ xz XV 

L. C. M. = 5 X 3 X aj2 X y» X «' X v = 15 a^yVv 

Explanation. — Since the lowest common multiple is a product made 
up of the prime factors of the quantities, the quantities are separated into 
their prime factors. Since each prime factor is used as a factor of the 
lowest common multiple the highest number of times it occurs as a 
factor in any of the quantities (Prin.), the factors of the lowest common 
multiple are seen to be 6, 3, x^, y^, z\ v, and their product 15 xh/^zH is 
their L. C. M. 

2. What is the lowest common multiple of a* — a — 12 and 
a2-4a-21? 

PROCESS. 

(a'-a-12)(«'-4a-21)^(^_^^ ._^^_ 
a 4* 3 

= a»-8a2-5a-h84 

Explanation. — Since the product of any two quantities is their com 
mon multiple, it follows that if their common factors are omitted from the 
product, the result will be the lowest common multiple. Since their com- 
mon factors or divisors will be the highest common divisor of the quan- 
tities, the product of the two quantities divided by their highest common 
divisor will be their lowest common multiple. 

* Th« abbnTlfttioni L. C. M. tre uMd for Loufut Common IMUpU. 
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Their highest common divisor is a + 3 ; omitting this factor from 
dividend and divisor, the result is (a — 4)(o2 — 4a - 21), v^hich is equal 
to a^ — 8 a'^ — 5 a + 84, their lowest common multiple. 

BxjLE. — Find the product of all the different prime factors, 
using ea^h factor the greatest number of times it occurs in any 
of the given quantities. 

The product of tioo quantities divided by their H. C. D. is their L. C. M. 

Find the L. C. M. of the following : 

3. Sa^W and 10 a^bc. 

4. lOx^fz, 20 a?fzy and 25x*2/V. 

5. 14a*W, TVsAf, and S5abcx. 

6. 12m^V, 18 mnj/*, and 24m*n'y. 

7. ISr^aV, 97^8S?, and 36rsV. 

8. a^ — y* and a?^2xy'\-y\ 

9. aj^ — y* and a? + 2xy + y^. 

10. 0^ — ^, a? — 2xy-\-y^, and ar'-f 2cBy + y*. 

11. a? — y^ and a* — y*. 

12. a^{x-'Z) and 3^(aj* — »*). 

13. a^ — 1, aj* + l, and aif* — 1. 

14. 2a;(a? — 2^), 4:xy{x^^f), and Ga^y^^aj^yj^ 
16. aj* — a?, a^ — 1, and aj^ + 1. 

16. a^ — 1> aj* — a?, and aj^ — 1. 

17. 4(l + aj), 4(1 -aj), and 8(1 -aj«). i ' 

18. aj» + 5aj + 6 and aj' + 6aj + 8. 

19. a* — a — 20 and a* + a — 12. 

20. a^-9a?-22 and aj*-13aj + 22. 

21. aj^-8aj + 16 and aj' + 2aj-6. 

82. «^ + a?»y + a5y"-f ^ and aj» — aj*y4-a?!/* — y*. 

▲LOBBKA. — 7. 
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23. ai^'-a^y + xy^'-j^ and a^ + a^ — xy^-^t^. 

24. a»-2a* + 4a-8 and fl^ + 2a«-4a-8. 
26. oj' + y", oj* — ojj^, and aj^ + ajj^ + a?y + 2/*- 

26. 0^-4, aj«-a?-6, and aj^-Soj*- 4aj + 12. 

27. x^5, 05* — 2aaj + a', a?* — lOaj + 25, and fiB*4-5a — 5aj 

28. a?* — 16, aj* + 4a; + 4, and iB* — 4. 

29. m' — 3m + 2 and m' — 4m + 4 

30. p^ - Tp 4- 10 and i>* -i? - 20. 

31. 5c — c* — 4 and 3-40 + 0*. 

32. l—p+3P^9 1+i^— !>*> and 1— p^. 

33. 4ac - 4c -T 4c* and 2a6 — 26c — 2&. 

34. 3iB* — 19a? + 6 and a?*- lOaj + 24. 

36. m^ — m — 90, m*-13m + 30, and m*-100. 

36. 2r'-2y-35, 2/*-8y + 7, and / + 4y-6. 

37. 2iB8-12a^-f-19aj-12 and 2aj8-6a^ + 7a;-3. 

38. a* + 2a8-2a*-2a + l and a*-l. 

39. c* — 5c + 4, c*-6c + 8, and c* — 8c + 16. 

40. a*4-3a-4, a*-6a + 5, and a*-a-20. 

41. aJ^-(y + «)*, y*^(x + zy, and »* - (a; -h y)*. 

42. a3-8a* + 19a-12, a»-9a* + 26a-24, and a^-Ga^ 
+ lla-6. 

43. 4c*-9, 6c*-5c-6, and 6c*-f-13c + 6. 

44. 1 — aj + aj*, l + aj + aj*, and l + a.-^ + a^- 

46. flc' + 3aj*y + 3aj^ + 3/* and aj^ — ajy* -f a^y — 2/*. 

46. (a + 6)(a4-c), (a + 6)(6 + c), and (a -f c) (6 -|- c). 

47. a* + a6 + 6*, a«-6«, and a -6. 

48. 4a»(a + aj), 4a«(a-aj), and 2a*(a* + a*). 
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187. 1. When anything is divided into two equal parts^ 
wiiat is one part called ? How is it expressed ? 

2. What does 5 represent?' ^? ?^? ^? 

2 ^ 6 7 9 

3. How may one fifth of a; be expressed ? Two thirds of 6 ? 
Three sevenths of y ? Eight elevenths of 2 ? 

138. A Fraction is one or more of the equal parts of a unit. 

139. Since a fraction is one or more of the equal parts of 
anything, to express a fraction, two numbers, or quantities, 
are necessary, one to express the number of equal parts into 
which the unit has been divided ; the other to express how 
many parts form the fraction. These numbers, or quantities, 
are written one above the other, with a horizontal line be- 
tween them. 

140. The Denominator is the number, or quantity, which 
shows into how many equal parts the unit is divided. 

It is written below the line. 

Thus, in the fraction ^, h is the denominator. It shows that the unit 



has been divided into b equal parts. 

141. The Numerator is the number, or quantity, which shows 
how many parts form the fraction. 

It is written above the line. 

Thus, in the fraction ^, a is the numerator. It shows how many parts 
• 

form the fraction. 

00 
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142. The numerator and denominator are called the Tenns 
of aFraotion. 

143. An indicated process in division may be written in the 
form of a fraction^ the numerator being the dividend and the 
denominator the divisor. 

144. An Entire Quantity is a quantity, no part of which is in 
the form of a fraction. 

Thus, 2 a, 3 c, 2 X + y, etc., are entire quantities. 

146. A Mixed Quantity is a quantity composed of an entire 
quantity and a fraction. 

Thu8,2a + ^, 2a5 + 2y-5^-±^, are mixed quantities. 

7 05+ 7 

146. The Sign of a Fraction is the sign written before the 
dividing line. This sign belongs to the fraction as a wholSy 
and not to either the numerator or denominator. 

Thus, in — ^L+Jf the sign of the fraction is — , while the signs of the 

quantities x, y, and 20 are +• The sign before the dividing line shows 
whether the fraction is to be added or subtracted. 



REDUCTION OP FRACTIONS. 

147. To rednoe fractions to higher or lower terms. 

1. How many fourths are there in one half? 

2. How many fourths are there in - ? ^ ? | ? 

2 ^ ^ 

3. How many sixths are there in - ? How many ninths ? 

o 

How are the terms of the fraction - - obtained from - ? 
. ! 6 3 



FRACTIONS. 101 

4. Wh^,' then, may be done to the terms of a fraction with- 
out changing the value of the fraction ? 

6. How many thirds are there in — ? In — ? In — ? 
^ 6 9 12 

How are the terms of the equivalent fraction - obtained from 

these fractions ? 

6. What else may be done to the terms of a fraction besides 
multiplying them by the same quantity, that will not change 
the value of the fraction ? 

1 148. A fraction is expressed in its Lowest Terms when its 
numerjltor and denominator have no common divisor, 

149. Principle. — Multiplying or dividing both terms of a 
fronton by the same qiiantUy does not change the vaiLue of the 
fraction, 

BXAMPLBS. 

1. Change — to a fraction whose denominator is 66". 



26 



PROCESS. Explanation. — Since the fraction is to be changed 

3 to an equivalent fraction expressed in higher terms, 

the tenns of the fraction must be multiplied by the 

same quantity, so that the value of the fraction may 

652_g_252=35 not be changed (Prin.). In order to produce the 

^ Q A required denominator, the given denominator must be 

^ ^^^ -- ^A multiplied by 3 6 ; consequently, the numerator must 

26x36 66* be multiplied by 3 6 also. 

2. Reduce — -#- to its lowest terms. 
25aj«y . 

Explanation. — Since the fraction is to be changed to 

PROCESS. an equivalent fraction expressed in its lowest terms, the 

15ag*y^ _3y terms of the fraction may be divided by any quantity 

25aj5y ^ 5a; that will exactly divide them (Prin.). Dividing by the 

quantity bv^y^ the expression is reduced to its lowest 

terms, for the terms are then pnme to each other; or, 

The terms may be divided by their highest common divisor. 
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160. To express a fraction in higher terms. « 

Rule. — Multiply the terms Qf the fraction by such a qucmtUy 
as will change the given term to the required term. 

161. To express a fraction in its lowest terms. 

Rule. — Divide the terms of the fraction by any common 
divisor, and continue to divide thus until tJiey have no common 
divisor; or, 

Divide the terms of the fraction by their highest comitum 
divisor. 

3. Change — to a fraction whose denominator is 28. • 

4. Change — - to a fraction whose denominator is 36. 

6. Change ^^ — to a fraction whose denominator is 15. 



6. Change — ^^ to a fraction whose denominator is 30. 

2aj 

7. Change to a fraction whose numerator is 6 a?. 

3a; 

8. Change to a fraction whose numerator is 9a:. 

oaj — 8 

9. Change ^ ^ to a fraction whose numerator is 4aa:*. 

^ 3 + 23/ 

10. Change ^ ,^ to a fraction whose denominator is 

11. Change * ^""^ to a fraction whose denominator is a' -|- 

a-f-d 

2a6 + V. 
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Beduce the following to their lowest terms : 

12. 16^^. 27. '^J^t±l. 

75xyh 3aY-3 

2l!i?fz' lSa*c-6bc 

' 28a!y8»" * 42a'd-Ubd' 

25(ib9i^y^ »^ — y* 

21 mW f 3j (l-x')' . 

12mV (l + a!)» 

17. 24^?^. 82. «'-4a-12 . ' 

18. M^^'. 83. 0^-^'^ + ^ . 
iOasy*" iB» + 4»-21 

jg 22a^z«^ g^ a* + a-90 

33aVyV* ' a» + 8a-20* 

20. «*-^ . 86. Zx'-Sa^ + S 



«2. 



-2a^> + 62 ' ar' + a._2 



21 ^'-^ 36 ^'-1^^ + ^^ 

a*-f-2a6-f 6»* * m*4-2m-24 

22. ^^ . 37. i^nl^. 
6a;--4aj* 2aa? — 4aj 

23. ^<^'~^ 38. 7a26 + 7a6»^ 



a2-2a + l * a^-a^ 

24. 3a^-4a6 + y 3^^ o:^-! 



25. C=4. 40. ^-^ 



aj»-23 ' 2a^ + 2y 

g^ — 2a6 -- a^ — a^x 

a»-4a5 4-46*' ' a'-2a« + a*' 
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3^4-63? + 9 gg g^ — 46^ 

44 g^-.3a?-~28 g3 a«-i-2a-3 

a^- 11a -1-28* * a* 4. 5a 4- 6* 

^^ m*-n« -- a» + 5a-|-6 

45. — • 54. 



46. «!^±^. 66. g^-g^-^. 
a«-6« 8c'-2c-16 

47. "^'-»' 66. '^'-(^ + ^>' 
m?-\-n* a* + a6 + ac 

48 "*'-»* 57 15ar'4-icy-2y' 

9a«6 + 9a6« „ a''-12a + 35 

4V. r :;• 00. 



3a2 + ^ah + ^V a? - 15a -f- 56 

a^— y' 69 g?^4-5a^-h5a?- 



152. To reduce an entire or mixed quantity to a fraction. 

1. How many fifths are there in 3 ? In 4 ? In 10 ? In a ? 

2. How many sevenths are there in 2? In 4? In 6*? 

3. How many fourths are there in 2J? In 3|? In a -h -? 

4 

EXiLMPIiES. - '^ 

1. Reduce a + - to a fractional form. '^ 

c 

PROCESS. Explanation. — Since 1 is equal to -, 

a = — ft ^ 

c o is equal to — ; consequently, a + - = — 

c c c 

a ] ^^^ I o^ ciC'^o _|.&^or ^^£±±. 
c c c c c c ' 
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Bulb. — MvUiply the entire part by the denominator of the 

fraction; to this product add the numerator when the sign of the 

fraction is plus, and subtract it when it is minuSy and write 

the result over the denominator. 

If the sign of the fraction is — , the signs of all the terms in the numer- 
ator must be changed when it is subtracted. 

Reduce the following to fractional forms : 

2. 2aj + ^. 

5 

3. 5a? -?i?. 

4 

4. 4a? -^. 

2 



5. aj-l- 



M±l. 



6. 2a -f 



4 
3aj-f4 



7. 2x+^y^. 

8 



8. 3a;- 



6 

2 

,4 



13. 


3a? + ^«-^\ 
oaj 


14. 


..4.-^^ 


15. 


^ 2ac-<? 
a . 

a 


16. 


— -f^ 


17. 


a — x 


18. 


a — c 


19. 




20. 


a; — 4 


21. 


^ , ^ iax — 5a^ 


a — x 


22. 


a — 6 


23. 


mm ^'^'' + < 



n. 3c + i«±^. 
d 

ca m — n 

163. To reduce a fractiou to an entire or a mixed quantity. 

1. How many units are there in | ? In ^ ? In ^ ? 

2. How many units in ^^^^? In ^^? In ^^??±5? 

6 4 5 
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1. Reduce — ^^ to a mixed quantity. 
b 

PROCESS. Explanation. — Since a fraction may be regarded 

6aj 4- d d ^ ^"^ expression of miexecuted division, by perform- 

— 7 — = 05 4- - ing the division indicated, the fraction is changed into 

^ ^ the form of a mixed quantity. 

Reduce the following to entire or mixed quantities : 

2. ?L±^. 16. ^ + ^(^ + ^ 

a ' a + o? 

3^ bx±cd^ j^ a«4-y 

b ' a — b 

- 2a&-f y g 5ay -\'ax'\-x ^ 

a-\-b ax 



a — 0? a-l-6 

6. ^'-^ 2a. ^ + ^^ + 2y'4-a? 
a + a? ' aj + y 

7. ^. 21. ^=^. 
x-\'l a^b 

8. ^±1. 22. <^ + ^ + f . 
x — 1 x-^-y 

9. -J-. 23. %^- 

1 — a? m^ — n^ 

10. -^. 24. ^-y'-^ 

aj + y a? — 2 

11. Ji^. 25. 4af^ + 4a^2^~6y* . 

* a — 6 ' 2x — y^ 

12 5jiJ^. 26 ^ + 2a^-a^-4a;-6 

x-\-y ' «2-.2 

13. ?^±I. 27. ^^'-^' + g 

a? — 4 ' 5a2-|-4a — 1 

14 51=^'. 28 a'4-&'4-a^^ + a 

6* -ha' * a + fe + l 

«»-/ ' a^-2a5-h&' 



16. 



FRACTIONS. 107 

164. To reduce dissimilar to siinilar fractions. 

1. Into what fraGtions having the same fractional unit may 
J, J, and ^ be changed ? 

2. Into what fractions having the same fractional unit may 

-~ and -r- be changed ? 
2a oa 

8. Express -— , — -, and —— in equivalent fractions hav- 
2a 5a 10a 

ing their lowest common denominator. 

166. Similar Fractions are those which have the same frac- 
tional unit. 

166. Dissimilar Fractions are those which have not the same 
fractional unit. 

Similar fractions have, therefore, a common denominator. 

167. When similar fractions are expressed in their lowest 
terms, they have their Lowest Oommon Denominator. 

168. Principles. — 1.-4 common denominator of two or more 
fractions is a common multiple of their denominators. 

2. The lowest common denominator of two or more fractions is 
the lowest common multiple of their denominators, 

1. Eeduce - — and — 4r: to similar fractions having their 
2ac Sa^d ^ 

lowest common denominator. 

PBOCESS. Explanation. — Since the lowest 

d d xSad 3acP common denominator of several frac- 

o — ~ o o~3 = a 2 J ^^0^8 is the lowest common multiple of 

Zac Jacx^ad bacd ^^^^ denominators (Prin. 2), the low- 

2c 2cx2c _4c* est common multiple of the denom- 

So^d " 3Mx2c "" ec^ i^3.tors 2ac and Sa^d must be found, 

which is 6a^cd, The fractions are then 
reduced to fractions having the denominator Qa^cd^ by multiplying the 
numerator and denominator of each fraction by the quotient of Qa^cd, 
divided by its denommator (Art. 149). 6 a^cd -^ 2 ac = S ad, the multi- 
plier of the terms of the first fraction. 6 a'^cd -*- 3 a^d = 2 c, the multiplier 
of the terms of the second fraction. 
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BuLE. — Find the lowest common multiple of the denominators 
of tJie fractions for a lowest commit denominator. 

Divide this denominator by the denominator of each fraction, 
a/nd multiply the tei'ms of the fraction by the qtiotient. 

1. Any multiple of the lowest common denominator will be a common 
multiple of the denominators. 

2. All mixed quantities should be changed to the fractional form, and 
all fractions to their lowest terms before finding their lowest common 
denominator. 

Reduce the followiDg to similar fractions having their low- 
est common denominator : 

oac lOa^c 

3 4a 5c 



2. 




3. 


7« and ^«. 
8 6 


4. 


^^y and 2< 
4 16 


5. 


l^andii?. 
3a 6a 


6. 


2^ and 2^ 
3y ef 


7. 


3^ and 2^. 
2a^ 3a% 



2xy 4a^ Sya^z 
^^ c d d 

ax Sacr 

14 ^±1, ^-y , t±y!.. 

4 2c 2a 



15. 



a;-h2 x — 2 a? + 3 
aj — 1 a?-f 1 ic* — 1 



2a?-4y ^ 3a? -8y, ^^ _xy_ xy' ^ 

by? lOx a-h& a-6 a^-ft^ 

^ 4a + 56 ^^ 3a-h46 ^^ a?-l-.V^ a?~y ^ t±f. 

3a* 4a « — y »4-y a:* — y* 

18. ^izl, ^±1, and ^±1. 

!»• -. rr-r. r and ^ 



(o-6)(6-c) (a-6)(a-c) 
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20. 



a 1 2 a-1 

7> 



a + 1 a + S a«-9 a-3 



«, 3a?-l 2aj-|-6 4aj~l 

2l« 77-9 X :> -z TTT' 

aj + 2 2aj + 4 6aj + 12 

a.-5 4aj«-25 2aj-|-5 

«„ 1 2 m m4-w 

23. > — :: y 



24. ^ + ^ , ^ + 1 ^ x^^ 



CLEARING EQUATIONS OF FRACTIONS. 

169. 1. Ten is one half of what number ? 

2. If one third of a number is 12, what is the number ? 

3. If i® equals 4, what is the value of a? ? 

4. If iaj = 8, what is the value of a? ? 

6. If both members of an equation are multiplied by the 
same quantity, how is the equality of the members affected ? 

6. When |=6, what is the resulting equation when each 

o 

member is multiplied by 3 ? By 6 ? By 9 ? By 12 ? By 15 ? 

7. How may an equation containing fractions be changed 
into an equation without fractions ? 

160. Olearing an equation of Fractions is changing it into an- / 
other equation without the fractions. 

161. Principle. — An equation may be cleared of fractions 
by multiplying each member by some multiple of the denomiwh 
tors of th£ fractions. (Art. 67, Ax. 4.) 
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1. Find the value of x'in the following aj -f f = 12. 

o 

PROCESS. Explanation. — Since the 

^ equation contains a fraction, 

^ "f w = 12 it may be cleared of fractions 

^ by multiplying each member 

Clearing of fractions, 5x-\-x = 60 by the denominator of the 

Uniting terms, 6a; = 60 fraction (Prin.). The denom- 

Therefore, « = 10 '''^'''l *^ ^ ' '^f.^f ? ^"^i^ 

' member is multiplied by 5, 

giving as a resulting equation 6 x + 2c=60. Uniting similar terms, 6 a;=:60 ; 

therefore, x = 10. 

2. Given a? 4-^ + ? + ^=^, t© find the value of x. 

o 5 6 10 

PROCESS. 

^ , a? , aj , a; 153 

aj-f- — -+- — H — = 

^3^5^6 10 

Clearing of fractions, 30 aj + 10 a? + 6 a; + 5 a? = 459 

Therefore, 51 a? = 459 

And, a; = 9 

Explanation. — Since the equation may be cleared of fractions by 
multiplying by some multiple of the denominators (Prin.), this equation 
may be cleared of fractions by multiplying both members by 3, 5, 6, and 
10 successively, or by their product, or by any multiple of 3, 5, 6, and 10. 

Since the multiplier will be the smallest when we multiply by the lowest 
common multiple of the denominators^ for convenience we multiply both 
members by 30, the lowest common multiple of 3, 6, 6, ^nd 10. Uniting 
terms, and dividing, the result is a; = P. 

Rule. — Multiply both members of the equation by the leasts 
ur lowest^ common multiple of the denominators. 

1. An equation may also be cleared of fractions by multiplying each 
member by all the denominators successively. 

2. If a fraction has the minus sign before it, the signs of all the terms 
of the numerator must be changed when the denominator is removed. 

3. Multiplying a fraction by its denominator removes the denominator 

Find the value of aj, and verify the result in the following • 

3. a;4-f = 24. 6. 2a;4-| = 28. 

5 ^ 

4. i + « = 21. 6. 4a! + | = 42. 
6 5 



FRACTIONS. 



Ill 



7. 3«-- = 40. 

7 



18. X.. ^ + ^ = 29. 
i 4 



8. X'-^=:25. 

6 

9. i^-a: = -24. 

6 

10. ^4-7aj = 38. 
5 



14. 2« + f-^ = 60. 
o 4 

16. 3a!-^-^=18. 
3 6 

16. 4a! + 5 -^=74. 
3 9 



U. 1 + 1 + 1 = 26. 



n. 3.-1+^=70. 



12. 






3 4 



18. f-h? + | = 26. 



19. g±9^2g^3a^-6^3 



20. 
21. 



4 • 7 5 

3aj + 4 4a?-61 



7 47 

3a? . 180 -5a? 



= 0. 



+ 



= 29. 



23. 
24. 



a?4-3 , 3a? o . 4a?-6 
a?-f 2 a?--l __ a? — 2 



25. I^±2.i2 = 3«±3_5. 
10 5 2 



26. 
27. 



2a! + 4 oi_«-3 , a! + 2 

~3 "** — r"^~r' 

3a!-4 6a! — 6 . 3a!-l 



8 



16 
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29. ^B^ + ^£±l=5x-m. 
6 4 



SO g-3a! 3-5g _3 5a! 

■ 4 "^ 3 2 3' 

81. ^±3 + «±i + »±6 = i6. 
2 3 4 

32 2a!-l 6a!-4 _ 7a! + 12 

■ 6 "^ 7 ~ 11 ' 

83. £±l-§^ = a!-2.* 



35. 2 + 3 = ? ^-^ 



36. 



37. 



38. 



2 4 6 

« — 1 . aj — 3 oj — 2 2 



2 ' 


4 




3 3 


1-2(B 


4- 


-6* 


13 


3 




4 


42 


a! + 3 

2 


« — 
3 


2 1 

4 


3a!-5 

12 


4a!-2 


+ 4- 


3a!- 

•« n 


1^ = 6. 



''• - ■- 13 

AA 3 a; — 3 3 a? — 3 _15 27-f-4a; 

41. A spent J of his money, and then received $2. He 
then spent ^ of what he had, and had 9 7 remaining. How 
much had he at first ? 



* In cleMing this and the following equations of fractions, the signs shoola be changed 
^ iadioated in Note 2, under the Bnle. 
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Solution. 

Let X = the money he had at fiist. 

Then ^ = what he spent at first. 

4 

3a: 

-^ + 2 = what he had after he received |2. 
4 

^(j + 2W^+l=r what he spent the second time. 

Therefore, 5^.^-|.i + 7=:aj+2 

4 o 

Clearing of fractions, 2x + 3x4- 8 + 66 = 8a; + 16 

Transposing, 22C + 3a; — 8fl; = — 48 

-3a; = -48 

« = 16 

42. What number is there to which, if ^ of it be added, the 
sum will be 15 ? 

43. Find a number such that the sum of ^ of it and ^ of it 
is 15. 

44. One third of A's age plus two fifths of A's age equals 
22 years. How old is he ? 

45. Three sons were left a legacy, of which the eldest 
received f, the second ^, and the third the rest, which was 
$ 200. How much did each receive ? 

46. A's capital was | of B's. If A's had been $500 less, it 
would have been but ^ of B's. What was the capital of each? 

47. A horse and carriage cost $ 420. If the horse cost f as 
much as the carriage, what was the cost of each ? 

48. A had twice as much monay as B, C 1\ times as much 
as A, D ^ as much as A, and they all had $ 50. How much 
had each ? 

49. There is a number such that ^ of it is 3 greater than \ 
of it. What is the number ? 

60. A clerk spent | of his salary for board, | of the rest for 
other expenses, and saved annually $280.* What was his 
salary ? 
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51. There is a number such that; if ^ of it is subtracted 
from 60, and the remainder multiplied by 4, the result will be 
70 less than the number. What is the number ? 

62. Divide 100 into two parts such that, if J of one part be 
subtracted from \ of the other, the remainder will be 11. 

63. The second of two numbers is 1 greater than the first, 
and ^ of the first plus ^ of the first is equal to the sum of J of 
the second and \ of the second. What are the numbers ? 

64. Five years ago A's age was 2^ times B's. One year 
hence it will be If times B's. How old is each now ? 

66. The difference between two numbers is 20, and | of one 
is equal to \ of the other. What are the numbers ? 

66. When the sum of the fourth, fifth, and tenth parts of a 
certain number is taken from 33 the remainder is nothing. 
What is the number ? 

67. The difference between two numbers is 8, and the quo- 
tient arising from dividing the greater by the less is 3. What 
are the numbers ? 



ADDITION AND SUBTRACTION OP FRACTIONS. 

162. 1. Findthe value of i + -; i-^; ^ + 2. 

3 6' 4 8' 3 6 

2. What kind of fractions can be added or subtracted with- 
out changing their form ? 

3. What must be done tfe dissimilar fractions before they 
can be added or subtracted? How are dissimilar fractions 
made similar? 

163. Principles. — 1. Only similar fractions can be united 
by addition or subtraction into one term. 

2. Dissimilar fractions must be reduced to similar fractiont 
b^ore they can be united by addition or subtraction into one term. 
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1. Subtract |^ from J^. 
7 6 11a 



PROCESS. 

66 2a 42^2 22a» 42y-22a* 



11a 7 b 11 ab 11 ah 11 ab 

Explanation. — Since the fractions are not similar, before subtracting 
they must be changed to similar fractions. The lowest common denomi- 
nator of the fractions is 77 ab. Therefore, -?A = i^^, and ?^ = ^?^. 

11a 11 ah Ih 11 ab 

Subtracting the numerator of the subtrahend from the numerator of the 
42 62 _ 22 a2 



minuend, the remainder is 



77 o6 



2. From 3a + 5^-t^ subtract a-2^^- 
ab ab 



Solution. 



ab \ ah I ah ab 



ah 
ab b 



8. Simplify * 



sf-l l-OJ x + 1 
Solution. 



_T 1 2^ x 1 2_ 

Tfi -T l-« x + 1 a;2_i"*"a;«i aj + l 

_ a; x+1 2(z-l) 

_ g + x+l-2x + 2 __ 3 
" . "■ as^-1 x^-l 
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Ed LB FOE Addition. — Eediice the given fractions to simiUiT 
froGtions, 

Add their numerators^ and vxrite the sum over the commxm 
denominator. 

When there are entire or mixed quantities^ add the entire and 
fractional parts separately, and then add their results. 

Rule for Subtraction. — Reduce the given fractions to 
similar fractions. Subtract the numerator of the subtrahend 
from the numerator of the minuend, and place the result over the 
common denominator. 

When there are entire or mixed quantities, subtract the entire 
and fractional parts separately, and unite the resuUs, 

Add : Subtract : 

^ « and -^. 10. |«* from ^"^ 




a + a? a — 2? Sanf 2xy 

l±f and 1=1^. ■ 11. ?^from 2^. 

1±^ and i^. 12. «±^ from 2^. 

4^ and l^. IS. -A, from » 



1-a?* 1-ha?^ a + b o — 6 

8. ,^ , and — ^. 14. — i- from —5-.. 
jr-jr » + y »-~l ix + l 

9. 2 ^^ ^. j^ « + l f^^ *_1. 

1 + a CE + a' a?— 1 as + l 

Simplify : 

16. -^ 5 ^. 19. y'-^^-^+.-JL^. 

a?*— 1 1 — a? x + 1 a^'-Qcy » — y 

"^a^»62-»- « ^- ^«- 2(a?-l) 2(» + l)^aj« 

18. -^ ^ ^^. 21. -^ + ^ _,_1^«_ 



a + 6 6- a a-h6 l-h» + aj* 1 — as + aj^ 
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82. (a + 6)« («-&)* 

- (--7)-(--^-T-> 

V x-aj \ a + xj 

28. 2x + 5y ^ ^xy-Sf 5a!y-2»' 
a5*y iry* as^y* 

„ 3afc-4 6a»-l 5^ + 7 
a'6* o»6 aV 



l-a; l-aj* l + «^ 



•t 


1 4o eo» 




ar-a ' (os-o)* (a!-o)» 


S2. 


3 5 2«-7 


a; 2«-l 4ir»-l 


SS. 


*» + »* a? »» 


asy asy + y* sr' + aa; 


S4. 


1 + 23 
x+1 x+2 x-3 


w. 


a — b 1 b — c . c — a^ 
ab be ac 


M. 


8 6, 



2ar^-2aj 3a?2 + 6« 
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87. ^"^+ ^ ^ 



38. 



aj2-l aj + 2 l-« 

g-l-l l~o 

a^ + a + l a^-a + l* 



39. -i 1- + -^^. 

st^ — y^ a* + y* ic* — y* 



a2 + a6 + &' &-0 a^ + V 
. fl^ + 2a:^y x — y __ 1 
aj* — 3^ «^ + 3/^ « + y 

43. -^+2 a'-l . 

ar'-9a; + 18 ar' + «-12 

x + l aj-1 



vu* 


ic^ + aj-fl i»2-a? + l 




46. 


^ . ^ 3a2-2a^ 
a + a; • 

2a + x 




47. 


a4-2 a + 1 




a^-2a-3 a^-a-G 




48. 


3m 2m 




m^''5m--U m2-3m- 


.10 


49. 


1 9ir-13-cB' 
a;4-2 a^ + 5a? + 6 




50. 


a^-y a^ + y 
a^-2/^ 0^ + 3/* 





61. 



52. 



(x-^yYxy \x y) 

ar^-f a;— 1 a^ — a? — 1 
2ar^--aj-3 3ar^-aj-4* 



58 

54 
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35-2 . 2 — a? , 2 



aj« + 4aj-21 a* + 2aj-15 a? + 12x + S& 
x — 2 , a + 6 



2ic3- 60^-405 + 12 4oj» + 2aj*-8oj-4 
MULTIPLICATION OP FRACTIONS. 



164. 1. How much is 2 times I? 3x-? 6 x ^? 

6 7 3 

o J. /?/» 

2. Express 2 x - in its lowest terms, 3 x -, 4 x -^• 

3. How may these products be obtained from the giveb 
fractions ? 

4. In what two ways, then, may a fraction be multiplied by 
an integer ? 

6. Howmuchisiofior^-«-2? 1 of 5^, or ^h-3? 
2 5 6 3 7 7 

6. How much is ^ of i, or ^-8-2? 1 of ^, or ?-«-3? 

2 2' 2 3 2' 2 

7. In what two ways, then, may a fraction be divided bji 
an integer ? 

165. Principles. — 1. Multiplying the numerator, or dividing 
the denominator of a fraction by any quantity^ muUipliea the 
fra/Aion by that quantity, 

2. Dividing the numerator, or multiplying the denominator 
of a fraction by any quantity, divides the fraction by that 
quantity. 



120 HIGH SCHOOL ALGEBRA. 



KXAMPIJB8. 

1. What is the product of f multiplied by ^ ? 

a 

PROCESS. Explanation. — To multiply - by - is to find c times 

b d""6d ipartof?. 1 part of ? = -^ (Prin. 2) and c times -^ = ^ 
a a bd bd hd 

(Prin. 1). That is, the product of the numerators is the numerator of 

the product, and the product of the denominators is the denominator 

of the product. 

Rule. — Multiply the numerators together for the numerator 
of the product^ and the denominators together for its denominator. 

1. Reduce all entire and mixed quantities to the fractional form before 
multiplying. 

2. Entire quantities may be expressed in the form of a fraction by 
writing 1 as a denominator. Thus, a may be written -• 

3. Cancel equal factors from both numerator and denommator. 

2. Find the product of ^'""^^ x ^^^ X /'^^ - 

Solution. —^ ^ x ^ — - x , ^ " 

a2-2a-3 a^ - a a^-^a-6 

^ a(a - 2) (g I 3) (g -j- 3) a(a -f 1) 

(g-Vl)(g7^3) g(g-l) (g.^3)(g-2) 

Cancelling equal' factors from dividend and divisorj the result is ^ » 



Multiply : 

8. §55 by i^. 7. ^±if by —^ 

46 ^ 2ay 10 ' Z{x + y) 

5^, 3o^, 2a + 3ft , 2x 

' oV ^ 2af ' 2x ^ 46" 

5. S^ by ^. 9. ^^^* by -^^. 
2aV *y" xy x + a 

6. ^ by ^. 10. -^- by -*-. 

a* 205 x — y as + y 
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11. 



a + c 05 — y 



12. ^±2 by ^-y*. 
x-y (x + yy 

13. ^!^ by ^ 



aV 



a^ + y» 



14. 



16. 



16. 



by 



aj*-y* "^ aj» + y* 
3a' , 15a? — ^ 



5a? -16 



2a 



4aa? , 12 + 18g 
2 + 3aj ^ 8aj« 



Simplify the following : 



17. 
18. 
19. 
20. 
21. 



(g — a?)' 3 gag 2 

2c g — a? g(g — a?) 

a?' + 4a? 6a?' -18a? 
a?2-3a? 4a!' + 16a?' 
ar» -11a? -1-30 a?"- 3a5 



aJ-6a? + 9 a?'-5a? 
aj2 4.a?-2 ^ c^ 13a? + 42 



a?* — 7a? 



a?' + 2a? 



a?' + 3a?4-2 a? * -7a? 4- 12 



a:2_5a. + 6 



05* -I- 05 



24. 
25. 
26. 
27. 
28. 
29. 



y«-2y + l y-2 

y»-4 y« + 9y + 10 

<«^-« + ^<^ + ^ + ^} 
a^ - 6a?- 16 a?^ - 8a? -f 15 
aj2 + 4a?-21 aj' + 9a?-|-14 

U ) W y «) 

ar^ + a?-2a?' 4-9^-36 
a?»-3aj aj» + 2a?« 
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DIVISION OP FRACTIONS. 

166. 1. How many times is ^ contained in 1 ? 4- i^ 1 ^ 
TVinl?^inl? 

2. How does the number of times a fraction is contained in 
1 compare with its denominator, if its numerator is 1 ? 

3. How manv times is - contained in 1? — in 1? 

2 2 3 

4. How many times is - contained in 1 ? -inl? -inl? 

3 da 



BXAHPIJBS. 

1. What is the value of - -s- ^ ? 
c d 

PROCESS. Explanation. — The fraction ^ is contained in 

h 1 

a b a d ad ^^ ^ times ; and 2 is contained in 1, - part of d 

C d c b be times, or - times. 

h 

And, since - is contained in 1, - times, it will be contained in ~, - 
d b c c 

times -^ or ^ times. That is, the quotient of one fraction divided by 

b be 
another is equal to the product of the dividend by the divisor inverted. 

Rule. — Multiply the dividend by the divisor inverted. 

1. Change entire and mixed quantities to the fractional form. 

2. An entire quantity may be expressed as a fraction by writing 1 foi 
its denominator. 

3. When possible, use cancellation. 

o T^;,.^^^ ar^-1 v^^ a?2 + 2a?-3 

Solution. 

gg-l _^ x2 + 2a;-8 _ Ca; + l)(x- l) (a;~6)Ca; + 6) 
x^-iz-5' x2_26 (a;-5)(a;+l) (x + 3)(a;-l) 

Cancelling, the quotient Ib ^"^ ^ « 
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Divide : 

Gdjr 8aV « — y 

4. I^ by 2^*. 16. 5^^ by a - c. 

Sad ^ 3a'd a + c "' 

4o3j^ by i^^. 17. ^"^ + ^^ by a + 6. 

Sbcd ^ 16bcd c' + d* ^ -^ 

cmw dmn a-\-n 

8. ??^ by ™^. 19. I by ^— • 

9. -5^ by 4^. 20. _, " , by -^. 

a^x or — or or — ox — 6 ar-{-x 

10. ^<^ + ^ by ^ 21. ^P-^P^ by 5!5±^^. 

11. 5!!zi2^ by ^lyi!^. 22. 16 by l5L=l£)!_a + 2c. 

6 12 a 

12. ^IZ^ by a + c. 23. /'"^ . by ^^=*. 

l + sp "^ a»+a6 + 6* a + & 

gg a* + ab + V' jjy a'-a6 + 6' 



26. '^'^""'-^° by 



a + h 


»* + 6a! + 8 , 


x=-9 ' 


a«-3a + 2 


a»_7a+10 


iB»_4a!-12 



a — 6 



'^ -^u.-r^ by — 



aj-3 
a«-l 



28. ^"^^-^^ by 



a2-4a + 4 
aJ»-3a;-18 



fic»4-3a-28 "^ JB* + 6a:-40 
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29 (a? + y)'-g« . g + y + g 

80 ^""-y" by (^- y'X^-i-y) . 

31. 5^^ by 5^ii and then by ^"^ 



a»+l " a + 1 " a^ — a + l 

^2 m^ — 7m--18 , m^ — 5m — 14 , anH-ct 

^2 ii^ I 1Q ^ -»2 O^ A J^ 



n^-lln-f 18 •^ n*-8w-9 "^ 6n-12 

167. Oomplex Fraotions are expressions which have a fraction 
in either the numerator or denominator, or in both. 
They are simply expressions of unexecuted division. 

a 

1. Find the value of the expression — 

d 

Explanation. — Complex fractions or 

PROCESS fractional forms are simply expressions of 

division ; and, therefore, the given frac- 

^ tional form is the same as though it were 

i = ?5-j-- = -X- = — written^-l Performmg the division ac- 

c^ h d h c he b d 

^ cording to the principles already given, the 

quotient is — • 
be 

Find the value of the following : 

2 2. 5 5a& Sac 

• ^^6" • 5x-3y • ;^- 

d 5xy 2ac 

x + y x*-^ 
4aa/ 

2 

_3x 

4. ?2lzi3^. 7. ^^'--^^ 10. 1-^. 

3 a — X as 



js^« niiii "^"V 



4+? 

5 8aaf 
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1 + 5 «+« + ^ £±i?+^ 

11. i-y. 16 5lJ. 19. _y £±1. 

«-5 0-5+-1- i+i 

2 c a-f5 gs V 



1+^ 

12 y. 16. * _§£lLi. 20. 



0^9 g-!) 



— -3« xo* — — — — . ^v, ' 

x + -^ , 3«-2+l 



13. ^LJ.. 17. 1-— ^.. 21. _- y 

X— 2£- 1 + 1 ^^^ 



o; 



a?-3 
^+T-. 18. 



a 



1 + ajy ^a 1— c 



REVIEW OP FRACTIONS. 
168. Reduce to their lowest terms : 

' iB8_2aj«-a?H-2 ' * 4aj»-3aj»-8a-l * 

m»-hm'H-m-3 . a3,7a«^ i6a-12 

• m»H-3m« + 5m4-3' * 3a»-14a« + 16a * 

a»8_2a^-f 4a;-3 g a^ + 3a?' + 3a? + l 

• iB»-5a:*-|.13aj-9' * Sa^s.^J^iia-.j' 

c^^a^-a-2 ^ 2aj»-3a^ + 5a~2 



a«H-3a*-t-3a + 2 2 oj* - ar* + 2aj« -f a - 1 

G«-f8c4-15 jQ 2a«- 4a«-13a~7 



c8-3c»-10c + 24 6a»-lla«-37a-20 

Find the value of the following : 

11. -^ 5-4-^-. 

x^l l^aj^»»-l 
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12 3 + 2a? 2-3a; 16g?--a?* 



13. 



(«-y)(y-«) (y-a?)(»-2) (aJ-2)(«-y) 

T06BST] 

becomes + 
14 



SuooBSTioy. — By dividing the terms of the second fraction by — 1 it 
-ni or 1 

1.1.1 



o(a — 6)(a — c) b(b — a)(b — c) c(c — a)(c — 6) 
\ x-yj \ x + yj 

17. («. + l + a)x(l-i + i). 

18. /'«±l_«riV-^- 

\o — 1 o + l/ o — 1 

.. ■ a — x .. a' — a? 
20. ^iL±f-» «' + '^ 



- __a--a ' ^ g' — g' 
a 4- a; a^ + a? 

a-1 2a-7 



23. 



4 1+4 



22. 1 



24. 



X 

a? + f ^ — f 
ar» — 2/2 ^-\-y^ 



1-- 



1 aj-fy « — y 



as — y aj-hy 



iJi^ + xy + f-\- 
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26. 



26. 



x — y 






a? + 2x 3a!'-l 



3a*-8a! + 4 a!« + 3x-10 

l + in^ 1+4^ 
27. — i±-% «+j. 

a'\-c a^ + i^ 

88 i±^x '"-^ 



29. 



5 a; 



^ ^ a + 6 

0. 6^ oc + co a-l-o a-o oc 

6c ac 

33 a^-14a;-f 24 . /a:' + 4a;-12 ^ gy-f 5a? ^ . 
y' + 93/-36 '\j* + 23/-15 xy-^Qyj' 
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a- 6 '"U + ft a'^+^V 



2 a; -4* 
a^-36 



6a; 



^o a + 05 2a , a*aj — a* 

3o» ; — "T / o iT* 

aj a-t-a? x{a^ — ixr) 

39 a? + y a^^-y* 3a^y-f3a^ 

* ajy 3(»«4-2/») (a;-y)«(« + y)« 

40. J^_j2xf_^?f±t. 
a^ + y* 05^ — y* ^—ff 

41 CMC __ c , aa;(3c — gag) 
aaj + c aa; — c a^a^ — c^ 

^2 10aa?-f 3a»-f 3a^ ^ /3a + a? ^Y 
lOaa; - 3a* -Sa^ ^a? - 3a ' aj 

Vl-a»^l-a + aV ^H-a + a* 1 + aV 

46. <^-^~2^ ^^ (g + g^y-y' , (g + yr-g^ 

ax — Q? — xy ya^-^-ax — ay a J 

46 a'-^>\ 6(a-6) 6(a + &) 

a^a? a«-t-2a6 + 6» a*-2a6 + 6* 

' \a-\-x a® + 05*7 Vg — a5 a^ — oi^) 



SIMPLE EQUATIONS. 



169. Eeview. — 1. Definition of an Equation. 

2. Definition of Members of an Equation. 

3. Definition of First Member ; Seoond Member. 

4. Definition of (Hearing of Fractions. Bule. 

5. Definition of Transposing. Bnle. 

6. Definition of an Axiom. State Axioms. 

7. Definition of a Statement of a Problem. 

8. Definition of a Solution of a Problem. 

170. The Degree of an equation which has no unknown quan- 
tity in any denominator or under the radical sign^ is determined 
from the highest number of factors of unknown quantities con- 
tained in any term. 

Thus, 06 + 6 = c, 3ax + y = n, 4h^-\-Sa^ = ai are equations of the 
^rst degree. 

x^ + a = Ct bx^ + Sy =:d, x + xy = 7, axy + 8 y* = n, are equations of 
the second degree. 

3c8 = a, xhf — a^ a^a = a, x + oc* 4- ac* = a, are equations of the third 
degree. 

171. A Simple Equation is an equation of the^rs^ degree. 

172. A Quadratic Equation is an equation of the second degree. 

173. A Oubio Equation is an equation of the l^ird degree. 

174. A Numerical Equation is an equation in which all the 
known quantities are expressed by figures. 

176. A Literal Equation is an equation in which some or all 
of the known quantities are expressed by letters. 

▲LOXBRA. — 9. 129 
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EXAMPIiES. 



Solve the following : \ 



2 ad 

3 9 6 2 3 . 

3. ^ + 2 = 0.-^^.^12. ^~-f- = 6. 

2 4 1/ a — 1 a + 1 

.^Q«4-2a? ,« ay^ + 2aa?-f-a^ 4a5 

8 3 a; + a 166 

6. M5 = 2i-i^. 14. 2-2ir = ^+§-i±^. 

6. ?_x = £zJ:_9. 16. ^ + ^ = 5 + 126 



3 11 6 ■ 2 6 ■ 2 

7. 5£_^ = 2a,-21. 16. 2-a = «-..^. 

7 5 a c c^a 

g aa? — 6 ct — ^ + ^ 17. 2a? — 8 . a?_3Q g?4-32 

c c 4 3 2 

2 4 3 * 

19. 4 + 10aj + 5-6a?/'--.^') = 27. 

20. a?-5:=:^ + 5^ = 7-|.^. 

o o o 

«- a? a^ — Bx 2 
"• 3~3^^37=3' 

„„ 3 a! + l_ a!» 



x+1 x-1 l-a!» 






SIMPLE EQUATIONS. 181 

• 3"^ 4 3 9 ' 

2 9a? + 20 a;_ 4a?~12 
36 . 4 5aj-4' 

SuooBSTioN. — The equation may be expressed as follows : 
9x , 20__x_.4a5- 12 



Simplifying, 



4 6a; -4 
6 4X-12 



9 6x-4 

4a;-9 



5 ^2 ^ 6 ^' 

/ 

27. «H-ft^ « 4, ^ . 
aj — c a? — a 05 — 6 

15 5aj-25'*' 5 

See suggestion, Example 26. 

29 ^~<^ _ g + g __ 2aa? 
a — 6 a + 6 a' — 6* 

30. ^^3^3(a^ + 3)^3(x4-3)^l, 
7 2 2 

SnooESTiON. — Combine similar terms before clearing of fractions. 

81. a- + 6- ^('" + ^) =l(a; + 6)-6. 
4 3 

**• 2 ^ 4 6 * 

34. 2l£zi31 + 2(a,_3)»6-^. 
3 4 
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3 9 4 

04. ^ A 3aj-6 a 2a?-4 
36. ic-4--^— «8 —. 

4a? + 3 . 7a?-29 _8 a?-f 19 
9 ^6x^12 18 

See suggestioii, Example 25. 



38. 



39. 



40. 



41. 



14 ■ 


6x + 2 66 


6a! + 7 


2!B-2_2a! + l 


15 


7(8-6 6 


6(8 + 1 


2i8-4 205-1 


16 


7(8-16 6 


6a! + 13 


3(8 + 6 _2!8 



14 



16 6(8-26 6 



42. £z:l? + £i::* =2 + . ^ 



x — 7 a? — 12 aj — 7 

43. 2a.-10^gziJ^£ziJ^a..-14 

4 5 2 

44. 2a?-5 _£--3^^_2_^j:J[, 

3 4 2 

.- a? 2a; — 14 ^, aj 
"'• 5 3- = ^"2- 

^^ 3aj 3aj-ll ^^ 20a: + 13 

46. — = 005 • 

4 2 4 

7aj + 8 Q 27aj-36 . . 



^„ 3(8-3 3a6-4 16 27 + 4(8 

4o. -— — as -— • — • 
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6a; + 48 11 --3a? ^^ .«, 13-g 21 -2a; 
49. -^ ^6a;-43i--^2- 18— 

4a; + 3 _ 8a;+19 7a;--29 
9 " 18 5a; -12' 

52. Ca + a;)(6 + a?)-a(6 + c) = ^4-aj". 



53 4a;-8 . 3ag-15 2a;-16 _Q 
8 "^ 12 16 

_ 4a;-16 2a; + 6 , 9a; ^ a; .6 
54, — ■ — 4- — SB a; ^ — + — • 

24 60 ^12 4^6 

66. 13-4a;_3 + 4g g 3^12g 58. 
15 3 ^ 5 ^15 

66. J^±l_y:zl=_3_. 

y— 1 y+1 y— 1 

67. -^+ 7 80 



x_4 !r + 6 a!» + 2«-24 

3«j4-2 _ 6«-3 _ 3« _ 2£ _ 101 
3 » + 4 5 6 24' 



as + 3 as-5 2a!-l0 

60. ^nl+^+^zil = o. 

a 6 c 

61. a*y-2a&-a' = 6V4-^- 

62. (a;-a)2-(cr-6)* = (a-6)«. 

cz c cz c 

1 2mn m a; — m 



64 



m + n (m + n)* {m-^ny {m + ny 
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lax ^ 2b ax — a ax 2 



66. 



36 2b b 3 



66, -^ ^±^ £_4._^. 

a — b a + b a* — 6^ a — b 

^- x-a b 5V^x-b^ 7a« lla6 aj-a» 

07 . r x" n ^ = TFT • 



3 6 4 12 6 2 

PROBIiEMS. 

176. Directions fob Solving. -^ iZepresenf one of the un^ 
knovtm quantities by x, and from the conditions of the problem 
find an expression for each of the other quantities given,- 

Find from the problem two expressions that are equal, and 
express them as an equation. 

Solve the equation, 

68. When the half of a certain number is added to* the 
number^ the sum is as much more than 60 as the number is 
less than ^b. What is the number ? 

69. The difference between two numbers is 8, and the 
quotient arising from dividing the greater by the less is 3. 
What are the numbers ? 

70. A man left one half of his property to his wife, one 
sixth to his children, a twelfth to his brother, and the rest, 
which was $ 600, to charitable purposes. How much property 
had he ? 

71. Find two numbers whose sum is 70, such that the first, 
divided by the second, gives a quotient of 2 and a remainder 
of 1. 

72. Out of a cask of wine, one fifth part had leaked away. 
Afterward, 10 gallons were drawn out, when the cask was 
found to be two thirds full. How much did it hold ? 

73. A can do a piece of work in 5 days, and B can do the 
same work in 6 days. How long will it take both working 
together to do it ? 
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Let X = the number of days it will take both to do it. 

Then, - = the part both can do in a day. 

X 

- =: the part of the work which A can do in a day. 
6 

- = the part of the work which B can do in a day. 
6 

Therefore, 1 + 1 = 1 
6 6 OS 

And ^^^ 

74. A can do a piece of work in 9 days, and B can do the 
same in 10 days. How long will it take both to do it ? 

76. A can do a piece of work in 5 days, B in 7 days, and C 
in 9 days. In how many days can they all together do it ? 

76. Two pipes empty into a cistern. One can fill it in 8 
hours, and the other in 9 hours. How soon will it be filled, if 
both empty into it at the same time ? 

77. A cistern can be filled by a pipe in 3 hours, and emptied 
by another pipe in 4 hours. How much time will be required 
to fill the cistern if both are running ? 

78. A fish was caught whose tail weighed 9 pounds. His 
head weighed as much as his tail and half his body, and his 
body weighed as much as his head and tail. How much did 
the fish weigh ? 

79* Of a detachment of soldiers, ^ are on duty, \ of them 
sick, ^ of the remainder absent on leave, and the rest, 380, 
have deserted. How many were there in the detachment ? 

80. A person spends one fourth of his annual income for 
his board, one third for clothes, one twelfth for other expenses, 
and saves $ 500. What is his income ? 

Fractions may be avoided in this and similar examples, by letting x, 
with a coefficient which is a multiple of the denominators, represent the 
number sought. Thus, in the above example, let 12 x represent the annual 
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Let 12 a; = bis annual income. 

Then, 3 x = what he paid for board. 

4x = what he paid for clothes. 
X = what he paid for his other expenses. 
Therefore, 3aj + 4a; + a; + 600 = 12a; 
4a; = 600 
x = 126 
12 a; = 1600, his income. 

81. A farm of 392 acres was divided among four heirs, so 
that A had four fifths as much as B, G as much as A and B, 
and D one half as much as A and C. What was the share of 
each ? 

82. A farmer wishes to mix 300 bushels of provender, con- 
taining rye, corn, and oats, so that the mixture may contain 
■| as much oats as corn, and ^ as much rye as oats. How 
many bushels of each should he use ? 

83. Into what two parts can the number 204 be divided, 
such that -J of the greater being taken from the less, the 
remainder will be equal to ^ of the less subtracted from the 
greater ? 

84. A man spent $14 more than ^ of his money, and had 
$ 6 more than ^ of it left. How much had he at first ? 

85. A merchant lost J of his capital during the first year. 
The second year he gained f as much as he had left at the end 
of the first. The third year he gained -^ of what he had at 
the close of the second, making his capital $ 7000. What was 
his original capital ? 

86. An officer wished to arrange his men in a solid square. 
He found by his first arrangement that he had 39 men over. 
He then increased the number on a side by 1 man, and found 
he needed 50 men to complete the square. How many men 
had he? 

Let X = the number of men in each, side in the first arrangement. 

Then, x^ = the number of men in the first square. 

Then, x + 1 = the number of men in each side in the second arrangement 
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And (x + 1)2 = the number of men in the seoond square, 

x^ + 39 = the entire number of men. 
(x-\-iy — 50 = the entire number of men. 
Therefore, (x + l)^ - 60 = as^ _|. 39 
a;3 + 2a; 4- 1 - 60 = x^ + 39 
x = 44 
5Ca + 39 = 1976 

87. A regiment of troops was drawn up in a solid square 
with a certain number on a side, when it was found that there 
were 295 men left. Upon arranging them so that each side 
contained 5 men more, it was found that there were none left. 
How many men were there in the regiment ? 

88. A colonel, upon attempting to draw up his troops in 
the form of a solid square, found that he had 31 men over. If 
he had increased the side of the square by 1 man there would 
have been a deficiency of 24 men. How many men were there 
in the regiment ? . 

89. A person in purchasing sugar found that if he bought 
sugar at 11 cents he would lack 30 cents of having money 
enough to pay for it ; so he bought sugar at 10^ cents, and 
had 15 cents left. How many pounds did he buy ? 

90. Into what two parts may the number 56 be divided, so 
that one may be to the other as 3 to 4 ? 

Since one number is to the other as 3 to 4, one is | of the other. There- 
lore, to avoid fractions, 

Let 4 X = one part. 

Then, Sx = the other part. 

Therefore, 4x + 3a; = 56 

« = 8 

4 X = 32, one part. 

3 X = 24, the other part. 

91. Find two numbers which are to each other as 5 to 7, 
and whose sum is 72. 

92. A's age is to B's as 3 to 8, and the sum of their ages is 
44 years. How old is each ? 
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93. An estate of $ 15^000 was divided between two sons, so 
that the elder's share was to the younger's as 8 to 7. What 
was the share of each ? 

94. A sum of money was divided between A and 6, so that 
the share of A was to that of B as 5 to 3. The share of A also 
exceeded ^ of the whole sum by 9 60. What was the share of 
each? 

96. A and B started out together with equal sums of money. 
B paid A a debt of $ 20, but afterwards A made a purchase of 
B which cost him half of all he then had, when he found that 
he had just half as much as B. How much had each at first ? 

96. A lady distributed $252 among some poor people^ 
giving to the men $12 each, the women $6 each, and the 
children $3 each. The number of women was 2 less than 
twice the number of men, and the number of children was 4 
less than 3 times the number of women. JTo how many persons 
did she give the money ? 

97. I bought a number of apples at the rate of 5 for 2 
cents. I sold half of them at 2 for a cent, and the remainder 
at 3 for a cent, gaining 1 cent. How many did I buy ? 

98. A merchant engaged in business with a certain capital. 
His gain the first year lacked $ 1000 of being as much as his 
original capital. His gain the second year lacked $1000 of 
being as much as he had at the end of the first year, and the 
third year his gain lacked $ 1000 of being as much as he had 
at the end of the second year. He found that at the end of 
the third year his capital was 3 times his original capital. 
What was his original capital ? 

99. A and B began business with equal capital. The first 
year A gained a sum equal to J of his capital, and B lost \ of 
his. The second year A lost $72 and B gained $36, when 
it was found that B's capital was f of A's. What was the 
original capital of each ? 
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100. A cistern, which held 648 gallons, of water, was filled 
in 18 minutes by two pipes, one of which conveyed 6 gallons 
more per minute than the other. How much did each convey 
per minute ? 

101. A farmer had 90 sheep in four fields. If the number 
in the first be increased by 2, the number in the second 
diminished by 2, the number in the third multiplied by 2, and 
the number in the fourth divided by 2, the results will be 
equal. How many were there in each flock ? 

102. A gentleman who had $ 10,000, used a portion of it in 
building a house, and put the rest out at interest for one 
year: ^ of it at 6% and f of it at 5%. The income from both 
investments was $ 320. What was the cost of the house ? 

103. Paving a square court with stone at 40 cents a square 
yard will cost as much as inclosing it with a fence at a dollar 
per yard. What is the length of a side of the court ? 

104 Two soldiers start together for a fort. One, who 
travels 12 miles per day, after traveling 9 days, turns back as 
far as the other had traveled during those 9 days. He then 
turns and pursues his way toward the fort, where both arrive 
together 18 days from the time they set out. At what rate 
did the other travel ? 

105. A boy bought a certain number of apples at the rate 
of 4 for 5 cents, and sold them at the rate of 3 for 4 cents. 
He gained 60 cents. How many did he buy ? 

106. A gentleman left $315 to be divided among four 
servants, as follows : B was to receive as much as A and ^ as 
much more ; C was to receive as much as A and B and J as 
much more ; D was to receive as much as the other three and 
J as much more. What was the share of each ? 

107. Two numbers are to each other as 2 to 8; but if 50 be 
subtracted from each, one will be ^ the other. What are the 
numbers ? 
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108. A woman sold eggs and apples. The eggs were worth 
5 cents a dozen more than the apples ; and 8 dozen eggs were 
worth as much as 13f dozen apples. What was the price of 
each per dozen ? 

109. Three men, A, B, and C, build 318 rods of wall. A 
builds 7 rods per day, B 6 rods, and C 5 rods. B works twice 
as many days as A, and G works ^ as many days as both A 
and B. How many days does each work ? 

110. A gentleman has two horses, and a carriage worth 
$150. The value of the poorer horse and carriage is twice 
the value of the better horse; and the value of the better 
horse and carriage is three times the value of the poorer horse. 
What is the value of each horse ? 

111. A man bought two pieces of cloth, one of which 
lacked 12 yards of being 4 times as long as the other. The 
longer cost f 6 per yard, and the shorter $ 4 per yard. Twenty- 
three yards being cut off from the longer, and 5 from the 
shorter, and each remainder being sold for a dollar a yard 
more than it cost, he received $142. How many yards of 
each were there ? 

112. When, after 2 o'clock, will the hour and minute hands 
of a clock be together ? 

Let X = the number of minute-spaces that the minute 

hand travels before they come together. 

Then, — = the number of minute-spaces that the hour 

hand travels. 
Then, since they were 10 minute-spaces apart at 2 o'clock, 

x_, 
12" 

11^ = 10 
12 

11 a; = 120 

X = lOJ^f , the number of minutes after 2. 

113. When, after 5 o'clock, will the hour and minute hands 
of a clock be together ? 
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114. When, after 8 o'clock, will the hour and minute hands 
of a clock be together ? 

115. When, after 4 o'clock, will the hour and minute hands 
of a clock make a straight line ? 

116. When, after 5 o'clock, will the hour and minute hands 
of a clock make a straight line ? 

117. When, first, after 6 o'clock, will the hour and minute 
hands of a clock be 15 minute-spaces apart ? 

118. When, after half-past 8 o'clock, will the hour and 
minute hands of a clock be 15 minute-spaces apart ? 

119. A man has two horses worth together $460, and a 
carriage worth $ 210. When he drives the better horse the 
outfit is worth three times the other horse, increased by i^^^ of 
the value of the first horse. Find the value of each horse. 

120. A manufacturer hired two skilled mechanics and a 
common laborer. The first mechanic earns twice and the 
second three times as much per day as the laborer. The 
laborer worked ten days, the first mechanic seven days, and the 
second mechanic four days, and they all earned $72. Find 
the daily wages of each. 

121. A boy started from home on his bicycle at 7 a.m., going 
at the rate of 8 miles an hour. After riding a certain distance, 
the machine broke down, and he was compelled to return home 
afoot. When he reached home he found it was ^.30 p.m. 
How far did he go, if he walked back at the rate of 3J mi. an 
hour? 

122. The sum of two numbers is 80, and their difference is 
6. Find the numbers. 

123. Said James to Isaac, " We had just the same amount 
of money when we left home, but you gave me $ 60, and I 
gave you f 10, and now I have three times as much as you." 
How much had each at first ? 

124. The sum of three numbers is 230. The second is | of 
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the remainder left after decreasing the first by 20, and the 
third is 50 less than twice the first. What are the numbers ? 

126. A carpenter received $ 3.50 a day for his labor, and 
paid $ 1.00 a day for his board. At the end of 24 days he 
had saved $39. How many days did he work ? 

126. A certain lot is twice as long as it is wide. If its 
length were increased 1 rod, and its width decreased 1 rod, 
the area would be decreased 6 sq. rds. Find the dimensions 
of the lot. • 

127. A man going from a certain place traveled at the rate 
of 5 miles an hour. After he had been gone 6 hours, a horse- 
man, going at the rate of 8 miles an hour, was sent after him. 
How far did the latter travel before overtaking the former ? 

128. A man has four times as many dollar pieces as he has 
dimes, and the worth of all is $ 28.70. How many pieces of 
each has he ? 

129. A young man spends one fifth of the money he has in 
bank each year, and adds to it an annuity of $4000.. How 
much had he in bank at first, if at the beginning of the fourth 
year he has $ 13,600 to his credit ? 

130. A messenger going at the rate of 3^ miles an hour 
was sent with secret messages from a king to his army 70 miles 
away. After he had been gone 6 hours, a second person going 
at the rate of 5 miles an hour was sent to countermand the 
orders ; 7 hours later a fleet horseman going at the rate of 10 
miles an hour was sent with new and special orders. When 
did the horseman overtake each of the footmen ? 

131. A boy spent ^ of his money and ^ a cent more, then 
^ of the remainder and ^ a cent more, and finally ^ of what 
he had left and ^ a cent more, when he found he had two 
cents remaining. How much had he at first ? 

132. After paying out — and - of my money, I had b dol- 

m n 

lard lefti How much had I at first? 
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Let X = the amount I had at flnt 

Then, — + - = the amount I spent 

m n 

Therefore, ^ -I- ? + 6 = a: 

m n 

mx + nx-h mnb = mnx 

mnx — mx-" nx = mnb 

(tnn — t» — n)x = mnb 

mnb 



05 = - 



mn — m — n 



177. A problem in which literal notcUion is used, is called a 
General Problem. 

Such problems give an infinite number of numerical results, 

by assigning different numerical values to the literal quantities. 

Thus, hi problem 132, when m = 4, n = 6, and & = 66, the value of a; is 
120'; when m = 5, n = 8, and & = 54, the value of x is 80. 

133. A horse and saddle are worth m dollars, and the horse 
is worth n times as much as the saddle. What is the value 
of each when m = 200 and n = 9 ? 

134. A man gave two servants b dollars, giving A a times 
as much as B. How much did he give to each ? How much 
did he give to each if & = 75 and a = 4 ? 

135. Divide the number b into two such parts that one 
shall be a times the other. What will be the result when 
6 = 24 and a = 7? 

136. If A can do a piece oi work in n days and B in m 
days, in what time can both do it working together ? What 
will be the result when n is 5 and m is 7 ? What, when n is 
10 and mis 8? 

137. A pleasure party of a persons hired a coach. If there 
had been b persons more, it would have cost each d dollars less 
than it did. How much did each one pay? What is the 
result when a is 8, 6 is 4, and d, $1? 

138. A certain number divided by b gives a result such 
that the sum of the dividend, divisor, and quotient is c. What 
is the number ? What is the number when & is 16 and c is 84 ? 
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TWO UNKNOWN QUANTITIES. 

178. 1.. If the sum of two numbers is 12, what are the 
numbers?' How many answers may be given to the ques- 
tion? 

2. Let X and y stand for the two numbers, then in the 
equation x +y ssl2, how many values has x ? How many 
has y? 

3. How many values have the unknown quantities in a 
single equation containing two unknown quantities? What 
name may be given to such equations ? 

4. If the equations a? -f- y = 6 and x — y = 2, are added 
together (Ax. 2), what is the resulting equation? What is 
the value of x ? Of 3^ ? 

* 5. How many equations containing two unknown quantities 
are needed to determine the values of the quantities ? 

6. If the equation a? + 1/ = 6 is subtracted from 2 a? + 2 y = 12, 
what is the resulting equation ? How many values has each 
quantity? 

7. Since the equation 2x + 2y = 12 was derived from 
X + y :=s6 by multiplying the equation by 2, what may it be 
called? 

8. Since the values of two unknown quantities cannot be 
determined from two equations when one of them is a derived 
equation, what kind of equations must be given to determine 
the values of the quantities ? 

144 
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179. Simultaneous Equatdons are those in which the same 
unknown quantities have the same values. 

Thus, )^^y— I are simultaneous equations in which x=7 and y=6. 

180. Derived Equations are those which are obtained by 
combining other equations or performing some operation 
upon them. 

Thus, 2 X + 2 y = 8, is an equation derived from oc + v = 4, and 2 x + 
Sy = 7, is derived by adding x + y = 3 and x + 2 y = 4. 

181. Independent Equations are such as cannot be derived 
from one another or reduced to the same form. 

Thus, 2 X + y = 5 and x + 2 y = 6, are independent equations. 

182. An Indeterminate Equation is one in which the unknown 
quantities may have an infinite number of values. 

Thus, X + y = 12, is an indeterminate equation, because each of the 
unknown quantities may have an infinite number of values. 

183. Principles. — 1. Every single equation containing two 
unknown quantities is indeterminate. Consequently^ 

2. In order to solve equations containing two unknown quan- 
tities, two independent equations, involving one or both of the 
quantities, must be given. 

184. EUmination is the process of deducing from simultane- 
ous equations, equations containing a less number of unknown 
quantities than is found in the given equations. 

185. Elimination by Addition or Subtraction. 

1. When X'\-2y = 10 and x — 2y = 6, how may y be elim- 
inated ? 

2. When 3a:4-4y = 16 and 5a; — 4y = 16, how may y be 
eliminated ? 

8. When may a quantity be eliminated by addition ? 

▲LOSBRA. — 10. 
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4. When a; + 2^=3 6 and aj + y=i4, how may x be elim- 
inated? 

5. When may a quantity be eliminated by subtraction ? 

186. Pbikciple. — Quantities may be eliminated by addition 
yr by subtraction wJien they have the same coefficients. 



BXAMPIJCg. 

1. Find the value of x and y in the equations 2x + 3y=:lS 
and 3a? + 2y = 12. 

PBOCESS. Explanation. -— Since the quantities in the 
2iC 4- 3 V = 13 (Vi &^^^ equations have not the same coefficients, 
Q o io /o\ the first equation must be multiplied by 3 and 
da; + Jy = lJ (J) the second by 2. Equations (;3) and (4) are thus 
6X'{'9y = S9 (3) produced in which the coefficients of a; are alike. 
6^4-4v = 24 (4) Since the coefficients of x are alike, and they 
^ — ZTTS ^K\ ^*^® ^® same sign, x may be eliminated by sub- 

oy — 10 (U) traction (Prin.). Subtracting (4) from (3), we 

y= 3 (6) obtain (6). Dividing equation (6) by the coef- 

2iD + 9 =13 (7) ficient of y, (6) is obtained. 

9 — J. fR\ Substituting the value of y in equation (1), the 

Jflj— 4 (o) resulting equation is (7). Transposing and 

x= 2 (9) uniting, the value of x = 2. 

EuLE. — If necessary, muUiply or divide the members of one 
or both equations so thojt one unknown quantity may have the 
same coefficient in each equation. 

When the signs of the equal coefficients are the same, subtrac* 
the members of one equation from those of the other; when tht 
signs are unlike, add the members. 

Find the values of the unknown quantities in the following 

^' \x+ y = 5.) ' lSx + 2y = S, I 

f4a? + 3y = 7. | r8aj + 3y = 22.| 

^* l2aj-3y = -l.i Ux + 5y^lS.i 

|4aj-6y = 3. ^ r3a; + 4y = 25.| 

*• l3aj + 5i< = ll.i ' Ux4-3v = 21. f 
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\ix + 5y = B0.) 

■ (7a!-6y = ll.) 

(.8aj — 4y = 4. > 

(3a! + 6y = 39.| 

■ (6a!-3y = 13.> 



12. 



13. < 



14. 



5 + 2 = 3. 
2^3 

5+2 = 23 

5 2 10 

5_2 = _1. 

6 3 3 

3 4 ■ 



Sf + 22 = 14 
6 6 

3x_22_5 
4 6 



16. •( 



17. 



18. 



16. < 



19. •{ 



i* + 22 = l2. 

4 3 

3»_ 2_^ 

6 2 10' 

6^3 

■^ + 12 = 10. 

5 4 

2f _2 -22 

7 6 36' 

^ + ^ = 13^.1 
^ + 1 = 13^. 

^ + ^ = 23i. 
4 8 



7«_22_ 
12 9 



^- 



187. EUmination by Oomparison, 

1. If, in the simultaneous equations x + 2yssS and a? — 
y = 5f 2ym the first and y in the second are transposed to the 
second member, what will be the resulting equations ? 

2. Since each of the second members of these derived equa- 
tions is equal to x, how do they compare with each other ? 

3. If these second members are formed into an equation, 
how many unknown quantities will it contain ? 

4. How may an unknown quantity be eliminated from two 
siinultaneous equations by companion f 
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EXAMPUSS. 



1. Find the value of x and of y in the equations x + 2yssS 
and 3a + 2y = 12. 



PROCESS. 



x + 2y^ 8 (1) Explanation. — Since, in elimination 

3«-4-2v = 12 ^2"^ ^y comparison, the yalue of tiie same 

z. ^ ^ unknown quantity in each equation is 

Xss 8 — 2y (3) to be found, and a new equation is to be 

-1 2 2v formed from these values, 2 j^ in equation 

X = — - (4) (1) is transposed, giving (3). Transposing 

*^ 2 y in (2) and dividing by 3, equation (4) 

12 — 2y __ 8— .2 17 f^\ is obtained. Since these two values of x 

3 — ^ ^ -^ are equal, equation (6) is obtained (Ax. 

12—2 — 94. — fi rfi^ ^^' ^^®*™^8 ^^ fractions, we obtain (6). 

y— 4 oy {O) Transposing and uniting, (7) is obtained. 

4y = 12 (7) Dividing by 4, we obtain (8). Substitut- 

y= 3 (8) ing this value of y in equation (1), we 

^ I g_. g /g\ obtain (9). Uniting, we obtain (10). 

x= 2 (10) 

Rule. — Find an expression for the value of the same un- 
known quantity in each equation. 

Make an equation of these values and solve it. 



2. 



6. 



Solve the following equations by comparison : 

f3x+ 3^ = 9.| ^ ( a + 6y = 13.| 

( (c + 2y = 8.) ' \5x + 2y = 9. > 

r2a;- y = 3. | r4aj + 22^ = 26.| 

1 x + Sy = m) ' (3a?-42/ = 3. > 

r4aj + 2y = 26.| j2aj-3y = -7.| 

r2aj-3y = -14.| r3aj + 2y = 33. j 

l3aj + 2y«=44. ) * l9«-r.4y = 9. J 

r3aj + 4y = 18.| ^^ r6aj4- y = 45.| 

\ a? + 2y = 8. > ' ( 3aj-23^ = 16. J 
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.40.-52,= -34. 1 
l2aj-32/=-22. 3 



13. 



14. 



16. 



17. 



( a; + 4y = ll. I 
(5a?~2y = ll. J 



i 2aj-3y = 3. 
(4a + 5y=:39. 



} 



loaj-3y = 57. ) 



5 + 2^ = 5. 
3^2 



6^3 
1 + ^ = 19. 



18. 



19. 



20. 



21. 



7 3 * 

6 4"^- 

2a! 2y_o» 

o o 

L 7 6 



4 a; y__ 



'» 



if+i-'«»- 



188. EUminatdon by Snbstitntion. 

1. In an equation containing two unknown quantities, if 
the value of one quantity is found, how may the value of the 
other be found ? 

2. Express the value of x in the first of the simultaneous 
equations x + y = 5 and x + 2y = 7 by transposing y to the 
second member. 

3. When this value of x is substituted in the second 
equation, how many unknown quantities does the result- 
ing equation contain? 

4. How may an unknown quantity be eliminated from 
simultaneous equations by siLbstitiUionf 
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KXAMPT.KS. 

1. Find the value of x and of y in the equations Sx + 2y 
= 12 and 2x + 3y = 13. 



PBOCE88. 

3a! + 2y=12 
2a! + 3y=13 

12-2^ 

24-4y + 9y = 39 
5y=15 

y= 3 



(1) 
(2) 

(3) 

(4) 

(5) 
(6) 

(7) 
(8) 



Explanation. — Since one unknown 
quantity can be eliminated by finding its 
value in one of the given equations and 
substituting this value in another, we 
find the value of x from (1) and obtain 
(3). Substituting this value in (2), (4) 
is obtained. Clearing of fractions, the 
resulting equation is (6). Uniting terms, 
we obtain (6). Dividing, y = 3. Substi- 
tuting this value in (3), x = 2. 



KuLE. — Find an expression for the value of one of the un- 
known quantities in one of the equations. 

Substitute this value for the same unknown quantity in the 
other equation, and solve the equation. 



Solve the following by substitution : 



6. 



l2a?-3y=-l.J 
(3aj-2y = l. I 

l2aj-y = 27.j 

j9a5-y = 6.| 
X x + y = 4:,) 

r3a + 5y = 2.| 
(6aj-|.6y = 3. > 



10. 



11. 



j7aj — 6y = 13.| 
"l3aj + 3^ = 21.) 
{6x+ y = 60. ^ 
(3a? + 2y = 39. > 
(2x + 5y = 29. | 
(2a?-5y = -21.l 

( a! + 6y = 41.| 
l3a!-2y = 2lJ 
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12. 



13. < 



5 + ^ = 7.1 

5 + 2 = 6. 



5 + ^ = 8. 
X—Z — — 3. 



« + .V 



= 6. 



14. < 



15. 



=^. 



|4-7y = 261. 
| + 7« = 299. 



Solve the following by any method : 



16. < 



.1 + 2^10. 
X y 

X y 



21. < 



2x^y 



+ 3aj = 2y-6. 



2^±^ + 2^=2x-8. 



17. < 



a; y 



18. < 



3a!^5y 
Gar lOy 



g-2 10-a; _ y-10 
5 3 4* 

2y4-4 ^ 4a!+y+13 
3 8 



x + 1 a?-1 ^6 • 
y-1 y 7* 



t 



a? — 2^ = 1. . 



19. ^ 



— |- - = m. 
a? y 



24. 



l~3a? . 3y-l _o 
^5 + 2? 4..= 



11 



+ y = 9. 



20. 



5 + 8 = 1-12. 

5±y+|=2^+36 
• o o 4 



26. ^ 



4aj + y = ll. 
j^ _ 7a?-y 23 



6a? 3aj 



15 
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( oa? H- cy = 5. ) 



27. 



28. 



c c 

ax^by 
a — 6 

_a 6 

ft + y^Sa + aj 



5 + ^ = 0. 
aj y 

X y 



81. 



32. 



^ + 2/^2. 
m^ n 

aftoj 4- cdy = 2. 
d-6 



ax — cy=z- 



bd 



( dx — dy = c. "k 

33. ^ r 

( ma? — 7iy = c. > 



84. ^ 



? + 2? = 2a6. 
a 



189. Fractional simultaneous equations in which the un- 
known quantities are found in the denominators may often be 
solved without clearing of fractions. 



1. Solve the equations 



Multiplying (1) by 6, 
Multiplying (2) by 3, 
Subtracting (3) from (4), 
Dividing (5) by 11, 

Substituting in (1), 



? + ? = ! 
X y 4: 

5^7^19 
X y 4 

Solution. 



16^10_36 
X y 4: 
15 ^ 21 ^ 67 
X y 4 

11^22 
y 4 

1 = 2 ^rl 
y 4 2 



(1) 
(2) 

(8) 
(4) 
(6) 



l/ = 2 
x = 4 
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2. < 



2 + 1 = 14. 
X y 

§-? = 14. 
aj y 



8. < 



0? y 6 

3^,10^29 
X y ^ 



i+?=ii. 

5 + 1 = 22. 



« + ^ = c. 
X y 

?- + « = d. 
a? y 



4. 



2 1^4 

3 5^19 
a? y 6* 



10. 



5+8=1. 

a; y 

T-ii=-9. 



6. < 



- + - = a. 
a? y 

5 + 2 = 6. 
aj y 



11. 



2x 3y 

f+^«=ll. 
3a? 5^ 



6. < 



5 + ^ = 3. 
X y 

6 + 15 = 4. 
a? y 



12. 



+ 



a?^-3 y-2 
5 . 4 



= 7. 



17 



x+3 y-2 



5 + 6 = 7. 
X y 

l^+?=io.[ 
l» y J 



13. < 



a? . y 
a 



PBOBI^MS. 



190. 1. If 7 lb. of tea and 5 lb. of coffee cost $5.60, and 6 
lb. of tea and 3 lb. of coffee cost $4.20, what was the price per 
pound of each ? 
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Solution. 

Let X = the price of tea per lb. 

Let y = the price of coffee per lb. 

7a; + 5y = $6.60 (1) 

6a;-f3y = $4.20 (2) 

x = $ .60 (3) 

y = $ .40 (4) 

2. There is a fraction such that if 1 be added to the numera- 
tor ther value of the fraction will be 1 ; and if 3 be added to 
the denominator the value will be ^. What is the fraction ? 

Solution. 
Let X = the numerator. 

y = the denominator. 

Then, - = the fraction. 

y 



x = 4 (3) 

y = 5 (4) 

y 6 ^ 

3. There is a number expressed by two digits such that if 
it be divided by the sum of the digits which express it the 
quotient will be 4, and if 36 be added to it the sum will be 
expressed by the digits reversed. What is the number ? 

Solution. 
Let X = the digit in tens' place. 

y = the digit in units' place. 
lOx-i- y = the number. 
10^ + X = the number when the digits are inverted. 

]Ox_±jy^^ ^jx 

a + 2/ ^ ^ 

10x-fy-f36 = lOy + x (2) 

x = 4 (3) 

2/ = 8 (4) 

10z^tf==48 (5) 
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4. The sum of two numbers is 24, and their difEerenoe is 
8. What are the numbers ? 

5. The sum of two numbers is 29, and their difference is 5. 
What are the numbers ? 

6. The sum of two numbers divided by 2 gives a quotient 
of 24, and their difference divided by 2 gives a quotient of 17. 
What are the numbers ? 

7. A man hired 6 men and 2 boys for one day for $28, 
and afterward, at the same rate, 3 men and 4 boys for $ 20. 
What was paid each per day ? 

8. There is a fraction such that if 3 be added to the numer- 
ator its value will be J, and if 1 be subtracted from the denom- 
inator its value will be \. What is the fraction ? 

9. A man has two horses, and a saddle worth $ 10. The 
value of the saddle and the first horse is double that of the 
second horse, but the value of the saddle and the second 
horse lacks $ 13 of being equal to the value of the first horse. 
What is the valu*^ of each horse ? ' 

10. Two purses contain together $300: If $30 is taken 
from the first and put into the second, there will be the same 
amount in each. How much money is there in each ? 

11. A and B have $670. If A's money were three times, 
and B's were five times as great as it really is, they would 
have $ 2350. How much has each ? 

12. There is a fraction such that if 4 be added to the 
numerator, its value will be ^, and if 7 be added to the denom- 
inator its value will be \. What is the fraction ? 

13. There is a number of two digits, which is equal to 4 
times the sum of the digits, and if 18 be added to the number, 
the result will be expressed by the digits inverted. What is 
the number ? 

14. A person had two kinds of money, such that it took 10 
pieces of one kind to make a dollar, and two pieces of the 
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other to make a dollar. He paid a man a dollar, giving him 6 
pieces. How many of each kind were used ? 

16. A party which had hired a coach, found that if there 
had been 3 more persons, they would each have had to pay $ 1 
less than they did ; and if there had been 2 less they would 
each have had to pay $1 more. How many persons were 
there ? How much did each pay ? 

16. A wine-merchant sold at one time 20 dozen bottles of 
port wine and 30 dozen of sherry for £ 120. At another time 
he sold 30 dozen bottles of port and 25 dozen of sherry for 
£ 140. What was the price per dozen bottles of each ? 

17. There is a number expressed by two figures. If to the 
sum of the digits 7 be added, the result will be 3 times the 
left-hand digit, and if 18 be subtracted from the number, 
the digits will be inverted. What is the number ? 

18. A and B had together a capital of $ 9800. A invested 
^ of his capital and B ^ of his, whereupon each had the same 
sum left. How much had each before the investment ? 

19. A farmer purchased 100 acres of land for $2450. For 
a part of it he paid $ 20 an acre and for the rest $ 30 an acre. 
How many acres were there in each part ? 

20. The sum of the ages of a father and a son is 80 years. 
If the age of the son is doubled, it will exceed the age of the 
father by 10 years. What is the age of each ? 

21. A said to B ; " Give me 20 cents of your money and I 
shall have four times as much as you.*' B said to A: **Give 
me 20 centa of your money and I shall have 1 J times as much 
as you." How much had each? 

22. A farmer bought 100 acres of land, part at $37 and 
part at $45 an acre, paying for the whole $4220. How 
much land, was there in each part ? 

23. A boy expended 30 cents for apples and pears, buying 
the apples at 4 for a cent and the pears at 5 for a cent. He 
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then sold ^ of his apples and ^ of his pears for 13 cents, which 
was what they cost him. How many of each did he buy ? 

24. A farmer sold 47 bushels of com and 18 bushels of 
wheat to one man for l|^45.26, and 3 bushels of corn and 63 
bushels of wheat to another at the same price, for $64.74. 
Find the cost of each per bushel. 

26. The sum of ^ of one number and | of another is 38 ; and, 
if 3 be added to the first, the sum will be equal to | of the 
difference between the second and 8. Find the numbers. 

26. Said one boy to another : " If you will give me ^ of your 
money and 50 cents, I shall have 4 times as much as you; 
but if I give you 50 cents, you will have 1^2.50 more than I." 
How much had each ? 

27. One quarter of the number of sheep in one field equaled 
\ of the number in an adjoining field. Ten sheep jumped from 
the first into the second field, and there were then 4 times as 
many in the second as in the first. How many were there 
then in each ? 

28. Three years ago Paul was 3 times as old as his sister 
Mabel, and 3 years hence 3 times his age will equal 5 times 
hers. Find their ages now. 

29. The sum of two fractions whose numerators are 3, is 3 
times the smaller, and 3 times the smaller subtracted from 
twice the larger gives |. What are the fractions ? 

30. If I loan my money at 6% for a given time, I shall 
receive $ 720 interest ; but if I loan it for three years longer, 
I shall receive 9 1800. Find amount of money and the time. 

31. If a certain rectangle were 1 foot longer and 1 foot 
broader, it would contain 14 square feet more area. If it 
were 1 foot shorter and ^ foot wider, its total area would be 
unchanged. Find the dimensions of the rectangle. 

32. The number of marbles a boy has in one pocket is 9 
more than ^ of what he has in the other. How many has he 
in each, if there are 39 marbles in both ? 
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38. A number consists of two figures. The number is 2 
more than 8 times the sum of the digits, and if 54 be sub- 
tracted from the number, the digits will be inverted. Find 
the number. 

34. A and can do a piece of work in 6 days ; B and G can 
do it in 8 days. In what time can they all do it working 
together, if A can do f as much as B ? 

36. A man invested $4400, part of it in railroad bonds 
bearing 3% interest, and the remainder in state bonds bearing 
2^% interest. He received the same income from each. How 
much did he invest in each ? 

SuooESTiON. — Since the rate of interest upon the raikoad bonds was 
3%, the income was ^^ of the investment. The income from the state 

bonds was -=i-, or ^iw* of the investment. 
100 ° 

36. A gives B 100 yards start and overtakes him in 4 
minutes. He also gains 750 feet on B in running 9000 feet. 
Find the rate at which each runs. 

37. A railway train, after traveling an hour, is detained 30 
minutes. It then proceeds at f of its former rate, and arrives 
10 minutes late. If the detention had occurred 12 miles 
further on the train would have arrived 4 minutes later than 
it did. At what rate did the train travel before the deten- 
tion, and what was the whole distance traveled ? 

THREE OR MORE UNKNOWN QUANTITIES. 

191. 1. In the equations 2a; + 3^ + 42 = 26 and aj4-4y + 
5« = 18, how may z be eliminated ? 

2. If one of the quantities in the above equations is elimi- 
nated, how many quantities will be left ? 

3. How many independent equations are necessary before 
the values of two unknown quantities can be found ? 

4. How many independent equations containing the same 
two unknown quantities can be formed by combining the equa- 
tions in (1)? 



\ 
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6. Since in order to find the values of two unknown quan- 
tities we must have two independent equations, and since from 
the two equations given in (1) only one derived equation can 
be formed containing the same unknown quantities, how many 
independent equations must be given so that the value of any 
of those unknown quantities may be found ? 

192. Since it is necessary to have two independent equations 
to find the values of two unknown quantities, and three inde- 
pendent equations to find the values of three unknown quan- 
tities, etc., a general law may be expressed as follows : 

193. Principle. — To solve equations containing unknown 
quantities, there must be as many independent equations as there 
are unknown quantities, 

SXAMPIiBS. 



1. Given 



2»+ y4-2« = 10 J., tofinda?, y, anda;. 
3a; + 4y — 32 = 2 



SOLCTIOU. 


a; + 2y + 3a = 14 


(1) 




2«+ y + 2» = 10 
3« + 4y — 3a= 2 ' 


(2) 




(3) 


(1)X2 


2x + 4y + 6« = 28 


(4) 


(2) 


2x+ y + 2« = 10 




W-(2) 


8y + 4« = 18 
3a; + 6^ + 9^^=42 * 


(5) 


(l)x3 


•.6) 


(3) 


Zx+,Ay-Zz= 2 




(6) -(3) 


2y + 122 = 40 


(7) 


(5)x3 


9y + 122 = 54 


(8) 




7y = 14 


'9) 




y= 2 


(10-) 




4 + 12« = 40 


(") 




122 = 36 


(12) 




2= 3 


az) 




as + 4 + 9 = 14 


(14) 




x= 1 


(16) 
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Find the value of each unknown quantity in the following : 



a; — 2y + 22(=:6. 
5aj-|-3^-h6«==57. 

7aj~4y + 32; = 36. 
4a — 6y + 22J = 6. 
2aj + 3y- » = 20. 

«+ y+ « = 6. 
6aj+4y-h32 = 22. 
3aj-f 4y-3» = 2. 

a?-4y + 32 = 2. 
4a? — 3y4- « = 9. 
2a5-H6y - 42 = 14. 

»-h ^4 » = 36. 
a? — 2y 4- 32 = 15. 
y— a54 2=-5. 



a?4-2y + 32 = 34. ^ 

10. -l 2aj-3y + 4« = 19. I 

3aj4-4y-62= -6. j 



a;4-y + 2 = 90. 

11. ^ 2a;-3y =-20. 
2aj-f32 =145. 

^aj + y = 35.^ 

12. ^ a; 4- « = 40. 
y-|-2 = 45. 

2a; -f 4^-32 = 22. 

13. ^ 4aj- 2^4-52 = 18. 
6aj4-7y- 2 = 63. 

'8aj-4y = 24-2. 

14. - 6«4- y = « +84. 

aj-f80=3y4-42. 

x + Sy- 2 = 10.^ 
16.^ 5x -'2y + 2z = e. 
3a?H-2y+ 2 = 13. 

'a; + y4-» = 18.' 

16. J a; — y 4- 2 = 6. 

aj-f y — 2 = 4. 

'2aj-4y4-32 = 10.^ 

17. \ Sx+ y — 22 = 6. 
« + 3y— 2 = 20 



« Th« ■om of th« lint memlMri of Um Uupm oqiMtioni ii 8 «. 





aj + 22=. y + 


2. 


7. ^ 


y-f22 = 2aj-f 22. 




2H-22 = 3a?4-3y. 




«-|-y4-«=12. 




a. ^ 


a?-y =2. 
a? " 2 =4. 

't*i'y4 2=2aj. 


^* 


9. ^ 


w + aj + 2 = 3y. 
u-fa;4-y==^42. 
u-+-aj = y + 36.. 


f 
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5« — 3y-f 2 = 16. 

18. ^ 9x + 2y-3z = U. 
x — 4:y — 5z=ztQ, 

'aj-fa= y+ zr 

19. -{ yH-« = 2aJ-l-22. 
2 +a = 3a;-f 3y. 

'aj4-y + 22 = 2(6+c). 

20. ^ a; + 2 + 2y = 2(a-hc). 
y-|-2 + 2a?=2(a+6). 

' oaj + 6y = r. ' 

21. ^ 6y 4- ca; = a. 
ax + cz=:v. 

aj-f y+22+ w;=18. 

aj+2y+ «+ w;=17, 

a+ y+ 2+2w=19. 

2x+ y+ z+ «;=16J 

u + v + aj4-y = 14. ' 
u4-'y4-a? + 2; = 16. 
23. -{ w + V + y + 2 = 16. 
w + aJ + y-h2; = 17. 
v4-i» + y + 2=18. 



25. 



26. < 



27. ^ 



28. < 



x + ^y^5. 
a;4-|2=6. 



? + | = 2. 
a c 



f + ^2. 
c 



a? 4- y = a. ' 
x+ z = b. 
y + z = c, 

x+y =9. 
y + 2 = 11. 
2 4- «? = 13. 
to -f- u = 15. 
w + « = 12. 



1 + 1 = 5. 
» y 

24. ^^ + ^ = 7. 

1 + 1 = 6. 
X z 



29. ^ 




x + z 



* The ram of the four eqnaUoni diyided by 6, ii the iTiin of the nnknown qnantltiee. 
t Thie example vamj be tolved without elearing of firiMstlone. 

▲LOBBRA. — 11. 
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30. 



31. 



33. 



34. 













X z 


► 


36. ^ 


y z X 


i + ^ = c. 

[y ^ J 






a ft c_ 


'Sx-\-4:y'\- 2 = 35/ 
32; +2t/-3«=4. 
2flj- y + 2t = 17. 
32-2« + M =9. 


36. ^ 


'a-h2y = a/ 
y + 22 = 6. ' 
,22 + a; = c.^ 
'3aj + 4yH-2 = a 


«+ y=13. 


37. ■ 


3y + 42+a=2> 


x — y^a. " 
y + 2 ==3a. ^ 
6z — x=:2a. ^ 

y'\-Z'-'X = a/ 


• 


38. < 


,32 + 4a; + 2/=c 
'aj + y = a + 6. 

y -f 2 = 6 + c. 
> 

2 + V = a — 6. 
V — » = c — 6. , 


a + y — 2 = 6. 
2; + aj-2^ = c. 


► 




a c 6 - " 

h - = a6. 

X z y 


' a? — 2 + y = a. ' 
« + y — v = 6. 




39. ^ 


b a c , 

h - = 6c. 

y aj^2 


V — aj + 2 = 
.« — y + vss 


: C. 






a c b 

- H = ac. 

[x z y J 



PROBLEMS. 

194. 1. Find three numbers such that their sum is 60; | 
of the first plus \ of the second, and ^ of the third is 19 ; and 
twice the first with three times the remainder, when the third 
is subtracted from the second, is 50. 

2. Find three numbers such that the first with \ of the 
sum of the second and third is 119 ; the second with ^ of the 
remainder, when the first is subtracted from the third, is 68; 
and 1 the sum of the three numbers is 94. 



SIMULTANEOUS EQUATIONa 168 

3. A^ B, and G together possess $1500. If B gives A 
$200 of his money, A will hare $280 more than B ; but if B 
should receive $180 from C, B and C would have equal 
amounts. How much has each ? 

4. Three persons purchased sugar, coffee, and tea at the 
same rates. A paid $ 4.20 for 7 pounds of sugar, 6 pounds of 
coffee, and 3 pounds of tea ; B paid $ 3.40 for 9 pounds of 
sugar, 4 pounds of coffee, and 2 pounds of tea ; C paid $ 3.25 
for 5 pounds of sugar, 2 pounds of coffee, and 3 pounds of tea. 
What was the price of each per pound ? 

6. Divide 125 into four such parts that, if the first be 
increased by 4, the second diminished by 4, the third multi- 
plied by 4, and the fourth divided by 4, the sum, product, 
difference, and quotient will all be equal. 

6. A and B can perform a piece of work in 8 days ; A and 
C can do it in 9 days, and B and C in 10 days. In how many 
days can each do the same work alone ? 

7. A certain number is expressed by three digits whose 
sum is 10. The sum of the first and last digits is f of the 
second digit ; and, if 198 be subtracted from the number, the 
digits will be inverted. What is the number ? 

Let X = the first digit, or hundreds ; y, the second digit, or tens ; z, the 
third digit, or units. Then, 100 x + 10 y 4- « = the number. 

8. A farmer has 80 horses, cows, and sheep; \ of the 
number of horses, ^ of the sheep, and -J- the cows equal 19. 
If the number of horses and cows be subtracted from ^ the 
number of sheep, the remainder will be 10. How many 
animals of each kind has he ? 

9. A merchant found, on counting his cash, that he had 84 
pieces of silver, in dollars, half-dollars, and quarters, worth 
$ 42. He also found that ^ of his half-dollars and \ of his 
quarters were worth $ 6.50. How many pieces of each kind 
had he? 
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10. A, B^ and C were discussing their ag^s. A said: '<If 
you add to twice my age, once B's, the sum will be 20 years 
more than C's. If you take ^ of my age and twice B's, the sum 
will be 20 years less than C's. But the sum of my age and C's 
is equal to 6 times as much as B's." What were their ages ? 

11. A jeweler has a fine gold watch, a plain gold one, and 
an open face one, and one gold chain. If he puts the chain on 
the fine watch, that watch and chain will be worth $ 40 more 
than both the other watches. If he puts the chain on the plain 
watch, that watch and chain will be worth f 20 more than 
twice the value of the open face watch. If the chain is placed 
on the open face watch, the value of that watch and chain will 
be \ of that of the fine watch and \ of the plain watch. Find 
the value of each watch and of the chain, if they all cost $ 400. 

12. Bought 8 horses, a number of cows, and 100 sheep 
for f 2500. The number of cows was equal numerically to 
4 times the price of a sheep, and a sheep and a horse cost $ 5 
less than ^ the cost of all the cows. Find the cost of a horse, 
and a sheep, and the number of cows, if a cow cost $ 40. 

13. Three boys. A, B, and C, had each a bag of nuts. Each 
boy gave to each of the others \ of the number of nuts he had 
in his bag. They then counted their nuts, and A had 740, B 
580, and C 380. How many had each at first ? 

14. There are two fractions which have the same denom- 
inator. If 1 be subtracted from the numerator of the smaller, 
its value will be -J of the larger fraction ; but if 1 be subtracted 
from the numerator of the larger, its value will be twice that 
of the smaller. The difi'erence between the fractions is -J. 
What are the fractions ? 

15. A man divided a sum of money amongst his four sons, 
so that the share of the eldest was ^ of the shares of the other 
three, the share of the second \ of the shares of the other 
three, and the share of the third \ of the shares of the 
other three. The eldest had $14 more than the youngest. 
What was the share of each ? 
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16. A farmer found that the number of his sheep was 26 
more than the number of his cows and horses together ; that 
^ of the number of sheep was equal to the number of horses 
together with -\ of his cows ; and that ^ of his cows, ^ of his 
horses, and ^ of his sheep amounted to 12. How many had he 
of each ? 

17. There are three purses such that if $20 be taken out of 
. the first and put into the second, the second will contain 4 

times as much as remains in the first ; if $ 60 be taken from 
the second and put into the third, the third will contain 1| 
times as much as remains in the second; if $40 be taken from 
the third and put into the first, the third will contain 2^ times 
as much as the first. How much is there in each purse ? 

18. Three men, A, B, and C, jointly purchased a quantity 
of lumber which cost $900. One half of what A paid added to 
J of what B paid and ^ of what C paid, will make $ 279 ; and 
the sum that A paid increased by f of what B paid, and 
diminished by ^ of what C paid, will make $ 320. How much 
did each pay ? 

19. Find three numbers such that -J- the first, -J the second, 
and \ the third, together make 115 ; ^ the first, \ the second, 
and I the third, together make 86 ; and \ the first, ^ the sec- 
ond, and ^ the third, together make 69. 

20. A gives to B and C as much as each of them has ; B 
gives to A and C as much as each of them then has; and C 
gives to A and B as much as each of them then has, after 
which each has $8. How much had each at first ? 

21. If B should give A $350 of his money, A would have 
twice as much as B would have left ; if C should give B $ 700, 
C would have left ^ as much money as B would then have ; if 
A should give C $210, C would then have 5 times as much as 
A would have remaining. How much money has each ? 

« For graphic representation of equations see p. 876 et seq. 
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196. 1. How many times is a used as a factor in producing 
a*? a«? a*? a*? a«? a"? 

2. How many times is a quantity used as a factor in pro- 
ducing the second power? The third power? The fourth 
power ? The^^A power ? The nth power ? 

3. What sign has the second power of -h a ? The third 
power ? The fourth power ? Any power ? 

4. What sign has the second power of —a? The third 
power? The fourth power? The fifth power? The sixth 
power ? 

6. Which powers of a negative quantity are positive f 
Which are negative f 

6. What is the third power of a' ? How many times is a' 
used as a factor ? 

7. What is the fourth power oi a?? Of a* ? Of a* ? 

8. What is the fifth power of a« ? Of a* ? Of a* ? 

9. How is the exponent of a power of a quantity deter- 
mined ? 

10. What is the mth power of a" ? 

196. Exponent (Art. 17). Power (Art. 18). Names of Fowen 
(Art. 18). 

197. Involution is the process of finding a power of a 
quantity. 

IM 
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198. PBiirGiPLES. — 1. AU' powers of a po8itive quantity are 
positive, 

2. All even powers of a negative quantity are positive, and aU 
odd powers are negative. 

3. The exponent of a power of a quantity is equal to the expo^ 
nent of the quantity multiplied by the exponent of the pouter to 
which the quantity is to be raised, 

199. Involution of monomialB. 

1. What is the third power of ea'ft ? 

Solution. 
(6rt«6)» = 6tf»6 X Ca^ft x Ga^ft = 216(i«6» 

2. What is the fifth power of - 2aW ? 

Solution. 
(-2a2&«)»=-2a26«x -2tf«6«x -2a36«x -2a36»x -2a26«=:-82oiofti5 

Rule. — Raise the numericat coefficient to the required' power ; 
multiply the exponent of each literal quantity by the exponent of 
the power to which it is to be raised, and prefix the proper aign 
to the result. 

Find the values of the following : 



3. 


(6a^y)«. 


12. 


{2a^^y. 


21. (-2ay)*. 


4. 


(-4aW)». 


13. 


(-5a»fec»)«. 


22. {2aicyy. 


5. 


(-3a6«)«. 


14. 


(a'Vd^y. 


23. (xiYz'^y. 


6. 


(-3c2(P)». 


16. 


(-4a%V)*. 


24. (ary^'sry. 


7. 


{2a7?fy. 


16. 


(2a«6V)». 


26. (a^z^'wry. 


8. 


(2a?y^)\ 


17. 


{2a^zy. 


26. (ay"2*»)«. 


9. 


(4.ab^y. 


18. 


(37^y. 


27. (— aJ*y'2;")". 


10. 


(^a'b'(fy. 


19. 


(^4.a'zh/y, 


28. (^a*6*c»cP')*' 


11. 


(«4a«6V)*. 


20. 


(2aj»yV)'. 


29. (a»5Vcr-«)''-» 
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30. What is the third power of ?^ ? 

PROCESS. 

\Sa%) 3a^h ^a'h 3a% 27 a W 

Explanation. — In raising a fraction to a power, both numerator and 
denominator must be raised to the required power. 

Raise to the required power : 



32. 



33. 






34. (^\ 38. {^^\ 42. {^^^^ 

\ja?y) \^^) \aff^J 

200. Involntioii of polynomiaDB. 



(^+ 


2/)2 = x2 + 2a^ + y2 


(Art. 73) 


c^- 


j/)2=a;2_2xy4-!/2 


(Art. 76) 


(« + y- 


«)2 = 0:24. 2,24. 22 + 2xy- 


-2x2J-2y« (Art. 81) 


Raise to the required power : 


i 


1. (2a-\-h)\ 


7. (2a^-2/)l 


13. (a + ft + c-d)'. 


2. (3a-2c)2. 


8. (3aj2 + 2y)2. 


14. (2a!-3y+2«)«. 


3. (2a + 3&)2. 


9. (3aj2-3t/«)^ 


15. (a^-t/»+2a^)'. 


4. (4a-26)«. 


10. (4i»2^5yy 


16. (a^+2y+3«»)». 


5. (3a + 4c)l 


11. (50^-3^0^. 


17. (2a! + 3jr'-2')'. 


6. (5a --40)*. 


12. (3a» + 6y«)l 


18. (2ar'-33r'-2«»^». 
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Quantities may be raised to higher powers by multiplication. 
The quantity must be used as many times as a factor as there 
are units in the index of the required power. 

Eaise to the required power : 



19. 


(=^+yy- 


24. 


(26 + c)^ 


29. 


(2^-3f)». 


20. 


(a -by. 


26. 


{2 a -by. 


30. 


(3a? + 2fy. 


21. 


(a+by. 


26. 


{3a + by. 


31. 


(4a!» + 3y)«. 


22. 


ix+yy. 


27. 


{^x-yy. 


32. 


(5<»?-2f)». 


23. 


(a-c)'. 


28. 


{5x + zy. 


33. 


{is^-2f)\ 



201. Inyolntion of binomials by the Binomial Theorem. 
I (a + 6)« = a8 + 3a%-1.3a6* + 6». 

(a 4- by =^ a* + 5a*6 + lOaW + lOa^^ + 5a6* + 6». 
(a-6)« = a2-2a6 + y». 

(a - by = a* - 4a»6 + 6aV - 4a6» + b\ 

(a - by = a* - 5a*b + lOaW - lOa^' + 5a&* - 6*. 

Examine carefully the above powers of (a + b) and (a — 6). 

1. How does tbe number of terms in any power of these 
binomials compare with the exponent of the power ? 

2. In what terms of any power of these binomials is the 
first letter of the binomial found ? 

3. In what terms of any power of these binomials is the 
second letter of the binomial found ? 

4. What is the exponent of the first letter of the binomials 
in the first term of any power of the binomials ? In the sec- 
ond ? In the third, etc. ? 
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5. What is the exponent of the second letter of the 
binomials in the second term of any power of the binomials ? 
In the third term ? In the fourth term, etc. ? 

6. What is the coefficient of the first and the last terms in 
any power of the binomials ? 

7. How does the coefficient of the second term of the 
power compare with the exponent of the power to which the 
binomial is to be raised ? 

8. If the coefficient of the second term of the power is mul- 
tiplied by the exponent of the first quantity in that term, and 
the result divided by the number of the term, or by the expo- 
nent of the second quantity in that term increased by 1, what 
is the result ? Of what term is it the coefficient ? 

9. If the same thing is done to the coefficient of each suc- 
ceeding term of the power, what coefficient is obtained ? 

10. What are the signs of the terms in all the powers of 
(a + 6)? 

11. What terms are positive and what are negative in any 
power of (a — 6) ? 

202. Principles. — 1. The number of terms in a positive inte- 
gral power of any binomial is one more than the exponent of the 
required power, 

2. The letter of the first term of the binomial is found in oM 
the terms of the power except the last; the letter , of the second 
term in all the terms of the power except the first; both letters 
are found in all the terms of the power except the first and last, 

3. The exponent of the first term of the binomial in the first 
term of the power is the same as the index of the required 
power, and decreases by 1 in each term at the right. The 
exponent of the second term of the binomial is 1 in the second 
term of the power, and increases by 1 in each term at the right. 

4. The coefficient of the first term of the power is 1. The coeffi- 
cient of the second term is the same as the index of the required 
power. 
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5. The coefficient of any term of the power, mtdtiplied by the 
exponent of the first letter in that term, and the result divided by 
the number of the term, or by the exponent of the second letter 
increased by 1, will be the coefficient of the next term, 

6. If both terms of the binomial are positive, all the terms of 
any power of the binomial will be positive. 

7. If the second term of the binomial is negative, all the odd 
terms of any power counting from the left will be positive, and 
all the even terms will be negative. 

The sum of the exponents in any term is always equal to the exponent 
of the required power. 



1. Find the fifth power of {x — y) by the binomial theorem. 

Solution. 

Letters, x xy xy xy xy y 

Letters and exponents, ac^ ac*y m^ x^ xy* y^ 

Coefficients, 16 10 10 6 1 

- + - + - 



Combined, 


«f-6a:«y + 10a«v«- 


103^ + 6xy*-tfi 


Expand : 










2.'{x + yy. 


12. 


(l+a)« 


22. 


(a-ey. 


3. {a -by. 


13. 


(l-ay. 


23. 


{x-yy. 


4. (a + cy. 


14. 


(x + ay. 


24. 


(x + vr. 


6. (a + xy. 


15. 


(x+by. 


26. 


(x+iy. 


6. (a-xy. 


16. 


(x-cy. 


26. 


{x-iy. 


7. {a + by. 


17. 


(a'-y)*- 


27. 


(1 + ay. 


8. ix-yy. 


18. 


(a + by. 


28. 


(l-ay. 


». {b + ey. 


19. 


(a-c)». 


29. 


(x + aoy. 


10. (a! + l)». 


20. 


(a-xy. 


30. 


(x + bcy. 


U. (a!-l)». 


21. 


(a + xy. 


81. 


{x — ac)*. 
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When the terms of the binomial have coefficients, the bi- 
nomial may be expanded as follows : 

32. Find the third power of 2a^ — 3&. 

Solution. 
Let 2 a^ = X and 3 & = y 

Then, 2a«-36 = a;-y 

(x-yy = 3fi- 3a;2y+ 3a^2 - / 
Restoring 2 a^ for X, Scfi 4 a* 2a^ 

Restoring 3 6 for y, 36 962 27 6» 

Coefficients, 13 3 1 

+ - + - 



Products, 8a« - 36a*6 + ^d^b^ - 27 6« 

Expand the following: 



33. 


(a + 2&)». 


37. 


(3a + 2c)*. 


41. 


(4a»-c)«. 


34. 


(3a -by. 


38. 


{2a* -cy. 


42. 


(3o» + 4c»)». 


36. 


(2a + 36)'. 


39. 


(2a + c»)«. 


43. 


(3a!»-6c»V. 


36. 


(3a-3c)». 


40. 


(3«« + 2y»)«. 


44. 


(5o« + 4c«)^ 



45. Expand (a + 6 — c)«. 

Solution. 

(a + 6 — c)' = [(a + 6) — c]^, a binomial form, 
[(a + 6)- cy=ia + 6)8 - 3 (a + b)^ + 3 (a + 6) c^ - c» 

=a8+3a26+3a62+68-3(aH2a6+62)c+3ac2+36c2-c8 
=a8+3a26+3o62+68-3a2c_6a6c-362c+3ac2+36c2-c8 

46. Expand (a + 6 -f- c — d)». 

Suggestion. — (a + 6 + c — d)8=[(a + 6) + (c —(I)]', a binomial form. 

Expand : 

47. (x — y + zy. 60. (a — b — c — dy. 

48. («-2/-2)*. 51. (a + 6-c-hcr)^ 

49. (a + 6-c)». 62. (1 + » - 3^ - »)». 
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908. The following method of expanding binomials whose 
terms have coefficients will be found of great value. 

1. Find the third power of 5a + 46. 

PROCESS. 

(5a + 4 6)» = 125 a« + 800 a«6 + 240a6a + 646* 

(6 0)8 = 126 a», the first term. 
125 X 4 X 3 



5 
800x4x2 

5x2 
240x4x1 

5x3 



= 800, the coefficient of the second term. 
= 240, the coefficient of the third term. 
= 64, the coefficient of the fourth term. 



Explanation. — The first term is the cube of 5 a or 125 a*. 

Since the second term of the power contains the second power of the 
first term of the binomial multiplied by the second term of the binomial, 
the coefficient of the second term of the power has as two of its factors 
the second power of 6, the coethcient of the first term of the binomial, and 
4, the coefficient of the second term. To save computations, the second 
power of the coefficient of the first term of the binomial is obtained by 
dividing the coefficient of the third power of that quantity by the coeffi- 
cient of the quantity. Therefore, J^ x 4 are two of the factors of the 
coefficient of the second term of the jwwer. 

When the coefficients of the terms of a binomial are each 1, the coeffi- 
cient of each succeeding term of the power is obtained from the preceding 
term by multiplying the coefficient of that term by the exponent of the 
first quantity in that term and then dividing the product by the exponent 
of the second quantity increased by 1. Consequently, to obtain the entire 

coefficient of the second term of the power, the expression — -^ must 

5 

be multiplied by 3, the exponent of the first quantity, and divided by 

1, the exponent of the second quantity increased by 1. (The exponent 

of the second quantity in the first term is 0.) Indicating the operations, 

the second coefficient is equal to ^^^ x ^ x ^ or 300. 

5x1 
The coefficients of the succeeding terms are found in the same manner, 
and the method of finding the coefficients may be seen to be expressed 
by the following general rule : 

Rule. — The first term of the power is the power of the first 

term of the binomial corresponding to the exponent of the binomial. 

The coefficient of any term may be found from the preceding 
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term by dividing the coefficient of the preceding term by the coeffi- 
cient of the first term of the binomial and then multiplying the 
quotient by the coefficient of the second term of the binomial and 
by the exponent of the first quantity in that term, and dividing the 
product by the exponent of the second quantity increased by 1, 

1. Since the number of terms in a power of a binomial is one more 
than the exponent of the power to which it is to be raised, the exponent 
of the first quantity in any term of a power is equal to the number of 
terms that term is from the last.* 

2. For the same reason the exponent of the second quantity in any 
term is equal to the number of terms that term is from the first. 

3. The laws of letters, signs, and exponents are the same as have been 
learned heretofore. 

2. Find the fourth power of 2 a -|- 36. 

Solution. 

(2 ay = 16 a*, the first term. 

16 X 8 X 4 

= 96, the coefficient of the second term, and the second term 

2 is96a86. 

^^ ^^ ^ = 216, the coefficient of the third term, and the third term 
2^2 is216a262. 

Q1 A V ^ X 2 

= 216, the coefficient of the fourth term, and the fourth term 
2^^ is216a68. 

^^^^ ^.^ ^ = 81» the coefficient of the fifth term, and the fifth term 
.-. (2 a + 3 6)*= 16 a* + 96 a^b + 216 a^b^ + 216 a6» 4- 81 6*. 
Expand the following : 

3. (2a + Scy, 8. (4a + 3aj)«. 13. (2aj + 6)*. 

4. (2a-46)«. 9. (3a -5a;)*. 14. ("a + A-Y. 

5. {3a + 2xy. 10. (7a-.4cV. ^^ (l-fI)^ 
e'. (2a-5a?)^ 11. (6a + 5xy. ig. (f + fc)*. 
7. (5a + 3c)*. 12. (3aj-l)«. 17. (a^'\-2<^y. 
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204. 1. What are the two equal factors of 16 ? 36 ? 49 ? 
81? 121? 

2. What is one of the two equal factors of a', or what is 
the second root of a« ? 4a'? 16 a'? 25a*? 36a*? 

3. What is one of the three equal factors of a', or what is 
the third root of a« ? 8a»? 27 a«? 8a«? 64a«? 

4. What sign has the second power of + 2 ? The third 
power ? The fourth power ? The fifth power ? Any power? 

5. What sign has the second power of —2? The third 
power? The fourth power? The fifth power? The sixth 
power? 

6. What powers of a positive quantity are positive? 
What powers of a negative quantity are positive? What 
powers of a negative quantity are negative ? 

7. Since a power which has the negative sign is the prod- 
uct of an odd number of equal negative factors, what is the 
sign of an odd root of a negative quantity ? 

S. What is the sign of an odd root of a positive quantity? 

9. Since a power having the plus sign may be the product 
of an even number of either positive or negative factors, what 
is the sign of an even root of a positive quantity ? 

10. What quantity used twice as a factor will give a prod- 
uct with the negative sign ? What quantity used four times 
as a factor ? What quantity used six times as a factor ? 

176 
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11. What may be said, then, regarding the sign of an even 
root of a negative quantity ? 

206. Evolution is the process of finding a root of a quantity. 

206. An Imaginary Qu antity is an indicated even root of a 
negative quantity ; as V— 4, V— a. 

All other quantities are called Beat Quantities; as V25, V3, 
a*, 4. 

207. Principles. — 1. An odd root of a quantity has the 
same sign as the quantity itself. 

2. An even root of a positive quantity is either positive or 

negative. 

208. Evolution of any monomiaL 

1. What is the square root of 25ajy ? 

PROCESS. Explanation. — Since, in squaring a monomial, 

' we square the coefficient and multiply the expo- 

V25ccV = ± 5a?y nents of the letters by 2, to extract the square 
root we must extract the square root of the co- 
efficient and divide the exponents of the letters by 2. 

Since the even root of a positive quantity is either positive dr negative 
(Prin. 2), the sign of the root is either plus or minus. Hence, the square 
root of tiie quantity is ± 5 7^y^. 

Rule. — Extract the required root of the numerical coefficient; 
divide the exponent of each letter by the index of the root sought^ 
and prefix the proper sign to the result. 

The root of a fraction is found by taking the root of the numerator 
and of the denominator. 

If the root of a number is not readily discovered^ it may be separated 
into its prime factors, and the factors grouped into as many equal sets 
as are required by the root sought. The product of one set of the factors 
will be the root. 

Thus, to find the fourth root of 1296, the number is separated into its 
prime factors, 2, 2, 2, 2, 3, 3, 3, 3, and 2 x 3, or 6 is its fourth root. 

Find the values of the following : 

2. Vl6a«6V. 4. V4a*cV. 

' 8. \/-8a»6V. 6. •\/27aY«'- 
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6. -MeoW?. 

8. AZ-aVa!^. 



16. 






27/ 



»| 12daV 

• \2J 



9. Vo^^^^y*. 

10. -VaWf?. 

11. </¥f^^. 

12. -v^lGaV^- 
18. VaVj^. 



18. 



19 



rf216ay 



81a?«» 



V2893/V 
si 270^ 

20. \/^V^. 

21. -VaFy^V^. 



14. Va**^**^^. 
16. 



1 16? 
\25/ 



22. Va^aj**^*"^**. 

23. •v/332^?^^. 



209. To extract the square root of a polynomial. 

1. Since a' + 2a5 + 6* is the square of (a + 6), what is the 
square root of a* + 2a5 + 6^ ? 

2. How may the first term of the square root be found from 
a« + 2a6-h&'? 

8. How may the second term of the square root be found 
from 2ab, the second term of the power ? 

4. What are the factors of 2 06 + 6* ? 

6. Since 2 06 -h 6* is equal to b{2a + b), what are the factors 
of the last two terms of the square of a binomial ? 

6. By what quantity, then, must the last two terms of 
a^ + 2a^ + V be divided so that the quotient may be the 
second term of the square root ? 

▲LOSBBA. — 12. 

\ 
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BXAMPIiES. 



1. Find the square root o£ a^ -\- 2 ab + V. 



PBOCESS. 



Trial divisor, 2 a 
Complete divisor, 2a + b 



2ab'hb^ 
2a6-f62 



Explanation. — The quantities are arranged according to the descend- 
ing powers of a. 

Since the first term of the quantity is a^, its square root a is the first term 
of the root sought. Subtracting a^ from the quantity, there is a remainder 
of 2 a6 + 62. 

Since the first term of the remainder is 2 ab, if it is divided by 2 a, the 
quotient b will be the second term of the root. 2 a, or twice the root found 
is called the trial divisor. The complete divisor, or the divisor which 
multiplied by b will produce the remainder 2ab + b% is, therefore, 2 a 4- 6. 
It is formed by adding to the trial divisor the second term of the root. 
Multiplying by b and subtracting, there is no remainder. 

Therefore a + & is the square root of the quantity. 

Since, in squaring a + b + c, a + b may be represented by x, 
and the square of the quantity by ic^ + 2a5c4-c^, it is obvious 
that the square root of a quantity, whose root consists of 
more than two terms, may be extracted in the same way as in 
example 1, by considering the terms already found as one term. 

2. Find the square root of aJ* + 4 a?* — 6 ar* — 20 oj -«- 25. 

, PROCESS. 

a?* -I- 4aj8 - 6aj* - 20aj + 25 \ a^ + 2x-5 



2g^ + 2a? I 4a?«- ^o? 
4ar»4- 4a^ 



2^-f^_4a--5_J - 10 a^ - 20 a? -h 25 
- 10^^ — 20 a; 4- 25 

Explanation. — By proceeding as in the previous example, the first 
two terms of the root are found to be x^ 4 2 x. 
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To find tho next tenn of the root^ we consider 2^ + 2 as as one quantityy 
whicli we muJiipiy by 2 for the trial divisur. Dividing the tirst term of 
the remainder oy the first term of the divisor, the third term of the root 
is obtained, which is — 5. Annexing this, as before, to the trial divisor 
abeady found, the entire divisor is2a^ + 4a5 — 6. This multiplied by — 6, 
and the product subtracted from — 10 a;^ — 2005 + 25, leaves no remainder. 

Hence, the square root of the quantity is as^ -H 2 x — 6. 

EuLE. — Arrange the terms of the polynomial with reference 
to the consecutive powers of some letter. 

Eoctract the square root of the first term, write the result as 
the first term of the root, and suMract its square from the given 
polynomial. 

Divide the first term of the remainder by twice the root already 
found, as a trial divisor, and the quotient wiU be the next term 
of the root Write this result in the root, and annex U to the 
trial divisor, to form a complete divisor. 

Multiply the complete divisor by this term of the root, and 
subtract the prodvxstfrom the first remainder. 

Continue in this manner untU aU the terms of the root are 
found. 

Find the square root of 

3. iB»+4a? + 4. 6. a^ + ab + \V. 

4. 6« + 26a; + aj». 7. 9a»-12a6 + 46«. 

6. 4aj»-f4a?4- 1. 8. a' + 2a6 + y-2a«-2&cH-c». 

9. 4a?*-12aj^ + 13»*-6aj + l. 

10. 4a* + 4a? — 7a* — 4a + 4. 

11. a:* — 4aj» + 10a?* — 12aj»H-9aj". 

12. 16a*-24a«» + 49aW-30aaj» + 25**. 

13. a^ + V + (f^2ab-2ac + 2bc. 

14. 40aj^-12aj» + 9a?*-24a? + 36. 

16. 4a^ + 5aJ* + 12aj»-5aj*-10aj» + 2aj + l. 

16. 49a^-28{r8_i73j2^ea.^.|. 

17. 9a«4-6ckJ + c«4-l-2c-6a. 
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18. 4m*4-9ir* — 12maj + 8m — 12aj + 4. 

19. a« 4- ft' -12ac + 126c- 205 + 360*. 

20. a*"-2a*y4-6*4-2a-c*'-2yc*' + d*'. 

21. l-a + ^ + ^-^ + ^'. 

4 3 3 9 

22. m«-2m* — m* + 3m' + 2m + l. 

23. a^ + a^ + ia^ + ia + ^. 

24. <^-2c« + f -| + ^. 

''• I + ^ + ^'^ + l-^- 
26. Find four terms of the square root of 1 + «. 
Solution. 



1+ 
1 


x\l+\x-ia? + ^a? 




i^ 


2 + ia! 


X 

x + 


2 + x-^x' 





2 + x^ix^-{-^a^\ +ia^-^a^ 

Find the square root of the following to three terms : 

27. 1 — a. 30. a* 4- 6. 33. 4a^ — 1. 

28. l-2a. 31. 4-h3a. 34. 1-22^. 

29. a«-26. 32. 4a* + 3. 35. a* + |6. 

SQUARE ROOT OF NUMBERS. 

1« = 1 10« = 100 1002 = 10000 

9* = 81 99* =9801 999* = 998001 

210. 1. How many figures are required to express the 
square of any number of units? 
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2. How does the number of figures required to express the 
second power of any number of tens compare with the number 
of figures expressing the tens? How does the number of 
figures expressing the second power of hundreds compare with 
the number of figures expressing hundreds ? 

3. If the second power of a number is expressed by 3 
figures, how many orders of units are there in the number? 
If by 4, how many? By 5? By 7? 

4. How, therefore, may the number of figures in the square 
root of any number be found ? 

211. Principles. — 1. Tlie square of a number is expressed 
by twice as many figures as is the number itself, or by one less 
than twice as many, 

2. Tlie orders of units in the square root of a number corre- 
spond to the number of periods of two figures each into which the 
number can be separated, beginning at units. 

212. If the tens of a number are represented by t and the 
units by u, the square of a number consisting of tens and units 
will be the square of {t + u) or ^ -f- 2ttt -f u\ 

Thus, 36 = 3 tens plus 6, or 30+6, and 362=30a+2(30x6)+6«=1226. 
BXAMFIiBS. 

1. What is the square root of 1226? 

Explanation. — According to Prin, 
2, Art. 211, the orders of units in the 
square root of a number may be de- 
termined by separating the number 
into periods of two figures each, be- 
ginning at units. Separating 1226 
thus, there are found to be two orders 
of units in the root, — that is, it is 
composed of tens and units. Since 
the square of tens is hundreds, and 
the hundreds of the power are less than 16 or 4^, and more than 9 or 3^, the 
tens' figure of the root must be 3. 3 tens, or 30 squared, is 900, and 900 
subtracted from 1226 leaves 326, which is equal to 2 times the tens x the 
units + the units >. 



FIB8T 


PROCESS. 




12-25 130 + 5 


e 


900 




326 


2t =60 




u =5 




2< + M = 66 


326 
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Since two times the tens multiplied by the units is much greater than 
the square of the units, 325 is nearly 2 times the tens multiplied by the 
units. Therefore, if 326 is divided by 2 times the tens, or 60, the quotient 
wiU be approximately the units of the root. Dividing by 60, the tricU 
divisor, the units are found to be 5. And since the complete divisor is 
found by adding the units to twice the tens, the complete divisor is 
60 + 5, or 66. This multiplied by 5 gives as a product 825, which, sub- 
tracted from 826, leaves no remainder. Therefore, the square root of 1226 
is 36. 



SECOND PBOGESS. 





12-26 136 


e = 


9 


2t =60 


326 


W =5 




2< + w = 65 


325 



Explanation. — In practice it is usual 
to place the figures of the same order in 
a column, and to disregard the ciphers 
on the right of the products. 



Since any number may be regarded as composed of tens and 
units, the processes given above have a general application. 

Thus, 826 = 32 tens + 5 units; 4686 = 468 tens + 6 units. 

2. Find the square root of 137641. 

Solution. 

13-76-41 L371 

_9 

Trial divisor = 2 x 80 = 60 476 
Complete divisor = 60 + 7 = ^7 469 

Trial divisor = 2 x 870 = 740 741 

Complete divisor = 740 + 1 = 741 741 

Rule. — Separate the number into periods of two figures each, 
beginning at units. 

Find the greatest square in the left-hand period^ and write its 
root for the first figure of the required root 

Square this root, subtract the result from the left-hand period, 
and annex to the remainder the next period for a new dividend. 

Double the root already found, with a cipher annexed, for a 
trial divisor, and by it divide the dividend. The quotient, or 
quotient diminished, will be the second figure of the root Add 
to the trial divisor the figure last found, multiply this complete 
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divisor by the figure of the root founds 9ubtra/ct the product from 
the dividend^ and to the remainder annex the next period for tAe 
next dividend. 

Proceed in this manner until all the periods have been used 
thus. The resuU wiU be the square root sought. 

1. When the number is not a perfect square, annex periods of decimal 
ciphers and continue the process. 

2. Decimals are pointed off into periods of two figures each, by begin- 
ning with tenths and passing to the right. 

3. The square root of a common fraction may be found by extracting 
the square root of both numerator ahd d^ominator separately, or by 
reducing it to a decimal and then extracting its root. 

Extract the square root of the following : 



S. 2809. 




12. 


70756. 




21. 


938961. 


4. 3969. 




13. 


118336. 




22. 


6876776. 


6. 4356. 




14. 


674041. 




23. 


12574116. 


6. 9216. 




16. 


784996. 




24. 


30868026. 


7. 2209. 




16. 


776161. 




26. 


1.338649. 


8. 1681. 




17. 


107684. 




26. 


.000729. 


9. 66636. 




18. 


234.09. 




27. 


1034.2656. 


10. 64289. 




19. 


17.3066. 




28. 


29636.6225. 


11. 42849. 




20. 


576.4801. 




29. 


.00720801. 


Find the 


square 


root to four decimal pi 


laces 


: 


30. 6. 


34. 


7.2 


38. 


f 




42. '|. 


31. 11. 


35. 


5.3. 


39. 


1- 




43. f. 


32. 13. 


36. 


.07. 


40. 


*• 




44. A- 


83. 16. 


37. 


.007. 


41. 


A- 




46. \i. 


213. To extract the onhe root of a polynomial 




1. What 


is the cube of (o + 6) ? 








2. Since 


a« + 3a«6 + 3a&» + 6« is 


the cube of (a + 6), what 



is the cube root of a^ -h 3a»6 -f Sab^ + &"? 
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3. How may the first term of the root be found from cf + 

4. How may the second term of the root be found from the 
second term of the power, 3a*6? 

6. What are the factors of 3 a^fe + 3 a6« + ^ ? 

6. Since 3a% + 3a5'+ 6» is equal to 6(3 a^ + 3a6 + V^), 
what are the factors of the last three terms of the cube of a 
binomial ? 

7. By what quantity, then, must the last three terms of 
a* + 3a^6 + 3a62 + 6^ be divided so that the quotient maybe 
the second term of the cube root ? 

EXAMPIiES. 

1 Find the cube root of a» + 3a*6 + 3a6* + &*. 

PBOGESS. 

a« + 3a^6 + 3ay + 6» | a-\-h 



Trial divisor, 3 a* I 3 a% + 3 at^ -}- ¥ 

Complete divisor, 3 a^ + 3 a6 + ^ | 3 a% + 3 aft^ + 6« 

Explanation. — Since, if the quantity is a cube, one of the terms is a 
cube, the first term of the root is the cube root of a^, which is a. Sub- 
tracting a from the entire quantity, there is left Sa^d + ZaV^ + h^. 

Since the second term of the root can be obtained from the first term 
of the remainder, by dividing it by three times the square of the root 
already found, the second term of the root of the quantity will be found 
by dividing Za^h by So^, the trial divisor, which gives b for the second 
term of the root. And since the last three terms of the cube of a bino- 
mial consist of the product of the second term of the root with 3 times 
the square of the first, 3 times the product of the first and second, 
and the square of the second, Sa^-^Sab + b^, is the entire quantity, or 
complete divisor, which is to be multiplied by b. 

Multiplying by 6, and subtracting, there is no remainder. Therefore, 
a + 6 is the cube root of cfi + Za^b + Zab^ + b^. # 

Since, in cubing a'\'h-\-c, a + 6 may be expressed by x, its 
cube will be a5* + 3a^c + 3ajc^ + c^. Hence, it is obvious that 
the cube root of a quantity, whose root consists of more than 
two termSf may be extracted in the same way as in example 1, 
by considering the terms already found as one term. 
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2. Find the cube root of 0^ — 305* + 6a:^ — 3« — l. 

PROCESS. 

a^-.3aj» + 5a5»-3a-l | a?«-g- l 

^ 

Trial divisor, 3a^ 



Complete divisor, 3a?* — 3a^ + a^ 



-3g» + 3a?*-g» 



Trial divisor, 3a?* — 6aj« + 3aj* 

Complete divisor, 3aj* — 6a^ + 3a + l 



-3a?* + 6a?»-3aj-l 
-3a?* + 6g» — 3a?--l 



Explanation. — The first two terms are found in the same manner as 
in the previous example. In finding the next term, os^ — as is considered 
as one quantity, which we square and multiply by 3. for a trial divisor. 
Dividing the remainder by this trial divisor, the next term of the root is 
found to be — 1. Adding to this trial divisor 3 times (a^ — «), multiplied 
by — 1 and the square of — 1, we obtain the complete divisor. This, 
multiplied by — 1, and subtracted from — 3a;* + 6a^ — 3a5 — 1, leaves 
no remainder. Hence, the cube root of the quantity is o^ ~ as * 1. 

Rule. — Arrange the polynomial with reference to the consecu- 
tive powers of some letter. 

Extract the cube root of the first term, write the restdt as the 
first term of the root, and subtract its cube from the given 
polynomial. 

Divide the first term of the remainder by 3 times the square of 
the root already found, oa a trial divisor, and the quotient will be 
the next term of the root. 

Add to this trial divisor 3 times the product of the first and 
second terms of the root, and the square of the second term. The 
result will be the complete divisor. 

Multiply the complete divisor by the last term of the root found, 
and subtract this product from the dividend. Continue in this 
manner untU all the terms of the root are found. 

Each succeeding term of the root may be obtained by dividing the first 
term of each successive remainder by 3 times the square of the first term 
of the root 

Find the cube root of : 

3. a^'\-6xh/ + 12xy' + Sf. 6. 8aj«-36a?« + 54a;-27. 

4. 27a» + 27a« + 9a + l. 6. 27a?»+108aj«4-144« + 64. 
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7. a» + 3a + -H--.- 

a a* 

8. a»- 12a* -I- 48a -64 

9. 8a« + 12a« + 6a-|-l. 

10. 27a^-54aj*-H63a?*-44aj» + 21a5»-6a? + l. 

11. 8m« + 36m* + 66m* + 63m« + 33m« + 9m + l. 

12. l-3a + 6a2-7a8-h6a*-3a* + a«. 

13. m8-3m« + 5--^--3L. 

nr mr 

14. aj»- Sa^y-f 4- Sz* + 6ah - 12a?y2 + 6fz+ 12a»*- 12^2;* 
+ 3ajy«. 

16. 8a»-84a»6 + 294a6»-343y. 

16. y»-63^ + 21y*-44y« + 633^-54y-|-27. 

17. l-9a + 39a2-99a» + 156a*--144a'^ + 64a«. 

18. 66c* + l-63c8-9cH-8c«-36c« + 33A 

19. a« + 3a* + 6a« + 7 + 4 + 4 + -«- 

or a* or 

20. a^-12a?*y + 60a?y-192ajy* + 240ajy-160ajy + 64/. 

214. To extract any root of a polynomial. 

To find a formula for obtaining the complete divisor in 
extracting the fourth, fifth, sixth, or any required root of a 
polynomial, raise (a + b) to the required power, and separate 
all the terms after the first into two factors, one of which shall 
be the first power of the second term of the root. The other 
factor will be the formula for the complete divisor. Thus, 

(a + b)^ = a^ + 5 a*6 + 10 a^b^ 4- 10 a^b^ + 6 a6* + b^- 
Trial divisor, 6 a*. 

Complete divisor, (6o* + lOa^ft + lOa'ja 4. 5^58 + 54). 
(a 4- by = a^ + 7 cfib + 21 a^b^ + 36 a*6» 4- 36 a»6* + 21 a'^b^ + 7 a6« + 6^. 
Trial divisor, 7 a°. 
Complete divisor, 

(7 a» + 21 0*6 + 36a*63 + 86a«6» + 21a«6* 4- 7 aft* + 6«). 
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Since the fourth power is the square of the second power, 
the sixth power the cube of the second power, etc., any root 
whose index is composed of the factors 2 or 3, or 2 and 3, may 
be found by extracting successively the roots corresponding 
to the factors of the index. 

Thus, the fourth root may be obtained by extracting the square root of 
the square root ; the sixth root, by extracting the cube root of the square 
root ; and the eighth root, by extracting the square root of the square root 
of the square root. 

1. Find the fourth root of 1 - 8a + 24a' - 32a« + 16a* 

2. Find the fifth root of x* -f 5aj* + lOa^ + lOa? + 5aj + 1. 

3. Find the sixth root of a;* 4- Car* + 15a?* -f 20ar* -|- 15aj« + 
6aj + l. 

4. Find the fourth root of a*-h8a«6-h24a'^62+32a&8+166* 
6. Find the fifth root of aj*-5ar*y+10arV*-10a^2r^-|-5ajy*-y*. 

6. Find the fifth root of a- - ^^ + 1^ ^10^^5^ 

. y y^ y" y" 

7. Find the sixth root ol c^4-16c*2;'-f-16cV-|- 6c2*-|-6A 

4-20cV + 2!«. 

OUBB BOOT OF NUMBERS. 

1« = 1 10»=:1000 100« = 1000000 

3« = 27 36* = 46656 361» = 47045881 

9» = 729 99« = 970299 999^ = 997002999 

215. 1. How many figures are required to express the cube 
of any number of units f 

2. How does the number of figures required to express the 
cube of any number of tens compare with the number of figures 
expressing the tens ? How does the number of figures ex- 
pressing the cube of any number of hundreds compare with 
the number of figures expressing hundreds ? 
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3. If^ then, the cube of a number is expressed by 4 figures, 
how many orders of units are there in the root ? If by 6 fig- 
ures, how many ? If by 6 figures, how many ? If by 8 figures, 
how many ? 

4. How may the number of figures in the cube root of a 
number be found ? 

216. Pbinciples. — 1. The cube of a number is expressed by 
three times as many figures as the number itself, or by one or 
two- less than three tim^s as many, 

2. The orders of units in the cube root of a number correspond 
to the nurnber of periods of three figures each into which the num- 
ber can be separated, beginning at units, 

217. If the tens of a number are represented by t and the 
units by u, the cube of a number consisting of tens and units 
will be the cube of {t-\-u) ot i^ + 3ihL -\r 3tu^ + uK 

Thus, 85 = 3 tens + 5 units, or 30 + 6, and 36» = 30» + 3(802 x 6) 

4- 8(80 + 62) +68 = 42876. 

EXAMPIilSS. 

1. What is the cube root of 1^24 ? 

FIBST PROCESS. 

13-824 )20-h4 
f = 8000 

Trial divisor, 3<* = 1200 
Stu= 240 
u« = 16 



Complete divisor, = 1456 | 5824 



5824 



Explanation. — According to Prin. 2, Art. 216, the orders of units 
may be determined by separating the number into periods of three figures 
each, beginning at units. Separating 13824 thus, there are found to be 
two orders of units in the root ; that is, it is composed of tens and units. . . 

Since the cube of tens is thousands, and the thousands of the power { 

are less than 27 or 8*, and more than 8 or 28, the tens figure of the root 
must be 2. 2 tens, or 20 cubed, is 8000, and 8000 subtracted from 13824 
leaves 6824, which is equal to three times the tens 2 x the units + 3 times 
the tens x the units 2 + the units •. 

Since three times the tens 2 is much greater than three times the tens x 
the units 2, 6824 is a little more than three times the tens 2 x the units. 
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If, then, 6824 is divided by 8 times Uie tens>, or 1200, the trial divisor, the 
quotient 4 will be the units of the root, provided proper allowance has 
been made for the additions necessary to obtain the complete divisor. 

Since the complete divisor is found by adding to 3 times the tens*, 
3 times the tens x the units and the units * (Art. 217), the complete 
divisor will be 1200 + 240 + 16, or 1466. This multiplied by 4 gives as a 
product, 6824, which, subtracted from 6824, leaves no remainder. There- 
fore, the cube root of 13824 is 24. 



SECOND PROCESS. 

13-824 I 24 



«•= ' 


8 


se = 1200 

3«u= 240 
«»= 16 


5824 


1456 


5824 



Explanation. — In practice it is usual 
to place figures of the same order in a 
column, and to disregard the ciphers on 
the right of the products. 



Since any number may be regarded as composed of tens and 
units, the processes given have a general application. 
Thus, 468 = 46 tens + 8 units ; 3829 = 382 tens + 9 units. 
2. What is the cube root of 48228544 ? 



Solution. 



Trial divisor = 3(30)« =2700 
3(30 X 6) = 640 
6^ = 36 
Complete divisor = 3276 

Trial divisor = 3(360)^= 388800 
3(360x4)= 4320 
42= 16 



48-228-644 | 864 
27 



Complete divisor 



21228 



19666 



1672644 



1672644 



Rule. — Separate the number into periods of three figures 
each, beginning at units. 

Find the greatest cube in the left-hand period^ and write Us 
root for the first figure of the required root Cube the rooty 
subtract tM result from the left-hand period, and annex to the 
remainder the next period for a dividend. 

Take 3 times the square of the root already found with a 
cipher annexed, for a trial divisor, and by it divide the dividend. 
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The quotient, or quotient diminisfied, mil be the second figure of 
the root. 

To this trial divisor add 3 times the product of the first part 
of the root with a cipher annexed, multiplied by the second part, 
and add also the square of the second part. Their sum vdU be 
the complete divisor. 

Multiply the complete divisor by the second part of the root, and 
subtract the product from the dividend, Coyitinue thus until all 
the figures of the root have been found, 

1. When there is a remainder after subtracting the last product, annex 
decimal ciphers and continue the process. 

2. Decimals are pointed off into periods of three figures each, by begin- 
ning at tenths and passing to the right. 

.3. The cube root of a common fraction may be found by extracting 
the cube root of both numerator and denominator separately, or by 
reducing it to a decimal and then extracting its root. 

4. A rule for the extraction of any root may be formed from thb 
general formulas, as is shown on page 188. 

Extract the cube root of the following : 



3. 


74088. 




8. 704969. 




18. 


5545233. 


4. 


262144. 




9. 185193. 




14. 


2000376. 


6. 


166375. 




10. 250047. 




15. 


153990656. 


6. 


34965783. 




11. .015625. 




16. 


60236.288. 


7. 


130323843. 




12. 12.812904. 




17. 


.000064. 


Es 


.tract the cube root to three decimal places 




18 


. 3. 


20. 


6.4. 22. 


i 




24. T«p 


19 


. .27. 


21. 


;00465. 28. 


f 




26. ^. 



218. To eztraot any root of numbers. 

By following the method for finding the trial and complete 
divisors exemplified in Art. 214, any root of a number may be 
found. 

Roots of numbers higher than the cube are, however, rarely extracted, 
and when it is necessary to obtain them, they are usually found by the 
aid of Logarithms, as will be shown hereafter. 



THEORY OF EXPONENTS. 191 

THEORY OP EXPONENTS. 

219. Thus far the. exponents used have been positive in- 
tegers. It is, however, found desirable to use fractional and 
negative exponents, even though they seem to be meaningless 
or inconsistent with the definition which has been given of 
the term exponent. By definition, an exponent shows how 
many times a quantity is used as a factor, but the exponent in 
the expression a^ cannot indicate any such fact, nor can the 
exponent in the expression a"*. 

But since the laws governing exponents that are positive 
integers have been already established, to avoid complexity 
and confusion, fractional and negative exponents must con- 
form to the same fundamental laws, so that the laws may be 
universal in their application. Consequently it is necessary 
to interpret or explain the meaning of fractional and negative 
exponents. 

220. From the definition of an exponent the following laws 
for positive integral exponents have been established : 

1. a"^ xa**=s a**^. 3. (a*)* = a***. 

2. a* -!- a" = a*"^. 4. Va"^=a*. 

221. The meaning of fractional exponents. 

1. What is the cube root of a^? How is it obtained? 
Express the root by indicating the division of the exponent. 

2. In the expression oj* what does 6 express ? What does 

3 express ? 

8. What is the fourth root oi sf? Express the root by 
indicating the division of the exponent. 

4. In the expression x«, what does 8 express ? What does 

4 express ? 

5. What does the numerator of a fractional exponent indi- 
cate ? What, the denominator ? 
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222. Principle. — Wlien the terms of the fractiondl eocponent 
are positive integers, the numerator indicates a power, and the 
denominator a root. 

223. The truth of the principle may be shown as follows : 
Since the laws of exponents already established must apply to 
fractional as well as integral exponents, 

1. a* xa* xa^ xa* = a* = o*. 

ill * 

2. o» X a" X a* to n factors = a^ = a,n being a positive integer. 

m m m fun 

8. a*» X a*» X a« to n factors =a^ = a"", m and n being positive integers. 
That is, a* or y/io? is one of the four equal factors of a* ; a" or \/a is 

m 

one of the n equal factors of a; a^ or v^ is one of the n equal factors 
, of 0*. 

Therefore, since the laws for positive integral exponents are to apply 
to positive fractional exponents, the numerator indicates a power of a 
quantity, and the denominator its root. 

BXAMPIiBS. 

Express with radical signs : 

1. a*6*. 3. (3a)*. 6. SaV- 7. 4a"6'". 

2. 3a*. 4. 2a*6* 6. aaf». 8. a*6*c\ 
Express the following with fractional exponents : 



9. Vo6. 11. (%)«. 13. </a'6«. 


16. 


-^a'bK 


10. ^. 12. </^. 14. ^asy. 


16. 


S^/aW- 


Find the values of the following : 






17. 16* 19. (-27)*. 21. 36*. 


28. 


(A)*- 


18. 26*. 20. -27*. 22. 9*. 


24. 


(AV)*- 



process is shortened by extracting the root first 
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284. The meaning of any finite quantity having the exponent 0. 

It has been shown in Art. 92, that any finite quantity hav- 
ing for an exponent is equal to 1. The truth of the principle 
may be shown as follows : 

By the laws of exponents already established, 

a*" -5- a*" = a® 
also a* -s- a*" = 1 ^ 

.-. a«=l 

225. The meaning of negative exponents. 

*It was shown in Art. 92, that any quantity with a negative 

exponent is equal to its reciprocal with an equal positive 

exponent. The truth of the principle may be shown as follows ; 

Assuming the laws relating to exponents to be of general 

application, 

a" X a"" = a® =s 1 

aP 1 
Dividing by a**, a"" = — = — 

226. Principle. — Any factor may be transferred from one 
term of a fraction to the other, if the sign of its exponerU is 
changed, 

EXAMPLES. 

Write the following with positive exponents : 

1. 3a-*. 4. x-^y-\ 7. a%-*. 10. 2a6-"c. 

2. 46-». 6. ea-hf. 8. 4a^y-^ II. 7a'^b^c-\ 

3. a-%-». 6. aj^-«. 9. Sc'^d-^x. 12. 5a-«6*c«. 

Transfer the literal factors from the denominator to the 
numerator : 

17. 4i. 19. 3«*'^ 



13. 


2x 


16. 3^ 

y-* 


14. 




16. i-. 
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227. Since the meanings of fractional and negative expo- 
nents were obtained upon the theory that the principles and 
laws already established, relating to exponents, were of gen- 
eral application, it follows that a"* x a** = a*+", whether m and 
n are integral or fractional, positive or negative. 

a" X a" = a^^'^ 

a^ X a"* = a^* = a"* - 

o"* X a"* = a"*"i = a"^^, etc. 

BXAMPI.B8. 

Find the product of the following : 

1. 2a*x3a* 10. Aaxxah. 

2. 5xr^xSa^. 11. 2c»x4c"^aj. 

3. 3a^x2a*. 12. 5adx2d'\ 

4. 46-*x26». 13. 2arixSbV^. 
6. 5c*x2c*. 14. b'ixa^/b^ 

6. 7a* X a-*. 16. Sc'^ x5ab^/c. 

7. 36xa6~*. 16. ab^xc-^. 

8. 2a X a'^V. 17. ahh'^ x ah'^i^. 

9. 3 a? X ax'^. 18. x^yh x x'^y^T?. 



19. Multiply «* — aj*y* + y' by x^ + y^. 



-f- »*y * — x^y^ + y 
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20. Multiply a*6-»-2 + a-«6» by a«6-» + 2 + a-W. 
a26-2-2 4-a-W 



+ 2a26-« -4 + 2a-V 

= a*6-* 4-2 -4 +a-^6* 

21. Multiply a* -f- &* by a* -f 6*. 

22. Multiply «^ + y^ by a?' -f y* 

23. Multiply aj* + »«y* + y« by oj^ + y* 

24. Multiply 2xi + x + 3xi by a?* + 2. 

25. Multiply a^ + x^y^ + y^ by a?* — y^. 

26. Multiply a* + a*&* + 6* by a"* - 6"*. 

27. Multiply aj*4-»4-l by a? — oj"' — 1. 

28. Multiply ofiy^ - 3 + x-^f by aj'y-' + 3 + a;-y. 

29. Multiply a?y* -- xy + x'^y^ by x-\'Xy-'y. 

80. Multiply aj-» — y-» H- a"^y"* by a* 4-^. 



Since the law relating to exponents in division is of 
general application, oT-^a'^z^ a*""**, whether m and n are posi- 
tive or negative, integral or fractional. 

a"* -5- a** = a**"" 
o"^ -*- a'^ = a"^"*'*= o", etc. 
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■XAMPLXS. 






Find the quotients of : 






1. a*^a». 


6. a^-^ari. 


9. 


6*-*- 6*. 


2. a^-i-a'^ 


6. c'^-^c'K 


10. 


hh'i-hbc^. 


3. a-^-i-a'K 


7. x-i-^xK 


11. 


a^as*-*- a^ai 


4. a-«-i-a-*. 


8. «^^2*. 


12. 


a;-*yJ-i-a:V. 


13. Divide a 


-6bya*-6* 







a — 6 
a — a^6^ 



a*- 6* 



a*-f aM+6* 






14. Divide 2aV^- 20 + 18aj"*y by a;V*+2a;*-3y* 



2y"^--4a?"*— 6a?"V 



2»V^-20 4-18aj"Jy 

— 4ajV*— 14 +18ic"^y 
-Ax^y-i^ 8H-12a?"^y^ 

- 6-12a;~V4-18»"'3^ 
-- 6-12x'^^+lSx'^y 
Divide : 

16. x + 2x^y^+y by x^-\-yK 

16. a? — y by x^—yK 

17. a* + 2a*6*+6* by a*+6i 

18. a4-3a*aj*-f 3a*a?*+a; by a*+xi 

19. x^y by aj3-f «^y' + y* 
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20. a-3+a;-2y-'+aJ-V+3r* by ar^-\-y'\ 

21. a-«-3a;-V'+3a?-V-^-y-« by a-'-y^. 

22. a-V + a'^b + aJb'^ - a«6-« by a« + V. 

23. c*+c + c*+l by c*+2c*+l. 

229. Since the iaw relating to exponents in involution 
is of general application, (a"')*=sa"^ whether m and n be 
positive or negative, integral or fractional. 

According to the general law (a")"* = a"^. 

It can be shown to be true in the following manner: 

1. To show that (a"')-*=5a-"^. 

(a*)-« = --i- = — = a-*» 

2. To show that (a"*) » = a « . 

(a*)' (a"*')' Va"» ^y 
The other instances may be shown by similar processes. 

BXAMPUBS. 

Find the values of : 

1. (a*)*. 6. (d*)*. 9. (c"J)«. 13. (2*)"*. 

2. (a~i)*. 6. (a*)-*. 10. (9c-*)"l 14. (ojV)'*- 

3. (c*)-«. 7. (a?'*)"^ 11. (8a-8)-l 16. (16a^)-l 

4. (6*)4. 8. (.-i)*. 12. (36a^)-J. 16. (Jp)"^- 

230. MISCELLANEOUS EXAMPLES. 
Expand : 

1. (a* + 6*)*. 4. (x' + y-'Xaj'-y-*). 

S. (c* + «*)«. 6. (»* + «*)*(«*-«*). 
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Multiply : 

7. a^ + ah^ + b^ by a* — 6*. 

8. c* — 2c* + 4 by c^-1. 

9. 4a* + 2a*6* + 3a*6* + 9 by 2a* —6. 

10. a* — afyp-hy** by of + 2^. 

Divide : 

11. 21c + c* + c* + l by 3c* + l. 

12. a%-« + 2 + o-W by ab'^ + a''h. 

13. as^»— y*» by aef — j^. 

14. o* + a + at + l by o* + 2a* + l. 

Extract the square rpot of : 

16. 9c - 4c"* + 10- 12c* + c-^ 

16. 4a + 12a*6* + 4a*c + 96* + 66*c + c*. 

17. a?"* + 4aji — 10a"^ + 4a?* — 20»* + 25. 

18. » + 2«* + 3aj* + 2a?* + l. 

19. 4aj*-20«V + 37a?^y*-30»*y*-f-9y*. 

Extract the cube root of : 

20. a? + 12a:* + 48a* + 64. 

21. a»-3»* + 5a? — 3a;* — 1. 

22. |a8-faj«y* + 6ay-82/*. 

28. 8a? + 12a«-30a-35 + 45a-^ + 27a-»-27<r-*. 
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231. 1. In what two ways may the root of a quantity be 
indicated ? 

2. What is indicated by V^ ? By (3a)* ? By 5bh 

3. In the expression 5V?, what shows how many times 
V^ is taken ? 

4. What is that called which shows how many times a 
quantity is taken ? 

6. To what quantity without the radical sign is -y/ds? 
exactly equal? V366^? V49w?? ■v^27fl?? 

6. To what quantity without the radical sign is VZa exactly 
equal? VSa? V5^? y/l5c?? ^10^? 

7. What is the square root of 9 ? Of 4? Of9x4? What 
is the square root of a^ ? Of 6* ? Of a^xb^? What is the 
cube root of 8 ? Of 27 ? Of 8 x 27 ? 

8. How does the product of the roots of two quantities 
compare with the root of the product of the quantities ? 

9. How, then, does the root of a quantity compare with the 
product of the roots of its factors ? 

232. A Sadical Quantity, or Badical, is an indicated root of a 
quantity. 

The root may be indicated by the radical sign or by a 
fractional exponent. 

Thus, y/fx^, V25 a*, y/ix, x* (6x)*, and (i ^.')» are radical quantities. 

190 
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233. The Ooeffioient of a radical is the quantity prefixed to 
the radical part to show how many times it is taken. 

Thus, a is the coeflficient of aVs^, and be of bcx^. 

234. The Degree of a radical is indicated by the index of the 
radical or the denominator of the fractional exponent. 

Thus, Vx, ax^, (x + yy, are radicals of the second degree. 

v^, \^a + &, (c + d)*, are radicals of the third degree. 

235. Similar Badioals are those which have the same quantity 
under the radical sign, with t^e same index, or which have the 
same fractional exponent. 

Thus, 5v^, av^, &b(x^y, are similar radicals. 

236. A Bational Quantity is a quantity without a radical sign, 
or an indicated root which can be extracted exactly. 

Thus, V4»x^ v^27y*, (a^ + 2 a6 + b^)K are rational quantities. 

237. A Snrd, or Irrational Quantityi is an indicated root which 
cannot be extracted exactly. 

Thus, v^, \/7x«, (a« + b^)^, are irrational quantities. 
A surd of the second degree is called a Quadratic Surd. 

238. Principle. — The root of any quantity is equal to the 
product of the same roots of its factors, 

REDUCTION OP RADICALS. 

239. To rednoe a radioal to its simplest form. 

When a radical is integral, is in its lowest degree, and con- 
tains no rational factor, it is in its sim^estform. 



I Eeduce V16 a^x to its simplest form. 

PROCESS. 



Explanation. —The ra dical Vl6 q^z is not in its simplest form, for it 
contains a rational factor \/16 a^^or 4 a. 

Therefore, we separate VWa^ into two factors, one of which, VTCo^, 
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is its higliest rational factor and the other, Vx, the remaining surd 
factor. 

We simplify the rational factor by extracting the square root, and write 
it as a coefficient of the surd factor. 

Note. — Although 16 a^ has two square roots, + 4 a and — 4 a, by 
common agreement only the positive square root, 4 a, is regarded in the 
discussion of radicals. This is called the principal root. 

2. Reduce V432 to its simplest form. 

SOLUTIOW. 

^^432 = V 216 X \^ == 6\^ 

Rule. — Separate the radical into two factors, one of which is 
its highest rational factor. 

Extract the required root of the rational factor, multiply the 
result by the coefficient of the given radical, and place the product 
as the coefficient of the surd. 

Reduce the following to their simplest form : 

8. V45. 13. Vi8^. 23. y/c^-a^b. 

4. V75. 14. V36c?b. 24. \/?T^. 

6. ^/M. 16. V75^. 26. •y/a^'-Q?. 

6. Vi08. 16. VlOOaW 26. V2FT^. 

7. Vl92. 17. V432a^. 27. \/db^ -^b^x. 

8. -v/162. 18. VsTo^. 28. -^aa^-27?y. 

9. -v^-56. 19. 3V4^^. 29. V4aa;-8. 

10. -v/375. 20. 5Vl85^. 30. V9a«-Hl8y. 

11. -y/^^^^m^. 21. Va^-a^a?. 31. \^16ar^+54ajy 

12. -v^486. 22. y/a^-T^yK 32. ^(a-aj)Y. 

33. a\^a^ — aV. 36. (« 4- y) Vi^^^^2^T^. 

34, aVa^ + 2a26-f.a6l 37. (a^ + oj^j^-t-®^!^)*. 
36. (a + 6)Va*-a26l 38. 4a(a:4-2a^ + ajv*)*. 
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240. A Fractional Radical Quantity is in its simplest form, 
when only a surd in its simplest form without a denominator 
is left under the radical. 

39. Reduce \-—r- *o its simplest form. 

PKOOESS. 

V56=V56^^ = V256^ = Vl^^>< 255^ = 56^^ 

Explanation. — Since the denominator is to be removed, it must be 
made a perfect square. This can be done by multiplying the terms of 
the fraction by 6 6. Then factoring, as in previous examples, and ex- 
tracting the root of the rational part, the result is — Vl5&, which is the 

oh 
simplest form of the original expression. 

Reduce the following to their simplest form : 



''•-Fs ''-^y-'- «-SJ& "•^\m- 



52. 



241. To reduce a quantity to the form of a radical 

1. What is the root of VI^? To what quantity under 
the radical sign of the second degree is 2 a equal ? 

2. What is the value of -v^27a'? To what quantity under 
the radical sign of the third degree is 3 a eqjial ? 
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EXAMPIiBS. 

1. Seduce Qdfxy to the form of the cube root. 

PBOCESS. 

6 a'xy = -v/ (6 a?xyY = \^216 a«ajy 

Explanation. — SiDce any quantity is equal to the cube roo t of its 
cube, 6 d^ is equal to the cube root of (6 a^yy^ or \/216 a^m^. 

EuLE. — Baise the quantity to the power correspondiiig to the 
index of the given root, and place the result under the appropri- 
ate radical sign, ^^ 

The coefficient of a radical quantity may be placed under the radical 
sign by raising the coefficient to the power indicated by the index of the 
radical, and multiplying the quantity under the radical by the result. 

Eeduce to the form of the square root : 

2. Soflc*. 4. 4ta^xy, 6. So^y*. 8. a-f-6. 

3. 2xy. 6. 5aV- 7. 5a'^xK 9. 3a*aj-«. 
Beduce to the form of the cube root : 

10. 2a»aj. 12. 26*c. 14. 3aV. 16. a-oj. 

11. Sao?. 13. 4aj-V 16. a^xK 17. (a + 6)*. 

Express entirely under the radical : 

19. (a! + y)V2x. '^x-y 



20. SaVa'-d*. 



««• («^-^)Afel^- 



21. (a-6)Va-f 6. 

242. To reduce radicals to equivalent radicals of the same degree. 

1. To what fraction in lower terms is f equal? By what 
equivalent expression having an exponent in lower terms 
can a* be expressed? a*? a*? a*? 
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2. Express a* by an equivalent expression, with an exponent 
in higher terms. Express, in like manner, x^ and yK 

3. By what equivalent expressions with a common denomi- 
nator, may a^ and a« be expressed? 

BXAMPIiES. 

1. Beduce -y/xy and V^ to equivalent radicals of tho 
same degree. 

PBOCESS. 

-y/xy =(ajy)^ =(«y)* =Vo?f 

Explanation. — Expressing the quantities with their fractional ex- 
ponents, they are {xyy and (x^)'. These expressed as radicals of the 
same degree, are (xy)* and (x^y. Raising each quantity to the power 
indicated by the numerator of its exponent, and placing the result under 
the radical sign, with an index eq ual t o the denominator of the exponent, 
we have as a result, v^«V ai^d \/«^. 

EuLE. — If necessary, express the given radicals with fractional 
eooponents. Reduce the fractional exponents to equivalent expo- 
nents having a common denominalor. 

Raise each quantity to the power indicated by the numerator 
of its exponent, am,d indicate the root which is expressed by the 
common denominator, 

Beduce the following to radicals of the same degree : 

2. VlO and ^v^. 8. VoS, Vhy, and Vo*. 

3. Va?x and -^/^y. 9. V^, "V^^, and V^. 

4. V^ ajid </^. ^^ y|^ ^^ 3^4 ^ 
6. -Vc^xy and -y/xy^. r- r- 

6. VS^and <^^. "• VI \| "^ ^^ 

7. y/ai ajad V^. 12. Vo + 6 and -^a + b. 
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ADDITION AND SUBTRACTION OF RADICALS. 

243. Pbinciple. — Only similar' radicals can be corabined into 
<me term by addition or subtraction, 

1. Find the sum of V27, 2V48, and 3Vi08. 

PROCESS. Explanation. — Since the radical quantities are 

not similar, they must be reduced to similar radi- 

. v27 = 3 V3 cals before adding. Expressing the radicals in their 

2V48 = 8V3 simplest form, >/27 = 3V3, 2Vi8 = 8V3, and 

3Vi08 = 18 V3 3\/l08 = 18 V3. Therefore, since they all have the 

-= same radical factor with the same index, they are 

Sum = 29V 3 similar, and their sum is the sum of the coefficients 
prefixed to the common radical factor. 

Find the sum of: 

^. Vis, V128, and V32. 6. \/l62, -\/SSi, and -VWd. 

3. a/75, Vi2, and V48. 7. 3V| and 7VH- 

4. \/32, \/i08, and \/256. 8. V24, V54, and V294. 
6. 3V200, 4V50, and V72. 9. Vf, VJ, and \\^. 

10. iVj, fV2, and Vi- 



11. 3V242»y and lla^V2ay. 

12. Vi08, .V2S, and VSOO. 

13. V98^ Vl28ajy, and V162aj*y». 

14. \^, \^136, and \/320. 
Simplify : 



16. V24 + V5i-V96. 19. V8^+ VS^-VSO?^. 

16. Vi2 + 3V75-2V27. 20. </i28 + \/686 - -v^Si. 

17. 5v'72-i-3Vl8-V50. 21. Vi92a - V76a + Vl2a. 



18. V45(?+5V20?-V80a». 22. 4 V3 -h 7 VlJ - 5 Vli 
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30. -v^266 + 3\/500-2-M08. 

31. V288-V392+V450. 

32. V^^^ + 3-^/^^Wi5 + -V^^^sL 

33. 6V| + tVi-V27. 

34. 2-v^ + 6'J'9^-v'27V. 

36. V2a!» + 4a!y + 23/» — V2a!» — 4a!y + 2j^. 

36. </32«9 + <^162«^--v^5i2«y+</i260iy. 

38. V72 + |V50--^. 
V2 



MULTIPLICATION OP RADICALS. 

244. 1. When similar quantities have exponents, how is 
their product obtained ? 

2. What is the product of a^xa?? a'^xa''? a^xa^? 
a^xah a^xah a^xa^? aTxcT? aTxa*"? VaxVb? 

3. Express with fractional exponents V^; 's/c?; "v^a*; ^/a^. 

EXAMPLES. 

1. 8Vix2\/l2 = 6Vi8=6V5xVl6 = 24V3 

2. SaVCicy x 2 6v^3j^ = 6a6Vl8a;'V = 6a6V9x=H/2 x y/i 

=rl8a6a?yV§ 
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EuLE. — Seduce the radical factors to the same degree^ \f 
necessary. 

Multiply the coefficients together for the coefficient of the prod- 
uct, and the factors under the radical for the radical factor ofthi 
Xnvduct, and simplify the restdt. 

Jiiultiply : 

4. 2V3 by 3V8. 12. 4\/3 by 6^45. 

6. 2V8 by 3V6. 18. 2-v^iO by 3y/50. 

6. 3V5 by 2Vl5. 14. 2V3 by 3v^2. 

7. 3V9 by 2V8. 16. 3V2 by ^/3. 

8. 3V6 by V9. 16. Vi by y/5. 

9. 3VlO by 4Vl4. 17. 3V3 by 2^/5. 

10. 2ViO by 3Vi25. 18. 2\^ by 3\^4. 

11. 3\/8 by 2^/16. 19. 3V32 by 4\^m 

Find the value of: 

20. '^3cnx^/9c?bx</2^> . 

21. VSa X -^20^ X Vc. 

22. 2Vxy X V3ajy* x -y/dxy. 
2Z. -5/^x\^2^xV3^. 
24. y/Saxy^ X Vo^ X Vofl^. 
26. Va^x2Vacx\/c?S^. 

26. 2V2ay X 3>^fl^ X 3\/8^. 

27. VIxVTxVt- 
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HI61 


9 SCH 


OOL A 


L6EB] 


EU. 




28. 


VI. 


xVi: 


xVf. 




31. 


^> 


cV?; 


K</3. 


29. 


Vf 


xVf ; 


<V|. 




32. 


n> 


c^; 


xVf. 


30. 


</i. 


xVI; 


K-^l 




33. 


n> 


cV|; 


K^ 


34. Multiply 8 + 4V2 bj 


' 2-V2. 














8 + 4V2 
2- V2 
















16 + 8V2 

-8V2- 


4V4 














16 




•4V4 














= 16- 


8»8. 









Multiply : 

36. 3 + 4V2 by 4-3\^. 

36. 4 + 3V3 by 5 + 2V3. 

37. 5 + 4V5 by 5 — 4VB. 

38. V3 + 4V2 by V3-3V2. 

39. 2V6- V3 by V6-5V3. 

40. 4V3-3V6 by 2V3 + V5. 

41. 7V7-2V5 by 2V74-7V5. 

42. Wa + 2 V6 by 4 Va -f 2 VS. 

43. 9 V3a -f 2 by 2 - 9 V3a. 

44. a+Va6 + 6 by Va— V6. 

46. 3V5 + V2-3aj by 3Va;-V2-3». 
46. »+a:V34.1 by ajV3 + l. 



RADICAL QUANTITIES. 209 

DIVISION OP RADICALS. 

846.- 1. When similar quantities have exponents, how is 
their quotient obtained ? 

2. What is the quotient of cfi-¥-a^? aT-^a*? a* -^a^ ? 
«^-!-a*? o*-i-a*? oTH-ar? Va^-t-Vc?? 

BitAMPUBS* 

1. 8>/i06 + eV6 = }>/8T = | 

3. y/aafiy^ -j- y/ca^ = (ooV)* + {o^) * = (joafi^y + (oacy)* 

= y/afix^ + y/a^h^ = y/cu?y^ = scyv^oi^ 

Find the quotients of: 

4. 2V27-S-6V3. 16. V4-!-\/6. 
6. 16V48-I-6V12. 16. y/72^</U. 

6. 3V75-I.9V3. 17. \^-«-V8. 

7. 6V60-I-6V5. 18. 3\/i8 + V6. 

8. 4V72 + 8V32. 19. sVaa -i- 2y/xy. 

9. 7V226-4-5a/5. 20. v^^-*-V2a«. 

10. 9V266-hl8V2. 21. ^/4xi-i'^/23^. 

11. 3V2+\^2. 22. y/S^-iry/e^. 

12. V3-i-^. 23. 2\/^-i-3\/5^. 

13. 2V5+^. 24. •v^l2a»6V-!-\/27I^ 

14. 3V^-s-4v^'aV. 26. 3\/aVy-s-\^. 

26. Divide V20+Vi2 by V5 + V3. 

27. Divide 6 + H V2 + 6 by 3 + V2. 

28. Divide 8 -|- 10 V5 + 16 by 2 + V6o 

▲LOSBRl.. — 14^ 
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29. Divide 12 + 17V6 + 36 by 3+-2V6. 

30. (12-2V4-V48)-*-Vl2. 

31. (a\/S-^/^-6\/^ + 6\/6^)H-(^/^*-^). 

32. (a-hy — « + 2V^)-8-(V» + Vy— V2). 

INVOLUTION AND EVOLUTION OP RADICALS. 

246. In finding the powers and roots of radicals it is com- 
monly convenient to use fractional exponents. 



BS. 

1. What is the cube of 3VS ? 

(3v^)» = (3a;*)« = 3«x* = 27x* = 27\/a? = 27xv^ 

2. What is the square of 3\^? 

(3vl6)2 = (3 X leV = 32xl6*=9x4 = 30 

3. What is the square of 2 + SVx? 

(2 + SViy = 4 + 12 V« + 9 VS = 4 + 12 v^ + 9x 
In such cases use the binomial formula in expanding. 

Square : Cube : Square : 

4. 2Vx. 8. 3 Via. 12. 4 + 5Va. 
6. 3\^2^. 9. 2aV3a. 13. S-TVx. 

6. 4\/3y. 10. 3\/i2^. 14. V3 + 2V5. 

7. Sa^/W. 11. ^xVaa. 16. V7 + 5xVax. 

16. What is the cube root of 8Va6? 

y/sVah = v^ X -VV^ = 2 [(a6)*]* = 2(a6)* = 2v^. 

17. What is the square root of -^16 x ? 

V\/i6« = [(16 «)*]*= (16 x)*=\/l6x. 

Observe that the root of the quantity under the radical may be found 
by multiplying the index of the radical by the index of the required root. 
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Find the 


square root of : 


Find the cube root of : 


18. V3. 


21. Voi. 


24. V48. 


27. \^. 


19. 3V5. 


22. -^a^x. 


26. V^. 


28. -s/M. 


20. 4-v^. 


23. -v^xyV- 


26. V126. 


29, "v^oVy*. 



RATIONALIZATION. 

247. 1. What is a rational quantity ? 

2. By what quantity may Va be multiplied to produce a 
rational quantity? V3a? V5a? -y/a? -Vc?? 

248. Bationalization is the process of changing a quantity 
under the radical sign so that the indicated root may be 
extracted. 

249. To rationaliBe a monomial surd. 

BXAMPLES. 

1. What factor will rationalize ^20^? 

PROCESS. 

V2a X V2a = V4a^ = 2a 
.'. •\/2a is the rationalizing factor. 
Explanation. — Since the quantity under the radical sign is to be 
changed so that the indicated root may be extracted, V2a must be multi- 
plied by a factor which will render the radical a perfect square. Any 
quantity multiplied by itself gives a perfect square, hence y/2a is multi- 
plied by y/2a. 

2. What factor will rationalize -^/Sc?? 

y/S^xy/9a='y/Tra^ = Za 
/. y/9a is the rationalizing factor. 

3. Express the fraction ^ with a rational denominator. 

2g _ 2aV6ab __ 2aV6ab _ 2ay/Eab _ 2y/6ab 
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Express the following with rational denominators : 



10. 



-yJTa </2? ^92» 

.2 ^ 3a» ,, 3aaj 

0. -TTT* O. ir* II- 



6. ?>^. 9. .^^. 12. 2^ 



2S0. To rationaliie a famomial surd of the seoond degree. 

1. By what quantity must a 4- 6 be multiplied so that the 
terms of the product will be squares? 

2. By what quantity must Va + V6 be multiplied so that 
the terms of the product may be rational? 

3. What is the product of ( VS -f Vy) (yfx — Vy)? 

BXAMPLES. 

1. What factor will rationalize V2-V3? 

PROCESS. 

(V2-V3)(V2 + V3) = V4-V9 = 2-3 = -l 

.-. V2 + V3 is the rationalizing factor. 

Explanation. — Since the binomial will be rationalized when both 
terms are made perfect squares, it must be multiplied by \/2 + V3, since 
the product of the sum and difference of two quantities is the difference 
of their squares. 

2. Express with a rational denominator 

2 + V3 

Solution. 

6 _ 6(2 -VS) _ 10~6V3 _ 10~6>/5 
2 + V5 (2+V3)(2~V3) 4-V9 1 

/. 2 — v^ is the factor which rationalizes the denominator. 
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3. Express with a rational denominator "'"^ — ^» 

Va-f aj+Va 

^ Solution. 

\/a-\-x-\-y/a ( Va + a; + v^)( Va + a; — Va) 



_ g + X - 2 Vg^ + gg + a 
g + x — g 



_ 2g + a:~2\/ga + gx 



X 



Express the following with rational denominators : 
4 — V5 -^ Va + V^ 

4. — • 10. — — — • 

2+V3 Va — vi 



3 jj^ yaJ-f-l-f-3^ 



2+V2 Va? + 1 -h 1 

12. «^-V?^. 



x^^/y oj + VaJ* — 1 

c ' jg^ Va-h3— Va 

Vi + V^ Va + 3+Va 



V3H-V2 ' V6 + C-V6-C 

^^ x±Vz ^^ Vgrr2-V^T2 



16. Find the approximate value of — • 

V3 

Solution. 
6 5\/3 5\/3 5 X 1.73206 



y/Z V8V3 8 3 



= 2.88676 
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Find the approximate values of : 

17. ~' 20. — ^ — 23. X£_v^. 
V2 V300 A/^-V2 

18. i^. 2, _^. 24. ^ + ->^. 
V3 Vl47 V8-V5 

4 1 4 

19. -^. 22. — ^. 26 * 



V2 3V2 V3 + V2 

261. To find the sqnare root of a hmomial surd. 

(2+V3)2=: 4 + 4V3 +3= 7 + 4V3 
(V3+V6)2= 3 + 2Vi5-h5= 8 + 2Vi5 
(2V6+V7)« = 20 + 4V35 + 7 = 27-h4V35 

1. What is the square of 2 4-V3? Since 7 + 4V3 is the 
square of 2 -f- V3, what is the square root of 7 + 4 V3 ? 

2. What is the square root of 8 + 2 Vl5, given in the 
second example? Of 27 + 4V35, given in the third example? 

3. How may 7 in the first example be obtained from the 
terms of the binomial? 8 in the second? 27 in the third? 

4. How is each of the surd quantities in the power obtained 
from the terms of the binomial ? 

252. A Binomial Surd is a binomial, either or both of whose 
terms are surds. 

Thus 2 + V3, VS -t V6, etc., are binomial surds. 

253. Principle. — A binomial surd whose square root can 
be extracted is composed of two parts, one of which is rational 
and eqvxil to the sum of the squares of the terms of the root, 
and the other of which is irrational and composed of twice the 
product of the terms of the root. 
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BXAMPUEBS. 

1. Find the square root of 12 + 2 V36. 

Solution. 
Let x + y=s the square root of 12 + 2V36 

Then, Prin., a^ -f 2/^ = 12 (1) 

and 2xy-2V35 (2) 

(l) + (2) aj«-h2ajy-hy»=12 + 2V36 (3) 

(l)-(2) a^^2xy-hy'=12''2V35 (4) 



(5) 
(6) 



-Vl2 + 2V36 = V7 + V6 

Explanation. — Since the rational quantity is the sum of the squares 
of the terms of the root of the binomial, it may be assumed to be equal to 
^ + y*» aiid since the surd is twice the product of the two terms of the 
root, it will be represented by 2 xy. Consequently, x-{-y will be the 
square root of the quantity. 

2. Find the square root of 7 + 4 V3 by inspection. 

Explanation. — Since 4\/3 is twice the product of the terms of the root, 
their product is 2^/B. Since their product is 2>/3 or V12, the factors of 
VI2, the sum of whose squares is 7, must be the terms of the root. They 
are readily seen to be Vi and V8, hence the square root of the quantity 
is 2 + Vs. 

I 

3. Find the square root of 31 -f 4 V21 by inspection. 

Solution. 
J of 4v^ = 2\^ or V8i 

.% \/3 + V28 or a/3 + 2'\/7 is the square root 



(3) 


(» + y)» = 12 + 2V36 


W 


(it-y)'=12-2V36 


(3)X(4) 


(a!»-y»)*=144-140 = 4 


Square root, 


*«-y»=2 


(6) + (l) 


2x'==14 




x=V7 




y = V6 
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Find the square root of the following : 

4. 5 + 2V6. 10. 15+4Vii. 16. 16-2V56. 

5. 9 + 2V8. 11. 28 + 5V12. 17. 14-f3V20. 

6. 8-2V15. 12. 13 4-2V30. 18. 6+Va5. 

7. 11-6V2. 13. 7-2ViO. 19. 28-flOV3. 

8. 6a + 2aV6. 14. 11 + 2V30. 20. m*4-n+2mVn. 



9. 6-V2i. 16. 2m-2V^^i:;?. 21. 25 + 2Vi56. 

254. If aj + Vy=3a-f V^, then aj = a and Vy=V6. 
If X does not equal a, x must equal a±m. 

Then, a±m-|-Vy = a-hV6 

Eedueing, ±m-^Vy = ^/b 

Squaring, m' ± 2 mVy + y = 6 

r« . . /- h — m^'-y 

Transposing, etc., vy = — ^2m 

This conclusion is absurd, for Vy, a surd, cannot be equal to 
a rational quantity. Hence, x cannot be equal to a ± m, and 
must be equal to a, and Vy = V6. Therefore, 

In any equation consisting of rational quantities and quad- 
ratic surdSf the rational parts are equal and also the irrational 
parts. 

REYISW BZBRCISES. 

265. Expand: 

1. {a + hy. 3. (2a- 36)*. 6. (3a + 4 6)*. 

-Ct'^¥)* ♦■M)' ••(I-IT- 

7. (a-f-6)" to 6 terms. 9. (a? + y)' to 6 terms. 

8. (a + 6)*-* to 6 terms. 10. (1 + 2a: + 3y + «)». 
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Simplify : 

U. Vl28-2V55+V?5-V78. 

12. 6y/Ic? + 2-\/2a+y/2o?. 

18. 2V3-iVi2+4V27-2VA- 

14. </l6 + </Si-V^^M2+^/m-7y/9. 

16. V48o6» + 6V75a+V3o(a-96)». 

Extract the square root of: 

16. 9x-24:X^yi + 12xi + 16yi — 16y^ + A. 

17. 4a* + 4a* -16a*- 8a* + 16a*. 

18. 05* — 4ajy* + 6aj*y* — 4a;*y + y*. 

19. 9aj-12aj* + 10a?*-28aj* + 17«*-8aj* + 16. 

Extract the cube root of : 

20. Baf — l — Saf + afi-Sx. 

21. aj*-6aj + 15a:*-20aj* + 16aj*-6aj* + l. 

22. xi+ 3a?T^V^- 3a;V- 11»V+ 6aj*y^+ 12ajAyA- 8y* 

23. a*a?-^ + a"*a5. 

Multiply : 

24. Va + Vo^^ + VS by -y/a — Va — x + Vx. 

25. Va + Va — x by Va — Va — x. 

26. 2A/^-aj*--by 2aj-3^-aj-*. 
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Divide : 

27. m^ + mn+n* hj m + -Vnvn + n. 

28. a?*-|-y* by ix^ + xyV2 + f. 

a — 5 Va — 14 \ y a/ 
Expand : 

30. (^^^+</iV)*. 32. (3V8 + 5V3)l 

31. (2 + aV2aj-f y)*. 33. (Vl -aj* + aj)». 
Find the values of the following : 

34. {^/l2)^ 36. {aVay. 38. ^VH. 

35. {^/^y 37. (3a!^)». 39. ^/•{/M^. 

Eationalize the denominators of : 
40. 2±V3^ 44 2V3 + 3V2 



3-V3 5 + 2V6 

3+V5 4g 10V6-2V7 

V3-V2' * 3V6 + 2V7 



42. y^ . 46. <^4- Va^-< 

Va— V6 a — Va* — ac* 

43. 44-3V2 4^^ v^i?+i-Vm^^n: ^ 

3-2V2* * Vw?Ti+Vw?^=n: 

Find the approximate values of the following to three 
decimal places : 

48.^. 49.^. 50.^+^. 61. ^Vg-V3. 
• V6 V3 V7-V3 3V5 + 2V3 

Extract the square root of : 

52. 9- 4V6. 64. 24-2V63. 66. 47-6ViO. 

53. 43-16V8. 66. 22-4V30. 67. 23-V528. 
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256. 1. In the equation •\/x = 2f what is the value of x? 
How is it obtained ? 

2. In the equation V2a=:4, how may the value of x be 
obtained ? How in the equation Va? + 2 = 4? 

267. A Badical Equation is an equation containing a radical 
quantity. 

Thus, -v^ = 6, v^ + 3 = 6, Vx + 6 = VSx, are radical equations. 

BXAMPIJES. 

1. Given Va? + 6 = 9, to find the value of x. 

Solution. 

V«4-6=9 
Transposing, v^ = 3 

Squaring, x = 

2. Given V4 + aj = 4 — VS, to find the value of x. 

Solution. 
V4 + X = 4 — V^ 
Squaring, 4 + x = 16 - 8 v^ + x 

Transposing, SVx = 12 

Dividing by 4, 2>/i = 3 

Squaring, 4x = 9 

x = 2J 

219 
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?~ a 

■y/x 



3. Given ? — — = ^^, to find the value of as. 



Solution. 
X — ax_ Vx 

Clearing of fractioiis, x^ — a<ifi = x 

Dividing by x, x- ax = l 

Factoring, (1 — a)x = 1 



1-a 



4. Given ^^^ + ^=^^ + ^. 

. 2V4a-7 V4^-l 

Solution. 
2 V4x + 2 __ V4ic + 6 
2Vix~7 Vilc-1 
Reducing to mixed quantities, 

1+ Jz = 1 + 



Transposing, etc., 



2Vilc-7 V4x-1 

9 7 



2V4JC-7 Vix-1 
Clearing of fractions, 9Vix — 9 = 14 Via - 49 
Transposing, etc., SVix = 40 

Dividing by 5, y/¥x = 8 

Squaring, 4a; = 64 

aj = 16 

^ Suggestions. — 1. Transpose the terms so that the radical 
quantity^ if there be hut one, or the more complex radical, if 
there be mme than one, may constitute one member of the equa- 
tion; then raise each member to a power of the same degree as 
the radical, 

2, When the equation is not freed from radicals by the first 
involution^ proceed again as indicated in Suggestion 1. 

3. Simplify the equation as much as possible before performr 
ing the involution. 
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4. Sometimes it may he advantageous to clear a radical 
equation of fra;Ctions, ordy in part. This wiU be especially >con- 
venient when a radical denominator and another numerator are 
similar. 

5. It is sometimes convenient to rationalize the denominator 
before clearing of fractions or i^ivolving. 

Solve the following equations : 
6. V25-5 = 3. 



7. Va:-7 = 7. --• V3i + l" 



3a?-l V3i-1 



= 4. 



24. a/i + « VaJ* -f 12 = 1 + ». 



9. V«+9 = 6. 
10. ^2aj + 3 + 4 = 7, 



26. Va — 0?= — 5 05, 

11. Vaj"-9 + aj = 9. Vo^a 

12. V?"^:nri 4-1 = 0?. 26. ^"^ ^ V^-1 j ^ 

,^ _ ' Voi + l 2 

13. V16 + aj + V« = 8. 

, ^ 5.^ V^ + 28 32 .^ 

14. v.-i6=8-v^. «7- ^^^TfT^viT^-^'- 

16. V^32J.=V5-1. ^^^ V^ + 16 ^ V^.h32 

16. Vaj + 6+V« = 6. Vi + 4 Vsc + 12 

17. Va-154-V« = 15. 29. V^ - ^^ == V^^ - ^ , 

__ V6 — a V« — 1 

18. 2Vaj-V4aj-22 = V2. 

ofi 30 Vg-3 ^ Vg-4 

19. ^+Vaj-9 = -— =. * V5 + 7 VS + 1 

VaJ— 9 

20. V5+V534 = -4=. 31. v^ = ^^. 

Vac— 4 Vi— 6 V« + 2 
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o58. -^11 ^ — —z: • So. — , zn^iz = ^* 

Va— Va — 0? 

^*- X X b ' 40. ^±:^ = 6. 




41. =a. 



6 + V6^ 



x 



■■ ■■ =0. 42 2a?~-V2a?~4g* _ . 



V4a? + 1 + 2V^ _^ ^ ^ 2a?-l 

V4a? + l--2VaJ V2a+1 



44. V4a? + 3+2Va?~l ^g 
*"V4aj + 3-2Va?-l 

46. .^Mp=:^^±^ + 2V3. 
Vi-V3 2 

46. iVi^Zl3K>^±ii=2V5+15. 

VS-2 

47. Va» + 4a? + 12+Va^-12a?-20 = 8. 

48. — = -= = + 2^/a. 

49. Vaj4-a + Va? + 6 = V4aj4-a4-36. 

^^ VS+l-Va;-! 1 

OU. — —^izn ;z=rm: = ^* 

V« + 1+Va? — 1 -^ 

51. ■ = — 

62 q4-a? + V2aa?-|-a^ _ ^^ 
a + aj — V2aa4-^ 
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258. 1. How is the degree of an equation determined? 
(Art. 170.) 

2. What is the degree of the equation a? + 2 = 7? Of 
aj* + 4 = 8? Of aj« + 4aj=:15? Ofa? + a?y = 12? 

3. What are the equations of the second degree called ? 

4. When jc* = 4, what is the value of aj? What, when 
a?=z9? What, wheny = a*? 

5. How many values has x in these equations ? How do 
the values of x compare numerically ? What are the signs of 
the values of a? ? 

269. A Quadratio Equation is an equation of the second 
degree. 

Thus, x^ = 9, and as^ + 6a5 = c, are quadratic equations. 

260. A Fore Quadratio Equation is an equation which contains 
only the second power of the unknown quantity. 

Thus, 4iB? = 16, and ax^ =6, are pure quadratics. 

261. A Pure Quadratic Equation is sometimes called an 
Incomplete Quadratic Equation because the first power of the 
unknown quantity is wanting. 

262. A Boot of an equation is a value of the unknown 
quantity. 

Wlien a root of an equation is substituted for the unknown quantity 
it 9aii^/U9 the equation, or renders the members of the equation identical. 

228 
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PURE QUADRATICS. 

263. Since pure quadratic equations contain only the second 
power of the unknown quantity, they may always be reduced 
to the general form of ao? = 6, in which a represents the coeffi- 
cient of fl^, and h the other terms. 

264i Pbinciplb. — Every pure quadratic equation has two 
roots numericdUy equcU, but having opposite signs. 

SXAMPLBS. 

1. Given 3a* + -- = 14, to find the value of as. 

Solution. 

6a? + a;2 = 28 
7x8 = 28 
aj2 = 4 
Extracting the square root, x = ±2 

2. Given aa?* + c = 6aj* + cZ, to find aj. 

Solution. 

ax^ — 6x2= ^ _ c 
(a - h) x^= d-c 

a^ = ^^i^ 
a-h 

Extracting tne square root, x = ± ^ ~f 

Solve the following equations : 

3. aj«-3 = 46. ^^ 3a? + 7==3^ + 43. 

4. 3aj« + 7=:aj«+'15. ^ 
6. 2a^-6 = 66. «• 2a^ = ^ + 35. 



QUADRATIC EQUATIONS. 225 



11 g'4-9 = ^^""^» 19. VaT« = 



3 5 Vaj-a 
12. 50^-3 = 2.^ + 24. 3^^ ,+V?+3 ^- 



13. 7a^ + 4 = 3a* + 40. Vaj' + S 



15 



14. (a; + 2)« = 4a; + 5. 21. ^^ ^x^^/¥T5. 

15 ^±i + ^Zlf = 31 - 

x-4: aj-l-4 '^' 22. x+^Ja? + 2^/l-x = l. 



16. 



-l- + --i- = 2i. 23. ^ZlB^.^±J??^ = 4 

1 — a? l + a? a?4-m a? — m 



a!'4-9a? _ 3(a? + 2) ^^ a? + a a? — a _ 2a 

15 5 "a? — aaj + al — a 

26. V25 + 16x ^V25-16»^y3^ 
V8 V8 

26. a; — Va!» — 14= — 

Vaj*-14 

27. (a? + 2)*- 6 = 2(2aj + 17). 

28 3 4a;-7 ^ 2a? 

* 2aj + l 4a«-l 2aj-.l' 

29. (aj2 + 4)(aj + l) = (a;-l)« + aj + 13 

4a;' + 6 3a;'-2 ^ 2a;^~3 
14 2a:»-l 7 

31. Va +a? = Va? + Vaj* - b^ 
33. ^=.+ ^ 



84. '^ + ^ =a 1^1-5 

.l + aj^-vT-H? 1-aj + Vl + aj" 

▲&OBB&A.. — 16. 
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PBOBUBMS. 

266. 1. What number is that, to the square of which, if f 
be added, the sum will be 1 ? 

2. Find a number such that the square of f of it will be 7 
less than the square of it. 

3. Find a number such that if 320 be divided by it, and 
the quotient added to the number itself, the sum will be equal 
to 6 times the number. 

4. When a certain number is increased by 3 and also 
diminished by 3, the product of the sum and difference will 
be 55. What is the number ? 

6. Two numbers are to each other as 3 to 5, and the sum 
of their squares is 3400. What are the numbers ? 

6. A gentleman said that his son's age was \ of his own 
age, and that the difference of the squares of the numbers 
which represent their ages was 960. What were their ages ? 

7. A man lent a sum of money at 6% per annum, and 
found that, if he multiplied the principal by the number which 
expressed the number of dollars interest for 8 months, the 
product would be $ 900. What was the principal ? 

8. A gentleman has two square rooms whose sides are to 
each other as 2 to 3. He finds that it will require 20 square 
yards more of carpeting to cover the floor of the larger than 
of the smaller room. What is the length of one side of each 
room ? 

9. The sum of two numbers is 12, and their product is 27. 
What are the numbers ? 

Suggestion. — Let 6 + x = one number, and 6 — as = the other. 

10. The sum of two numbers is 14, and their product is 48. 
What are the numbers ? 

11. The sum of two numbers is 13, and their product is 42. 
What are the numbers ? 
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12. Diyide 20 into two such parts that their product will 
be 96. 

18. Divide 32 into two such parts that their product will 
be 240. 

14. A merchant bought a piece of cloth for $ 24, paying f 
as many dollars per yard as there were yards in the piece. 
How many yards were there ? 

15. A man purchased a rectangular field whose length was 
1^ times its breadth. It contained 9 acres. What was the 
length of each side ? 

16. Find two numbers which are to each other as 5 to 4, 
and the sum of whose squares is 164. 

17. Find three numbers that shall be to each other as 3, 5, 
and 8, and the sum of whose squares shall be 392. 

18. A man worked 10 times as many days as he received 
dollars a day, and earned $62.50. How many days did he 
work, and how much did he get a day ? 

19. The pi*oduct of two numbers is 324, and the quotient 
of the greater divided by the less is 4. Find the numbers. 

20. A man has two square lots containing 272 square rods. 
The side of the larger is as much greater than 10 rods as that 
of the other is less than 10 rods. What is the side of each ? 

21. The sum of the squares of two numbers is 170, and 
the difference of their squares is 72. What are the numbers ? 

AFFECTED QUADRATICS. 

266. 1. How is a binomial squared? What is the square 
ofa; + 2? Ofaj + 5? Ofaj4-7? 

2. How may the first term of a binomial be found from its 
square ? 

3. Since the second term of the square of a binomial con- 
tains twice the product of both terms of the binomial, how 
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may the second term of the binomial be found from it, when 
the first term of the binomial is known ? 

4. What is it necessary to add to O!^ + 4 a; to make a perfect 
square ? How is the term found ? 

5. What must be added to «* + 6a? to make a perfect 
square ? How is it found ? 

6. What is the square root of the completed square of 
which 05* 4- 4 a? are two terms ? 

7. What is the square root of the completed square of 
which a?-\-6x are two terms ? 

8. In the equation as* + 4a; + 4 = 9, what is the square root 
of the first member ? What is the square root of the second 
member ? 

9. Since, in the solution of the equation a? + 4a; + 4 = 9, 
we obtain the result a; + 2 = ± 3, how many values has x ? 

267. An Affected Quadratic Equation is an equation which 
contains both the first and second powers of the unknown 
quantity. 

Thus, x^ + 2a; = 4, 6x^ + Oa; = 8, and oob^ + to = c, are affected quad- 
ratic equations. 

268. An Affected Quadratic Equation is sometimes called a 
Complete Quadratic Equation. 

Since affected quadratic equations contain both the second 
and the first powers of the unknown quantity, they may always 
be reduced to the general form of aoi^±bx= ± c, in which a and 
b represent respectively the coefficients of a? and a;, and c the 
other terms. 

269. Principle. — Every affected quadratic equation has two 
roots, and only two. 

These roots are always numerically unequal, except when the second 
member of the enoation reduces to when the square is completed. 
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270. First method of oompletiiig the square. 

BZAMPIiBS. 

1. Given aj* -h 4 a: = 96, to find the values of x. 

Explanation. — Completing the 

PBOCESS. square in the first member by add- 

aj* -I- 4flj =s 96 ^^ ^® square of one half tie co- 

efficient of x to each member, we 
aj2 + 4a? + 4 = 96 + 4 have a:? + 4a; + 4 =96 + 4. Ex- 

/^ J- 4<K 4. 4 = 100 tracting the square root of each 

member, we have x 4- 2 = ± 10. 

« + 2 = ± 10 Using, first, the positive value of 

a; = 10 — 2 = 8 10, we obtain 8 for one value of x ; 

using next the ne^tive value of 10, 

a? = — 10 — 2 s= — 12 we obtain — 12 for the other value 

of X. 

2. Given ar* — 6aj = 24, to find the values of x. 

Solution. 

ai«-6a; = 24 
Completing the square, x^ _ 5^. ^. y- 24 + ^ or ^ 
Extracting the square root, « — | = ± V 

Transposing, x = f + V^ = 8 

x = f-V = -3 
.-. X = 8 or - 3 

3. Given 2 »* — 7 « = 30, to find the values of x. 

Solution. 
2ai*-7x = 30 
Dividing by coefficient of x^, x^ - J x = 15 
Completing the square, x^ - Jx + H = 1^ + tt <>' W 
Extracting the square root, a; — J = ± J^ 

Transposing, x = } + f^ = 6 

x = }-V = -V = -2j 

/. X = 6 or - 2} 



280 HIGH SCHOOL ALGEBRA. 

KuLE. — Reduce the equation to the form a^ ±bx=±c, by 
dividing both members of the equatimt by the coefficient of the 
highest power of the unknown quantity. 

Add the square of one half the coeffixdent of the second term 
to each member of the equation^ extract the square root of each 
member J and reduce the resulting equation. 

Inasmuch as it is impossible to extract the square root of a negative 
quantity, it is necessary that the term containing the second power of the 
unknown quantity should have the positive sign. If it should be negative, 
change the signs of all the terms in both members. 

Find the values of x in the following equations : 

4. aj»4- 4aj = 45. 16. aj2-30aj = 64. 

6. aj«H- 6a; = 27. 16. 2aj*4-3a:= 14. 

6. a?+ 8a; = 20. 17. 3«»4-4a? = 39. 

7. aj« + 10a; = ll. 18. 20:2^7^^39^ 

8. a? 4-200? = 21. 19. 5iB* + 15aj = 50. 

9. i»*-fl8a? = 19. 20. 6a^-21a? = 12. 

10. aj«4-24a; = 25. ^^ a? — 5_aj-fl 

11. a:»-12a; = 45. 

12. 0?*- 8aj = 33. 22. 



10 aj-6 
x^2 _ 8 
5 3a;4-4' 



13. OJ" — 14aJ = 51. o^ o Q/r — fi 

23. 30?-^^^ = ^^^. 

14. aj*-28» = 60. aj-3 2 



271. Other methods of oompletmg the square. 

By the previous method, when a? had a coefficient, the 
equation was divided by that coefficient so that the term con- 
taining Qi? might always be a perfect square. The same result 
may be secured in other ways. 

Thus, if the term containing the highest power is 3 a:*, it 
maybe made a perfect square by multiplying by 3; if 6 a?*, 
by multiplying by 5 ; if oaj*, by multiplying by a. 



QUADRATIC EQUATIONS. 281 

KXAMPIJES. 

1. Solve the equation So? + 6a; = 24 

• PBOCESS. 

•3a^ + 6a? = 24 (1) 

(1)X3, 9aj« + 18a?==72 (2) 

Completing square, 9 aj* + 18 a + 9 = 81 (3) 

Extracting square root, 3 a? + 3 = ± 9 (4) 

3aj = 6or —12 
a = 2 or — 4 

Explanation. — Since the coefficient of x^ is not a perfect square, it 
may be made a square by multiplying it by itself. If the coefficient of a^ is 
multiplied by itself, bo^ members of the equation must be multipUed 
by 3, the coefficient of x^, giving equation (2). 

Since the second term of equation (2) is twice the product of the terms 
which are the square root of the completed square, if it is divided by twice 
the first term of the root the quotient will be the second term. The first 
term of the square root is Vdl^ or 3 x, and twice 3 x is 6 x. 18 x -=- 6 x = 3, 
and the square of 3, which is 9, added to each member, completes the square. 

In the complete square aW + 2 a&« -}- 6^, it is evident that 
the third term, &^, is the square of the quotient obtained by 
dividing the second term by twice the square root of the first. 

2. Solve the equation 3a5* -f- 4aj = 39. 

Solution. 

3aJ2 + 4x = 39 (1) 

a)x3, 9x2jj-13x = 117 (2) 

2 V9i^ = 6 a^ 12 X -f- eu» = 2, aad^ added to each mem- 

ber gives 

9x2 + 12x + 4 = 121 (3) 

Extracting square root, 3 x + 2 = i 11 (4) 

3x = 9or -13 

|«5 = 3or -4J 

'\ 
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8. Solve the equation 5a^ — 6 a; = 8. 

Solution. 

6a^-6jc = 8 (1) 

(1)X6, 26a^-30a; = 40 * (2) 

2V25a? = lOx, 30a; -i- 10 a; = 3, and 3^ added to each mem- 

ber gives 
25iK2-30x + 9 = 49 (3) 

Extracting square root, 6x — S=:±l (4) 

6 X = 10 or - 4 
X = 2 or - J 

4. Solve the equation 3a? + Bx = S. 
Solution. 

8aja + 6x = 8 (1) 

(l)x3, 9x2-fl6x = 24 (2) 

2V9s^ = 6x, 16x-j-6x = J^orf, and (f)* added to the 

members gives 
9x2 + 16x + ^ = 24 4- 2^ (3) 

Clearing of fractions, 36x3 + 60x + 25 = 96 + 25 
Reducing, x = 1 or — } 

Since the equation was first multiplied by the coefficient of ofi and 
afterwards by 4 to clear of fractions, it is evident that fractions may be 
avoided by multiplying by four times the coeffiderU of the highest power 
of the unknown quantity. 

Genebal Rule. — If the term containing the second power of 
the unlcnovm quantity is not a perfect square, make it such by 
multiplying or dividing the members of the equation. 

Add to each member of the equation the square of the quotient 
obtained by dividing the term containing the first power of the 
unknown quantity by twice the square root of the term containing 
the second power. 

Extras the root of each member and reduce the equation. 

1. In multiplying the members of the equation by any quantity, mul^ 
tiply by the smallest one that will render the coefficient a perfect square. 
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2. FractionB will be ayoided by multiplying by four times the coefficient 
of the highest power of the unknown quantity. The third term will then 
be the square of the coefficient of the first power in the original equation. 

This is often the most convenient method of solving quadratics, par* 
ticularly when the coefficient of the first power ofx is an odd number. 

Solve the following equations : 

6. Sic'-fSajsS. 2^ 4a? g--3 __2 

a:-f3 2a?4-5 



16. aj»-13iB-6 = 8. 



26. 3aj- — =26. 



6. 2aj* + 7a; = 22. 

7. 4aj* + 5« = 84. x 

8. 5a;«-4x = 105. 26. I _ 2x-_5 ^ 3«-7^ 



9. 3a»-"16iB = 140. 

10. 4a»-7a:=102. 

11. 9aj*-|-4a? = 44 28. 

12. 8aj*-6aj = 464. 

29. 

13. 5aj* — 6aj = 144. 

14. 3«* + 2aj = 56. ^^' X ~' x" 

15. aj«-6a;-14 = 2. ., 4aj-10 7-3aj 7 

31. 



27. 



4 x + 5 


2a; 




3a;-5 


6a; 


1 


9» 


3a!- 


-25 


3 


1 


2 


1 

2 




a;-l 


a; + 2 




X 


7 






x + 60 


3a!- 


6 




a!+ll. 


.7 9+.^ 


— • 



a;4-5 a 2 

3ic* l-Sa? 0? 



17. aj«+17a:-18 = 0. ^^' ^^7 " 10 "s" 

18. a?*-lla:-7 = 5. 33. J8_ = _166__5 . 

19. 2a.-18. = -40. ^-'' ^"^^^ V^^^^ 

20. 2a^ + 5. = 18. ^^- f-I = ^(- + ^)- ^•^ 

21. 3««4.2a; = 21. 35. _!_ = _3_ ^. _1_. 

a:— 1 a — 2 a — 4 

22. 2aj* — 7a; = 34. 



36. 



a; 5 — a; 15 



23. 5a*-6a; = 41. 5-x x 

37. l(aj-4)-|(aj-2)=l(2aj + 3). 
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3g. V^5^-^=^. 40. 2^ + 1 2^. 

39. 2£=ll ?^ + l = 0. 41. - «^-3_14a.-9 



aj 3aj-l 2 aj + 1 8ic-3 

.„ a? + 3 , aj-3 2aj-3 



43. 



a?-f-2 » — 2 a?— 1 

2a?-f3 T-a? ^ 7-3a? 

2(2a?-l) 2(aj + l) 4-3aj' 



44. — 1_ + -3 1. 

46. Solve the equation aaj* -h 6a; = c. 
Solution. 

aaj2 -I- fta; = c 
Multiplying by 4 a and adding the square of b (Note 2, Rule), 
4a2a;3 + 4a6a; + 6^ = 4ac + 6^ 



Extracting square root, 2 ax + 6 = ± V4 ac + 6^ 



2a 

46. Solve the equation a? — ax + bx=: ab. 
Solution. 

aj2 - ax 4- &« = a& (1) 

x2_(a_&)a; = a6 - (2) 

Multiplying by 4 and adding the square of o — 6, 

4x2 _ 4(a - 6)x 4-(a - 6)2 = 4a6 + (a - 6)« (3) 

= o2 + 2 a6 + 62 
Extracting square root, 2 aj — (a — 6) = ± (a + 6) 

/. X = a or — 6 

47. a?-\-2bx=V. 62. 5ca?-2a;2^2c*. 

48. x'-Abx=12l?. 

49. ar^ = 46aj + 76l 

60. a?-\-Sax=10aK 

61. a« + 56aj = 14y. 



63. 


12 aW 


-5aa; = 3. 




64. 


a;^ + 3aa;-^< 
4 




66. 


x«-(a 


+ l)aj = - 


a. 
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66. §^ + 2c?=^. 60. ^ ^ 



4 3 3c {x-{-cy {x-cy 

67. a^ + 2(a4-8)a: = -32a. 61. ^^(^-^)^t 

36 — 2a; 4 

6 + x 3 «2- 3 + T"3^-*^- 

59. 0^ + ^. = !. 63. ^ + 5=2^. 

a5 6* r c 

64. i±l = i±l. 

Vi Vc 

^^ 2c4-a . c — 2aj 8 
2c.-aj c + 2aj 3 

67. (c' + l)a; = ciB" + c. 

3 + a;* 



68 



6 — 0? 6 + a; 6^— a^ 

69. 9«*-3(6 + 2c)a;4-26c = 0. 

70. «* — (6 — a)c = aa; — 6aj + ca5. 



71. V(a -f c)x — 4ac = a — 2c. 

72. (c + c2)W-(c2-cP)a; = cd. 

73. 2^3^+3V2^= '^^±^ > 

Va; — « 

74. g' + l _ a-fft I c 

a; c a-i-6 

76 2a? — 36 3a? ^ g 

a?-26 a? + 2a 2(a-6)" 

76. (3c" + (P)(a:»-a?-|-l) = ((^4-3(P)(a?» + a? + l). 
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EQUATIONS IN THE QUADRATIC FORM. 

272. An equation which contains but two powers of an 
unknown quantity, the exponent of one power being twice 
that of the other power, is in the Quadratic Form. 

Equations in the quadratic form can be reduced to the 
general form oaj** -f- 6aJ" = c, in which n represents any number. 

ICXAMPIiBS. 

1. Given as* + 3«* = 28, to find the values of as. 

Solution. 

a:* + 3x2 = 28 
Completing the square, «* + 3 a;2 + | = iji 

Extracting the square root, x^ + i=±^ 

a^ = 4 or - 7 
Extracting the square root, x = ± 2 or ± V— 7 

2. Given a* + 3 a?^ = 10, to find the value* of as. 

FiBST Solution. 

x* + 3xi = 10 
Completing the square, x^ -^Zx^ -\- i = ^ 

Extracting the square root, a;^ + f = ± } 

a* = 2 or — 6 
Raising to third power, x = 8 or — 126 

SiooNB Solution. 

Let x» =p 

Then, x^^p^ 

Substituting in the given equation, j)^ + 3j> = 10 
Solving, p = 2 OP — 6 

Hence, «* = 2 or — 5 

Raisiiig to third power, a( s 8 or - 126 
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8. Given (a? + 2)« + (» + 2) = 20, to find the values of a?. 

FIRST PROCESS. 

(a; + 2)a4.(a-|.2)=20 
Completing the square, (x + 2)^ + (a; + 2) -|- } = J^ 
Extracting the square root, (» + 2) + J = ± } 

aj + 2 = 4 or -6 
X = 2 or - 7 
SECOND PROCESS. 
Let p=(x + 2) 

Then, Ii^=(x + 2)^ 

Then, i)2 4.^::3 20 

Solving, 1) = 4 or - 6 

Hence, a;4-2 = 4 or— 6 

X = 2 or - 7 

Solve the following equations : 

4. 0?* — 2a^ = 8. 16. aaj*» + 6aj* = c. 

6. a5«-3aj» = 40. ig. (aj» -f 4)^ -|- (a^ + 4) = 30. 

6. a^ — 4aj" = 32. 

7. 2a?*-4aj2 = l6. 

8. 4a?*-a^ = 3. 



2a^ 



17. (aj-l)*H-5(aj-l) = 14. 

18. (a:*-.9)2-ll(a2_9)^gQ 

19. (a»4-l)' + (a^4-l) = 30. 
9. 2««-^ = 124. 20. (»2~aj)«-(a^-a;)=132. 

10. aj* + 4ar» = 12. 21. a; + 5 - VoTS = 6. 

11. a?* 4- 2a?* = 8. 22. 3a; + 4 + 4V3aj + 4 = 32. 

12. aj8 + 3a?^ = 88. 

13. aj' + 3a* = 4. 

14. a;* -a;* = 20. 

26. (2aj2-4aj + l)2-(2aj2-4aj + l) = 42. 

26. aj3-7a; + 18+Var'-7a?-hl8 = 42. 

27. 2aj«-f 3a;-»-9-.5V2a* + 3aj4-9=:6. 
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28. 2(3aj« + l)* + 3aj« + l = 63. 

29. Va? + 12 4-'V^«4-12 = 6. 

30. aj4-24-(« + 2)* = 20. 

31. (a?4-4)«4-»4-4 = 30. 

32. Va?4-31-i-v^a?4-31 = 8. 

33. 4ic»-4V4^+13 = 8. 

Suggestion. — Add 13 to each member of the equation. 

34. aJ» + 6a + a;-6 = -26aj-6. 

36. (aj«-»-4aj + 4)« + 2(aj« + 4aj) = 7. 



36. 3aj-V9ar»-18a? = 5a?-a^H-4 
Suggestion. — The equation may be expressed thus: 

«3 _ 205 - 8Va;a-2x = 4 

37. Vic-fa + 26</aTa = 36^ 



38. iB2 - 10 a - 2 Var* - 10 a -h 18 ^ - 15. 



PBOBIiEMS. 



278. 1. Find two numbers whose sum is 12, and whose 
product is 35. 





Solution. 


Let 


x = one 


Then, 


12 — a; = the other. 




12a;-a;2 = 35 




«2-12a; = -35 




x«-12« + 36 = l 




a;-6=±l 




a = 7 or 6 




12 - a; = 6 or 7 



2. The sum of two numbers is 10, and their product is 21. 
What are the numbers ? 

3. Divide 27 into two such parts that their product may 
be 140. 
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^4. A rectangular field is 12 rods longer than it is wide, 
and contains 7 acres. What is the length of its sides ? 

5. A person purchased a flock of sheep for $ 100. If he 
had purchased 5 more for the same sum, they would have 
cost $ 1 less per head. How many did he buy ? 

6. An orchard containing 2000 trees had 10 rows more 
than it had trees in a row. How many rows were there? 
How many trees were there in each row ? 

7. The difference between two numbers is 2, and the sum 
of their squares is 244. What are the numbers ? 

8. One hundred and ten dollars was divided among a 
certain number of persons. If each person had received $ 1 
more, he would have received as many dollars as there were 
persons. How many persons were there ? 

9. A man worked a certain number of days, receiving for 
his pay $ 18. If he had received $ 1 per day less than he did, 
he would have had to work 3 days longer to earn the same 
sum. How many days did he work ? 

10. Find the price of eggs, when 2 less for 12 cents raises 
the price 1 cent per dozen. 

11. A person sold goods for $24, gaining a per cent, equal 
to the number of dollars which the goods cost him. What 
did they cost him ? 

Suggestion. — Let x = the cost : then, — = the gain per cent. 

100 

12. The expenses of a party of men amount to $ 10. If 
each man pays 30 cents more than there are persons, the bill 
will be settled. How many are there in the party ? 

13. A picture, which is 18 inches by 12, is to be surrounded 
with a frame of uniform width, whose area is equal to that of 
the picture. What is the width of the frame ? 

14. A man sold a quantity of goods for $39, and gained a 
per {^ent. equal to the number of dollars which the goods cost 
him. What did they cost him ? 
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16. Two men dig a ditch 100 rods in length for flOO, each 
receiving $50, A is to have 25 cents a rod more than B. 
How many rods does each dig ? What is the price per rod ? 

16. A rectangular park, 60 rods long and 40 rods wide, is 
surrounded by a street of uniform width, containing 1344 
square rods. How wide is the street ? 

17. A person purchased two pieces of cloth which together 
measured 36 yards. Each cost as many shillings per yard as 
there were yards in the piece. If one piece cost 4 times as 
much as the other, how many yards were there in each ? 

18. A person drew a quantity of pure wine from a yessel 
which was full, holding 81 gallons, and then filled the vessel 
up with water. He then drew from the mixture as much as 
he drew before of pure wine, when it was found that the vessel 
contained 64 gallons of pure wine. How much did he draw 
each time ? 

19. Two persons started at the same time and traveled toward 
a place 90 miles distant. A traveled one mile per hour faster 
than B, and reached the place one hour before him. At what 
rate did each travel ? 

20. A person found that he had in his purse, in silver and 
copper coins, just one dollar. Each copper coin was worth as 
many cents as there were silver coins, and each silver coin 
was worth as many cents as there were copper coins. There 
were in all 27 coins. How many were there of each ? 

SIMULTANEOUS QUADRATIC EQUATIONS. 

274. A Homogeneous Equation is an equation in which the sum 
of the exponents of the unknown quantities in each term which 
contains unknown quantities, is the same. 

Thus, x2 4. 2 y2 = 16 and ajy + y^ — 12 are homogeneous equations. 

275. Simultaneous Quadratic Equations can usually be solved 
by the rules for quadratics; if they belong to one of the follow- 
ing classes : 
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1. When one is simple and the other quadratic, 

2. When the unknown quantities in ea^h equation are comr 
bined in a similar manner. 

3. When each eqiuxtion is homogeneous and quadratic, 

276. The following solutions will illustrate the processes in 
many of the ordinary forms of simultaneous quadratics, but a 
little careful examination of the equations will sometimes 
enable the student to find the values of the unknown quanti- 
ties more readily than they can be found by these general 
methods of solution. 

(I.) Simple and Quadratio. 

/- x^y =5 > 

1. Given \ ^ ^ » . -. r > ^ fi^d the values of x and y. 

(2ar' + y* = 17) 

Solution. 

a; + y = 6 (1) 

Prom (1), sc = 6 - y (3) 

Multiplying square of (8) by 2, 2 a^ = 50 - 20 y + 2 y^ (4) 

Substituting in (2), 60 - 20 y + 2 y« + ys = 17 (5) 

Collecting terms, etc. , 3 y2 - 20 y = - 33 (6) 

Solving, y = 3 or 3| (7) 

Substituting m (1) , x = 2 or 1 J (8) 

(U.) Unknown quantities similarly involved. 

(aj + y= 5) 

2. Given < /> r > *<^ ^^^ *^® values of x and y. 

(. a^s6 ) 

Solution. 

«+y = 6 (1) 

icy = 6 (2) 

Squaring (1), a!^ + 2jcy + ya = 25 (3) 

Multiplying (2) by 4, 4xy = 24 (4) 

Subtracting (4) from (3), asa - 2 o^ + ya = 1 (5) 

Extracting square loot of (5), x-y=i:l (6) 

▲ LOBBRA. — 16. 
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Adding (1) and (6), 2 a; = 6 or 4 (7) 

as = 3 or 2 (8) 

Subtracting (6) from (1), 2 y = 4 or 6 (9) 

y = 2 or 3 (10) 

Solution. 

a + y = 6 (1) 

x^ + xtf^ = 30 (2) 

Factoring (2), xy(^x + y)=:30 (3) 

Dividing (3) by (1), xy = 6 (4) 

Squaring (1), x^ + 2xy -^ y^ = 26 (5) 

Multiplying (4) by 4, 4 a?y = 24 (6) 

Subtracting (6) from (5), «2 _ 2 xy + j^ = 1 (7) 

Extracting square root of (7), x — y = ±1 (8) 

Adding (8) and (1), 2 a? = 6 or 4 (9) 

a? = 3 or 2 (10) 

Subtracting (8) from (1), 2y = 4 or 6 (11) 

y = 2 or 3 (12) 

{X -^y =8 ) 
Q n ^Hc^ty^^ ^^^ tlie values of x and y. 

x^ + ys — 1523' ^ 

Solution. 

X + y = 8 (1) 

a;8 + 2/8 = 162 (2) 

Dividing (2) by (1), x^-xy-hy^ = 19 (3) 

Squaring (1), x^ + 2xy + y^ = 04. (4) 

Subtracting (3) from (4), Socy = 45 (6) 

xy = 15 (6) 

Subtracting (6) from (3), x^ - 2 xy + y'^ = 4: (7) 

Extracting square root of (7), x — y = ±2 (8) 

Adding (8) and (1), 2 a = 10 or 6 (9) 

a; = 5 or 3 (10) 

Subtracting (8) from (1), 2 y = 6 or 10 (11) 

y = 3or6 (12) 
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+ y = 



{X +y ^=5 ^ 
. ^^ r > *o fiiid *1^6 values of z and y. 
a?* + y*=:97)' 

Solution. 



a; + y = 6 (1) 

3c4 + y* = 97 (2) 

4th power of (1), jc* + 4a*y + 6ajV + 4«y« + y* = 625 (3) 

Subtracting (2) from (3), 4 3c»y + 6 z^y^ + 4 a/ = 628 (4) 

Dividing by 2, 2 a^ + 3 JcV + 2 x|^ = 264 (6) 
Squaring (1) and multiplying by 2 xy, 

2a5^ + 4a;V + 2a^ = 603cy (6) 

Subtracting (6) from (6), a;V = 50x^-264 (7) 

Transposing, afij/^ - 60 acy = - 264 (8) 

Completing square, etc., xy = 6 or 44 (0) 
Combining (1) and (9), two pairs of simultaneous equations are formed, 

xy=:d) I a;y = 44 

Solving accord ing to solution of Example 2, x = 3, 2, J(6±V— 161); 
y = 2, 3, i(5=FV'"^i6i). 



(in.) EomogeneoTUi qnadiatio eqnatiozui. 
6. Given \ f . r > to fi^^d *li© values of x and y. 

SOLUTIOK. 

a« - xy = 16 (1) 

2ay-y« = 16 (2) 

(3) 
(4) 
(5) 
(6) 



Assume 

Substituting vy in (1), 
Substituting vy in (2), 
From (4), 


x = «y 

«9ya _ ^2 = 16 

2t?y2-y2 = 16 
y«= IS 


From (6), 


y«= 1« 


Equating (6) and (7), 


16 16 



<7) 

(8) 

Clearing of fractions and reducing, 

16t;2-46« = -16 (9) 

Whenoe, • ss | or | (10) 
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When V = j, by (7), or by (6), 

2/3 = 4; .•.t/=±2| 



and since x 

Similarly, when t? = j, 

Hence, 
and 



y = ±SV^n. and a;=±3V^^ 
05 = ±6, ±8V^^ 
y = ±2, iSV^TT 



Find the values of the unknown quantities in the following : 
r aj — y = 4. 



'• W-2^ = 32.> 
(2aj 4-^ = 13.) 



10. 



11. 



12. 



13. 



15 



16. 



13?^= 6. ) 

t2a;-3t/ = 9.i' 



3y = 
-2^=14.) 



raj4-2y = 7. 

r2aj-f-3y = 22.'i 
|2ajy = 40. > 



a; y 10 

14-1=1. 
0^ 2^ 20' 



r icy = 24. 1 
^*' iaj«-22^ = 4.) 

U-y = 3. j 
fa?2^=12. I 



19 



20 



24 



25 



{a? — y = l. I 

t3? + y' = 2S. •> 
l!BV + ay=12.) 
|a!»-3/»=26. I 
I ajy* — as'y = —6. ) 

Uj^ + 3!By = 54.> 

j2a! + y = 22. I 
la!y + 2y»=120.) 

(x=2y'. I 
\x-y=15.i 

""• lf-2y + ix = llj 

{4:xy + a?f = 96.^ 
ix + y = 6. ) 



30. 



31. 



32. 



33 



37. 



38. 



39. 



40. 
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faf-\-f = 52. I . ^^ raj» + 22/« = 44-ajy. | 

U-|-y = 72. J *^- lic»^y« = 242.) 



raf^r = ^.| raj»4-3^ + 4 = 3ajy.| 

iaj-y = ^. C * la?*-|-y* = 272. J 

'*• Iav = 6. I la^ + j^ = 21-aV.J 

f a!«-a!y + y*=21. •» f a!' + ary + 23/*=44. 1 

• |j/»-2aiy + 16 = 0.) * X2x'-xy + y'==16.i 

' l2a!» + 3a!y + y' = 63.) " t a;* + asV + y« = 133. J 
fa!« + ay + 2y* = 74. j f a?+y' + a! + y = 32. ■» 

!B' + y' + afy =49- ) ( x'+4:y'=256—ixy. 



(ig' + y' + xy =si9. ^ ( !C+4y=:«56— 4a!y. ^ 

la!« + y* + a!y=931.) "' ISy'- «*=39. J 

I a!«-ai»+y*-y«=84. 1 |a5 + y + V« + y = 6. | 

I a!»+a!y +»*=49. ) ' la? + y'=10. I 

fa;+V^ + y=19. 1 g^ ( a?+y'-{x+y) =7S.-\ 

i ' Xxu+(x+y)=3d. ) 



Xx'+xy + y' = 133. J ' W+(a!+y)=J 

r 3(ig + y) ^3i 
I. -j x-y 

(.a!« + y»-46. 



3(ig + y) ^ 3(a!-y) ^^Q 
54. ■{ as— y as+y 
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59. 



60. 



(aJ* + 2^ = 337. I 



( -y/x — Vy — 0? = -Va — x. I 
t 2^y^x = 3 Vo^^. ) 



PBOBIiBMS. 

277. 1. The sum of two numbers is 8, and their product is 
12. What are the numbers ? 

2. The sum of two numbers is 12, and the sum of their 
squares is 104. What are the numbers ? 

3. Divide 13 into two such parts that the sum of their 
square roots is 5. 

4. The product of two numbers is 99, and their sum is 20. 
What are the numbers ? 

6. The sum of two numbers is 100, and the difference of 
their square roots is 2. What are the numbers ? 

6. The difference of two numbers is 2, ana the difference 
of their cubes is h%. What are the numbers ? 

7. Find two numbers whose sum multiplied by the second 
is 84, and whose difference multiplied by the first is 16. 

8. The product of two numbers is 48, and the difference of 
their cubes is 37 times the cube of their difference. What are 
the numbers ? 

9. The sum of two numbers is a, and the ram of iheir 
squares is &. What are the numbers ? 
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10. What two numbers are there such that their sum 
increased by their product is 34, and the sum of their squares 
diminished by their sum is 42 ? 

11. There is a number expressed by two digits, such that 
the sum of the squares of the digits is equal to the number 
increased by the product of its digits, and if 36 be added to 
the number, the digits will be reversed. What is the number ? 

12. From two places, distant 720 miles, A and B set out to 
Oieet each other. A traveled 12 miles a day more than B, and 
the number of days before they met was equal to one half the 
number of miles B went per day. How many miles did each 
travel per day ? 

13. A merchant received f 12 for a quantity of linen, and 
an equal sum, at 50 cents a yard less, for a quantity of 
cotton. The cotton exceeded the linen by 32 yards. How 
many yards did he sell of each ? 

14. A farmer has a field 18 rods long and 12 rods wide, 
which he wishes to enlarge, so that it may contain twice its 
former area, by making a uniform addition on all sides. What 
will be the sides of the field when it is enlarged ? 

16. A merchant bought a piece of cloth for $147, from 
which he cut off 12 yards which were damaged, and sold the 
remainder for $120.25, gaining 25 cents on each yard sold. 
How many yards did he buy ? How much did it cost per 
yard? 

16. A man gave $4 to be divided among some children, but 
10 more joining the group, the share of each was reduced 2 
cents. How many children were there, and what was the 
share of each ? 

17. A drover sold a lot of cows for $2400. He sold a 
second lot, containing 10 cows less, at f 10 more a head, and 
received $100 more than he did for the first. How many 
were there in the first lot^ and what was the price per head ? 
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18. Mr. A has two fields, one a rectangle, and the other a 
square whose side is two thirds as long as the longer side of the 
rectangle. It takes 4 more rods of fence for the rectangular 
field than for the square one, and the square field contains 40 
more square rods than the other. What is the length of each 
field? 

19. A boy rode 10 miles on his bicycle, when it broke down, 
and he was compelled to return on foot. He found that it 
took 1 hour and 15 minutes longer to walk back than it did to 
ride out. How fast did he ride, if he walked 4 miles less 
per hour than he rode ? 

20. The square of John's number of marbles increased by 
the product of John's and Frank's is 525. The square of 
Frank's number increased by the product of John's and 
Frank's is 700. How many has each ? 

21. There is a number expressed by two figures, such that 
if the digits be squared their sum will be 18 more than the 
number itself. Find the number, if the sum of the digits is 13. 

22. The product of two numbers is 16, and the sum of their 
fourth powers is 4112. What are the numbers ? 

23. A man loaned two sums of money at a rate equal to the 
number of hundreds represented by the first sum. His income 
from this was $ 96. If he had loaned them at a rate equal to 
the number of hundreds in the other sum, his income would 
have been increased 9 64. Find the sums loaned. 

24. A regiment of 1104 men was marching in two columns, 
each having 10 more men in depth than in front. 380 men 
were taken from the rear of these two columns to make a 
detour, and after this it was found that each column was an 
exact square with the same number of men on each side as 
there was in front of that column at first Find the number 
of men in each column at first. 

26. The fore wheel of a carriage makes 6 revolutions more 
than the hind wheel, in going 360 feet If the circumference 
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of each wheel had been 3 feet greater, the fore wheel would 
have made only 4 revolutions more than the hind wheel in 
going that distance. What is the circumference of each 
wheel ? 

26. Find two numbers whose sum, product, and difference 
of their squares are all equal. 

27. The joint capital of A and B was $416. A^s money 
W£ts in trade 9 months, and B's 6 months. When they shared 
stock and gain, A received $228 and B $252. What was the 
capital of each ? 

28. A rectangular piece of ground has a perimeter of 100 
rods, and its area is 589 square rods. What are its length and 
breadth ? 

29. Twenty persons sent together $48 to a benevolent 
society. One half the amount was contributed by women, and 
the other half by men ; but each man gave a dollar more than 
each woman. How many women contributed? How many 
men ? What was the contribution of each ? 

30. In a purse of 9 foreign coins, some are of gold, others 
of silver. Each gold coin is worth as many dollars as there 
are silver coins, and each silver coin is worth as many cents as 
there are gold coins, and the value of the whole is $20.20. 
How many are there of each ? 

31. The difference of two numbers is 15, and half their 
product equals the cube of the smaller. What are the 
numbers ? 

32. A and B set out from two places, C and D, at the same 
time. A started from C and traveled through D in the same 
direction in which B traveled. When A overtook B, it was 
found that they had together traveled 60 miles, that A had 
passed through D 5 hours before, and that it would have 
required 20 hours for B to return to C at the rate he had been 
traveling. What was the distance from to D ? 



-t 
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PROPERTIES OP QUADRATICS.* 

278. Every affected quadratic equation can be reduced to one 
of the four following forms ; 

(1) 

(2) 

(3) 

279. Positiye and negatiye roots. 



(1) 


a!«+ixB= q 


(2) 


a?—pxsa q 


(3) 


a^+pxM'-q 


(4) 


a?—pxs: — q 



Xss- 


-lW?+« 


Xss 


l*VI^« 


a?s- 


-f-V^. 



fW?-< 



1. How does the value of -y^ + q compare with ^? How 
does the value of ^^-q compare with ^? 

2. In form (1), if the positive sign of the radical is used, 
what sign will the root have? What, if the negative sign is 
used ? Which root is numerically the greater ? 

8. In form (2), if the positive sign of the radical is used, 
what sign will the root have ? What, if the negative sign is 
used ? Which root is numerically the greater ? 

4. In form (3), if the positive sign of the radical is used, 
what sign will the root have ? What, if the negative sign is 
used? 

5. In form (4), if the positive sign of the radical is used, 
what sign will the root have ? What, if the negative sign is 
ased ? 



* For graphic representation of equations see p. 876 ef 9eq. 
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280. Principles. — 1. In form (!) one root is positive and 
the other negative^ and the negative root is numerically the greater. 

2. Inform (2) one root is positive and the other negaJtive^ and 
tJie positive is numerically the greater. 

3. In form (3) both roots are negative. 
4 Inform (4) both roots are positive. 

281. Eqnal and imeqnal roots. 

1. How do the roots compare numerically in (1)? In (2)? 

2. How does the second term of the root in (3) and (4), 
compare with the first term ? 

3. If g = J, to what does the radical quantity reduce ? How^ 

then, will the roots compare numerically ? What signs will 
they have ? 

282. Pbinciples. — 1. Informs (1) and (2) the roots of each 
are unequal, 

2. Informs (3) and (4) the roots of each are unequal except 

when x = 9- 

283. Beal and imaginary roots. 

1. Since ^ is the square of ±^ what sign will it have 
whether p is positive or negative ? 

2. In forms (1) and (2)^ is the radical part^ then, real or 
imaginary? /" 

3. In forms (3) and (4) when will the radical part be real 
and when imaginary ? 

284. Principles. — 1. Informs (1) and (2) both roots are 
real. 

2. Informs (3) and (4) both roots are real except wJien q is 

numerically greater than ^. Hiey are then imaginary. 
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BXAMPLBS. 

285. Determine the character of the roots in the following 
equations : 

1. aj«-3aj=:4. 

Solution. Form (2),p = 8, g =4, and ±-^ +^ = ^-^^ = ^5 

.*. The roots are one positiye, one negative, unequal, the positive numer- 
ioally greater, real. 

2. aj«-8aj=:20. 7. aj"-12a? = -ll. 
8. aj» + 4a?=12. 8. aj* + 6a? = -5. 
4. aj» — 6a? = l& 9. a? + 20a; = 21. 
6. »« — 7aj=:8, 10. aj*-14aj = 51. 
6. «» — a? = 6. 11. 05* — 30a=64. 

286. Formation of Qnadratio Equations. 

1. Since the roots of the equation a?+px=:q are — ^ + 

'i/?-+9 *^^ "l^Vx"*"^' what is the sum of the roots? 
How does it compare with the coeflBlcient of a? ? 

2. What is the product of the two roots? Hotjt does it 
compare with the absolute term^ or the second member of the 
equation ? 

287. When the unknown quantities are collected in the first 
member, and the known quantities united in the second mem- 
ber, the term of the second member is called the Absolute Term. 

288. Principles. — 1. The sum of the two roots of an affected 
quadratic equation having the form a:^±px=±q, is equal to the 
coefficient of the first power of the unknown quantity with its sign 
changed, 

2. The product of the roots is equai to the absolute term, with 
its sign cha/nged. 
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Denoting the roots of the equation a?+px=sq by ri and r^ 
their sum with the sign changed^ — {vi + r^) may be substituted 
for p (Prin. 1) and their product with the sign changed, 
— rirj, for q (Prin. 2). 

Substituting, x^ — (rj + r,)a5 = — TiT^ 

Transposing, etc. , as? — rja; — r^ + ViT^ = 
Factoring, x(x — r{) — r^(x — rj) = 

Or, , (x-r,)(aj-ri)=0 

Hence, to form a quadratic equation when the roots are 
given: 

Sribtract each root from x and place the product of the remain- 
dera equal to zero. 

BXAMPUBS. 

1. Form an equation whose roots are 3 and — & 
Solution. 
(a;-3)(a; + 6)=0 
.'. a^ + 2aj-16 = 0oraj^ + 2x = 16 
or, 
The coefficient of x is + 2, the sum of the roots with the sign 
changed, and the absolute term is + 15, the product of the roots with the 
sign changed. Hence the equation is x^ + 2 x = 16. 

Form equations whose roots are : 

2. 3, -2. 11. -I, -f 

12. 3+V2, 3-V2. 

18. 2+V3, 2-V3. 

14. 1+V6, 1-V5. 

16. Oy a^h. 

16. a — 6, a + 2h. 

17. a(l + a), a(l-a). 
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289. To soIyb eqnationB by f aotoriag. 

1. What are the factors of aj* + 4aj — 6 ? 

2. Place the factors of 0^ + ^^ — ^ for that expression in 
the equation aj^ + 4aj — 5 = 0. 

3. Since (a? 4- 5) (a? — 1) = 0, to what must one of the factors 
be equal to produce a product equal to ? 

4. Since when either aj-h5 = 0, or a? — 1=0 the equation 
is satisfied, what are the values of a; ? 

6. Since any equation may be expressed with one member 
as 0, by transposing all the quantities to one member, how 
may the values . of the unknown quantities be found by 
factoring ? 

Since some equations cannot be readily resolved into factors, 
it will be advisable to employ this method of solution only 
when the factors may be found by inspection. 

BXAMPUBS. 

1. Solve the equation a? — 7 a; 4- 10 as 0. 

Solution. 

as(«-6)(a;-2) = 

.*. « -> 6 s= 0, and a: s 6 
also, ac — 2 s 0, and x = 2 

2. Solve the equation 3aj* — lOaj-f-SsO. 

Solution. 
8*«-10a; + 8a=0 
s(8«-l)(x-3)a0 

.'. Sx — 1 = 0, and a; = | 
ilio, s - 8 ae 0, and a; » 8 
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Solve the following equations by factoring : 



3. 


a^ + 3a + 2 = 0. 


9. 


aj«-.l0.aj-39 = 0. 


4. 


aj' + 7aj+12 = 0. 


10. 


aj2-12a:-64=:a 


6. 


aj«_4aj-.21 = 0. 


11- 


4aj«-10aj + 6=:0. 


6. 


aj8«7aj-18 = 0. 


12. 


9aj«-27aj + 18 = 0. 


7. 


aJ + 6aj + 8 = 0. 


13. 


4«» + 16aaj + 12a«=:a 


8. 


aj* + 12iB+32=0. 


14. 


9aj» + 306aj + 24&2 = 0. 



Equations of higher degrees can sometimes be solved by 
factoring. 

16. Find the values of a in the equation {»'+2aj'— 3a5— 6=0. 
Solution. 
05^ + 20^-305-6 = 
Factoring, «2(aj + 2) - 3(a; + 2) = 

(aJ»-3)(x + 2)=0 

/. ac^ - 3 = and X = ± \/3 
also, aj + 2 = and x = -2 

16. Find the values of x in the equation aj* — 1 = 0. 
Solution. 

a^-l = 
Factoring, . (« - l)(x? + « + 1)= 

.-. « — 1 = and X = 1 
also, x« + 05+1 = 

or, x^ + X = — 1 

Completing the square, etc., x = ^ ^"" 

2 

Solve the following equations : 

17. aj» — 6a^ + 2a;-10 = 0. 20. (aj~3)(a^-f-3aj + 2) = 0. 

18. 2a? + 6a?-3x-9 = 0, 21. (a:+5) (a5*-4a;-21) =0. 

19. aaj^ + 2»« — 6aa; — 10 = 0. 22. iB»-27 = 0. 



N 



BATIO. 



290. 1. How does 8a; compare with 16 a? What is the 
relation of 8aj to 16a;? Of 5y to lOy? 

2. How does 8a compare with 2a? What is the relation 
of 8ato2a? 

3. How does 9xy compare with Sxy? What is the rela- 
tion of 9 icy to 3 xy? 

4. What is the relation of 2 a to 4 a ? What is the rela- 
tion between 2 a and 4a? 

6. What is the relation of 3 a;* to 9 a;*? What is the rela- 
tion between 3 a^ and 9 a;*? 

291. Batio is the relation of one quantity to another of the 
same kind. 

It is expressed by the quotient of the first divided by the second. 

The ratio of 6 to 2 is 3 ; of 2 to 6, f The ratio of 10 a to 5 a is 2 ; of 
6 a to 10 a, }. 

When it is required to determine what is the relation, or ratio* of one 
quantity to another of the same kind, it is evident that the ^rst is the 
dividend and the second the divisor. But when only the relation between 
the two quantities is required, either may be regarded as the divisor. 
Thus, when the question is ** What is the relation between 10 a and 6a?" 
the answer is either 2 or }, according as 5 a or 10 a is the quantity with 
which the other is compared. 

292. The Terms of a Batio are the quantities compared. 

293. The Sign of ratio is a colon (: ). 

Thus, the ratio between 12 a and 6 a is expressed 12 a : 6 a. 
The colon is sometimes regarded as derived from the sign of division, 
Dy omitting the line. 
166 



RATIO. 267 

294. The Anteoedent is the first term of the ratio. 
Thus, in the expression 6 a : 3 a, 6 a is the antecedent. 

296. The Ckmsequeiit is the second term of the ratio. 
Thus, in the expression 6 a : 3 a, 3 a is the consequent. 

296. A Oonplet is the antecedent and consequent taken 
together. 

297. The ratio of the squares of two quantities is called the 
Duplicate ratio of the quantities; the ratio of their cubes, 
their Triplicate ratio. 

Thus, a^ : 6^ and a* : 6* are re8i)ectively the duplicate and triplicate 
ratios of a and &. 

298. Since the ratio of two quantities, as the ratio of a to 

by may be expressed by a fraction, as % it follows that the 

changes which may be made upon a fraction without altering 
its value, may be made upon the terms of a ratio without 
changing the ratio of the terms, since the numerator is the 
antecedent and the denominator the consequent. Hence, 

299. Principle. — Multiplying or dividing both tei^ms of a 
ratio by the same quantity does not cliange the ratio of the terms. 

BXAMPUSS. 

1. What is the ratio of 3a to 6a ? 6a to 10a ? 

2. What is the ratio of 7x to S5x ? 12ay to 13a ? 

3. If the antecedent is 15 a, and the consequent 20 a, what 
is the ratio ? 

4. What is the ratio of ^ to i ? Jto^? |to|? 

When fractions are reduced to similar fractions, they have the ratio of 
their numerators. 

5. When the antecedent is 2 a, and the ratio is ^, what is 
the consequent ? 

▲LOXBSA. — 17. 



PROPORTION. 



800. 1. What two numbers have the same relatioD to each 
other as 3 to 6? As 2 to 8? As 6 to 15? 

2. What two quantities have the same relation to each 
other as 2a to 4a ? As 36 to 66 ? As 86 to 166 ? 

3. What quantity has the same relation to 6 a that 26 has 
to 46? 

4. What quantity has the same relation to 10a; that 3y 
has to 9y ? 

5. What two quantities have the same ratio to each other 
that 5 ay has to 10 ai^ ? 

6. What two quantities have the same ratio to each other 
that 8aa; has to 4aa^ ? 

7. How have the two ratios in each of the several examples 
given above compared in value ? 

301. A Proportion is an equality of ratios. 

Thus, 5 : 6 = 10 : 12, and 6xy : lOxy = 4 ae : Saz, are proportions. 

302. The Sign of proportion is a double colon ( : : ). 

This sign has been supposed to be the extremities of the lines 
which form the sign of equality. It is written between the ratios thus : 
x:y::2a:2b. 

The sign of equality is frequently used instead of the double colon. 

303. The Antecedents of a proportion are the antecedents of ' 
the ratios which form the proportion. 

Thus, in the proportion a : 6 : : c : d, a and c are the antecedenti. 
268 
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804. The Oonsequents of a proportion are the consequents of 
the ratios which form the proportion. 

Thus, in the proportion a:b::c:dyb and d are the consequents. 

306. The Extremes of a proportion are the first and fourth 
terms of the proportion. 

Thus, in the proportion aibiicid, a and d are the extremes. 

806. The Means of a proportion are the second and third 
terms of the proportion. 

Thus, in the proportion a : 6 : : c : d, b and c are the means, 

807. A Mean Proportional is a quantity which serves as both 
means of a proportion. 

Thus, in the proportion a:b::b:c, 6 is a mean proportional. 

Since a proportion is an equality of ratios, and the ratio of 
one quantity to another is found by dividing the antecedent 
by the consequent, it follows that — 

808. Principle. — A proportion may he expressed ae an 
equation in which both members are fractions. 

Thus, the proportion a\b:\C'.d may be expressed as - = -• 

b d 

Since a proportion may be regarded as an equation in which 

both members are fractions, it follows that — 

809. Principle. — The changes thai may he made upon a 
proportion without destroying the equality of its ratios, are based 
upon the changes that may he made upon an equation without 
destroying the equality^ and upon the terms of a fraction without 
ottering the value of the fraction, 

PRINCIPLES OP PROPORTION. 

810. 1. Let any four quantities form a proportion; as 
aihwcd, 

2. Express the proportion as a fractional equation. 

8. Clear the equation of fractions. 
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4. What does each member of the resulting equation contain ? 

5. How are the members of the equation produced from 
the terms of the proportion ? 

31L Pbinciplb 1. — In any proportion the product of the 
extremes is equal to the product of the means. 
Thus, when a : 6 : : c : d, od = &c. 

Since a vnean proportional serves as both means of a pro- 
portion, as a : 6 : : 5 : c, 

The product of the extremes is equal to the square of the mean 
proportional. 

DEMONSTRATION OF PRINCIPLE I. 

Let a\h\:c\d represent any proportion. 

Then (Art. 308), ? = ^. 
d 

Clearing of fractions, ad = hc. 

Therefore, the product of the extremes is equal to the prod- 
uct of the means. 

NUMERICAL ILLUSTRATIONS. 

3:6::8:16 
3x16 = 8x6 
48 = 48 



812. 1. Change the proportion aihiic.d into an equation^ 
according to Principle 1. 

2. Since ad = 6c, how may the value of a be found ? How 
the value of d ? What parts of the proportion are a and d ? 

3. How, then, may either extreme of a proportion be 
found ? How may either mean be found ? 

313. Principle 2. — Either extreme is equal to the product of 
the Tfieans divided by the other extreme. Either mean is equal to 
the product of the extremes divided by the other m£an. 

Thus, whena:6::c:(f,a = ^^(f = ^,6=^,c = ^. 
d a c b 

Demonstrate Prin. 2, and illustrate its truth with numbers. 
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814. 1. If ad = be, what will be the resulting equation when 
• both members are divided by bd ? 

2. Express the resulting equation as a proportion. 

8. What does ad, the first member of the equation, form 
in the proportion ? What does be form ? 

315. Principle 3. — If the product of two quantities is eqv^l 
to the product of two other quantities, the factors of one product 
may be made the extremes, and the factors of the other the means, 
of a proportion, 

Thos, when ad — bc^ aibiicid. 

Demonstrate Prin. 3, and illustrate its truth with numbers. 



316. 1. Change the general proportion aibiic.d into an 
equation, according to Principle 1. 

2. Divide the members of the equation by cd. 

3. Express the result as a proportion. 

4. What change has taken place in the order of antecedents 
and consequents, compared with the original proportion ? 

317. Principle 4. — If four quantities are in proportion, 
the antecedents wHl have the same ratio to ea>ch other as the 
consequents. 

Thus, when a:b::c:d, a:c::b:d. 

When the antecedents are to each other as the consequents, the quanti- 
ties are said to be in proportion by Alternation. 

Demonstrate Prin. 4, and illustrate its truth with numbers. 



318. 1. Change the general proportion a:b::c:d into an 
equation, according to Principle 1. 

2. Divide the members of the equation by oc 

3. Express the result as a proportion. 

4. What change has taken place in the order of the terms 
in each couplet, compared with the original proportion ? 
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319. Principle 5. — If four qxiantUies are in proportion, the 

second wiU be to the first as the fourth to the third. 

Thus, when a : & : : c : (2, 6 : a : : d : c. 

When the terms of each ratio are written in the inverse order, the 
quantities are said to be in proportion by Inversion. 

Demonstrate Prin. 5, and illustrate its truth with numbers. 



320. 1. Express the proportion a:b::c:d as a fractional 
equation. 

2. Add 1 to each member of the equation. 

3. Eeduce each of the mixed quantities to the fractional 
form. 

4. Express the result as a proportion. 

6. How are the terms of this proportion formed from the 
terms of the original proportion ? 

6. Since, when a:b::c:d, b:a::d:c (Prin. 5), if the 
changes just indicated are made in the second proportion, how 
may the terms of the resulting proportion be obtained from 
the terms of the original proportion ? 

321. Principle 6. — Jf four quantities are in proportion, the 
sum of the terms of the first ratio is to either term of the first 
ratio as the sum of the terms of the second ratio is to the corre- 
sponding term of the second ratio. 

Thus, when a:6::c:d, a-^h:hi:c-^ d\d and a-\-h'.a'.:c-\- die. 

When the sum of the terms of a ratio is to one of the terms as the sum 
of the terms of another ratio is to its corresponding term, the quantities 
are said to be in proportion by Composition, 

Demonstrate Prin. 6, and illustrate its truth with numbers. 



322. 1. Express the proportion a.bwcd as a fractional 
equation. 

2. Subtract 1 from each member of the equation. 

3. Reduce each of the mixed quantities to the fractional 
form. 



PROPORTION. 268 

4. Express the result as a proportion. 

5. How are the terms of this proportion formed from the 
terms of the original proportion ? 

6. Since, when a:b::c:d, b:a::d:c (Prin. 5), if the 
changes just indicated are made in the second proportion, how 
may the terms of the resulting proportion be obtained from 
the terms of the original proportion ? 

323. Peinciple 7. — If four quantities are in proportion, the 
difference between the terms of the first ratio is to either term of 
the first ratio as th£ difference between the terms of the second 
raXio is to the corresponding term of the second ratio. 

Thus, when a-.h-.-.c-.d^ a — b:b::c — d:d and a — b:a::c — d:c. 
When the difference of the terms of a ratio is to one of the terms as 

the difference of the terms of another ratio is to its corresponding term, 

the quantities are said to be in proportion by Division, 

Demonstrate Prin. 7, and illustrate its truth with numbers. 



324. 1. Change the proportion a:b::c:d, according to Prin- 
ciple 6. Express the resulting proportion. 

2. Change the same proportion according to Principle 7. 
Express the resulting proportion. 

3. Change these proportions to fractional equations. 

4. Divide the first equation by the second. 

6. Express the result as a proportion. 

6. How are the terms of this proportion formed from the 
terms of the original proportion ? 

325. Principle 8. — If four quantities are in proportion, the 
sum of the quantities which form the first couplet is to their 
difference as the sum of the quantities which form the second 
couplet is to their difference. 

Thus, when a:b::c:d,a + b:a — b::c-\-d:c — d. 

Demonstrate Prin. 8, and illustrate its truth with numbers. 
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826. 1. Express the proportion a:b::c:d as a fractional 
equation. 

2. Eaise each member to the nth power. 

8. Express the nth root of each member. 

4. Express each of the equations as a proportion. 

5. How may these proportions be formed from the original 
proportion ? 

32T. Principle 9. — If four qiuintUies are in proportion, the 

same powers of those quantities, or the same roots, wUl be in 

proportion, 

11 11 

Thus, when a:b::c:d, a» : 6« : : C" : d», and a*» : 6" : : C* : (f». 

Demonstrate Prin. 9, and illustrate its truth with numbers. 



1. Express the proportion a:b::c:d as a fractional 
equation. 

2. What may be done to a fraction without changing its 
value ? 

3. Multiply the terms of the first fraction by wi, and the 
terms of the second by n. 

4. Express the result as a proportion. 

6. How are the terms of this proportion formed from the 
original proportion ? 

329, Principle 10. — If four quantities are in proportion, 
any equi-mtUtiple of the terms of the first couplet will be pro- 
portional to any equi-multiple of the terms of the second couplet. 

Thus, when a : 6 : : c : d, wia : w& : : nc : nd. 

Demonstrate Prin. 10, and illustrate its truth with numbers. 



830. 1. Express the proportions a : & : : c : d and x:y::z:w 
as fractional equations. 

2. Multiply together the corresponding members of the 
equations. 
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3. Express the resulting equation as a proportion. 

4. How are the terms of this proportion formed from the 
terms of the original proportions a:b::c:d and x:y::z:w? 

331. Principle 11. — The pi^odticts of the cat'responding terms 
of any number of proportions are m proportion. 

Thus, when aibiicid and x:y::ziWy ax:by ::cz: dto. 

Demonstrate Prin. 11, and illustrate its truth with numbers. 

Prove that the quotients will be in proportion if the propor- 
tions are divided term by term. 



332. 1. If the ratios a:b emd e :/are equal to the same ratio 
c : d, how do they compare with each other ? * 

2. What proportion may be formed from the proportions 
a:b::c:d and €:f::c:d, or c:d:ie:f? 

333. Principle 12. — If two proportions have a couplet in each 
the samcy the other couplets will form a proportion. 

Demonstrate Prin. 12, and illustrate its truth with numbers. 



334. 1. If a:b = c:d = e:f=g:hj and each ratio is equal 
to 2, then a = 2b. Express c in terms of d ; e in terms of /; 
g in terms of h, 

2. Since a=2 b, c=2 d, etc., what is the ratio of a-|-c+c-|-^ 
to 6 + d H-/4- h ? Compare this ratio with the ratio a : 6 ; with 
the other ratios. 

Principle 13. — In a series of equal ratios, the sum of the 
antecedents is to the sum of the consequents as any antecedent is 
to its consequent. 

Thus, when a:b = c:d = gih and so on, 

a-^c + e-\'g+ '-:b + d +/+ h+"-::a:b. 

Demonstrate Prin. 13, using r for the value of each ratia 
Illustrate the truth of the principle with numbers. 
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Find the ralue of x in the following proportions : 
2. 3: a?:: 4: 6. 7. aj:14-aj::4:3. 



3. 


aj:5::3:10. 








8. aj:12::aj — 12:3. 


4. 


4:6::aj:4 








9. a5:6::«c + 6:10f 


6. 


Six: :x:12. 








10. «-7:a + 7::2:9. 


6. 


aj:4::aj«:6. 








11. aj«:3 — aj::8: 2. 




12. X- 


-1 


X- 


-2: 


: 2a + 1 : a + 2. 



13. Divide $40 between two men so that their shares will 
be in the proportion of 3 to 7. 

14. There are two numbers in the ratio of 2 to 3, and if 3 
be added to each, the ratio of the resulting numbers will be 
5 to 7. What axe the numbers ? 

16. There are two numbers which have to each other the 
ratio of 3 to 5, and if 4 be added to each, the results will have 
the ratio of 2 to 3. What are the numbers ? 

16. Mr. A's crop of wheat was to his crop of oats as 2 to 3. 
If he had raised 50 bushels more of each, the quantity of 
wheat would have been to the quantity of oats as 6 to 7. 
How many bushels of each kind of grain did he raise ? 

17. Find two numbers such that the greater is to the less 

as their sum is to 6, and the greater is to the less as their 

difference is to 2. 

Solution. 

Let ac = the greater ; y = the less. 

By the conditions, a? : y : : « + y : 6 (1) 

x:y::x-y:2 (2) 

ByPrin. 12, x-{-y:6::x-y:2 (8) 

ByPrin.4, x-^y:X'-y::Q:2 (4) 

ByPrin. 8, 2a;:2y::8:4 (5) 

ByPrin., Art. 309, x:y::2:l (6) 

From (1) and (6), Prin. 12, x + y : 6 : : 2 : 1 (7) 

Frem (2) and (6), Prin. 12, x-y:2::2:l (8) 

From (7), a; + y = 12 (0) 

From (8), x-y = 4 (10) 
.-. « = 8, y = 4 
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18. The product of two numbers is 20, and the difference of 
their squares is to the square of their difference as 9 to 1. 

Solution. 
Let (E = the greater ; y = the less. 

Saw = 20 1 (V) 

x2-y3:(x-y)2::9:l ) (2) 

Dividing first couplet by (x - y), Prin., Art. 310, 

X + y:a5-y::9:l (3) 

(6) 
(6) 

(7) 

(8) 



19. Find two numbers such that their sum is 8, and their 

product is to the sum of their squares as 15 to 34. 

f 

20. Find two numbers whose difference is 3, and whose 
product is to the sum of their squares as 10 is to 29. 

21. What two numbers are those whose sum is to their dif- 
ference as 7 to 1^ and whose product is to the sum as 24 to 7 ? 

22. The sum of two numbers is 12^ and their product .is to 
the sum of their squares as 2 to 5. What are the numbers ? 

23. The sum of two numbers is 6, and the sum of their 
squares is to the square of their sum as 5 to 9. What are the 
numbers? 

24. What two numbers are those whose product is 12, and 
the difference of whose cubes is to the cube of their difference 
as 37 to 1? 



By Prin. 8, 


2x:2y::10:8 


By Prin., Art. 309, 


xiyiib'A 


By Prin. 1, 


4a; = 5y 




.=^ 


SabBtituting in (1^, 


5^ = 20 




.-. » = ±4 




x = ±6 
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PRAOTIOlf AL EQUATIONS SOLVED BY THE 
PRINCIPLES OF PROPORTION. 

336. Since a proportion is an equality of ratios^ and the 
ratio of two quantities may be expressed as a fraction, it is 
evident that the Principles of Proportion are applicable to 
equations which have both members fractions. 

Regarding the numerator of each fraction as an antecedent, 
and the denominator as a consequent, the terms of each frac- 
tion as a couplet, and the equation as a proportion, the Princi- 
ples of Proportion may be readily applied. 

1. Given ^-V^Tl ^ 5 ^ ^^ ^ 

SoLUTioir. 

a; 4- V« + 1 11 

By Prin. 8, the sum of the numerator and denominator of each mem- 
ber, divided by their difference, will form an equation. 

Hence. _|£^ = :^ (2) 

By Prin., Art. 309, ^ =| (8) 

VxH- 1 3 

Squaring, -4t = T W 

X + 1 V 

Clearingof fractions, etc., 9x2_64x==64 (6) 

Whence, x = 8 or — | 

2. Given ^^^+^-^/^^ ^ ^, to find ». 



Solution. 

Vx + g— Vx — q _jg^ 
Vx + a + Vx - a 2a 



ByPrin.8. 2vgT^^x + 2a 

2V^c^^ 2a-x 



(1) 
(2) 
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ByPrln..Art.309. 2^ = |±l3 (8) 

Squaring, x + «^ a^ + 4ax + 4<^ ^^^ 

ByP™-8' 2^= -8^- ^^^ 



4ax 

4a; 
Whence, a; = ±2a>/5 



ByPrm.,Art.309, x^xi^jtcp; ^g) 

•^ a 4ax 

Dividing denominators by a, .05 = 

405 



Solve the following by applying the Principles of Proportion 
when possible : 

3. Given -^^— :: = — -z=i , to nnd «. 

V6S + 2 4v6a? + 6 

4. Given -^^= = — — : , to tmd x, 

■Vax-^-b 3VaiH-66 

5. Given:^^^±I±^ = 9,tofinda.. 

In the solution the second member may be written as f . 



6. Given Va + « + V«^^5. to find x. 
Va + « — V a — a? 



7. Given vg+1-V^ ^l to find x. 



8. Given £L±^±V2^±^ = ft, to find: 

a + aj — V2aa?-f a" 



9. Given V^±^? = ^ to find «. 
Va^ -H aj" - « c 
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886. 1. How does each of the numbers 2^ 4, 6^ 8, 10^ 12, 
compare with the number that follows it ? 

2. How may each of the numbers 4, 6, 8, etc., be obtained 
from the one that precedes it in the series 2, 4, 6, 8, etc. ? 

3. How does each of the quantities 4 a;, 8 a;, 16 x, compare 
with the one that precedes it in the series 2 05, 4a?, 805, 16 a?? 

4. Write a series of six quantities, beginning with 2 a and 
increasing by a constant addend 3 a. 

6. Write a series of six quantities, beginning with a and 
increasing by a constant multiplier r. 

887. A Series is a succession of quantities, each derived from 
the preceding quantity or quantities according to some fixed law. 

888. The first and last terms of a series are called the 
extremes, the intervening terms the means. 

Thus, in the series, a,a-^d, a + 2 d, a + 3 d, the quantities a and 
a -{■ Sd are extremes, and the others are means. 

889. An Ascending Series is one in which the quantities 
increase regularly from the first term. 

Thus, 2, 4, 8, 16, and a, a + d, a + 2 d, etc., are ascending series. 

840c A Descending Series is one in which the quantities 
decrease regularly from the first term. 

Thus, 24, 12, 6, 8, and a,a-d, a '-2d, a - 3 <2, are descending seriea. 
870 
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ARITHMETICAL PROGRESSION. 

S41. An Arithmetioal Progression is a series of quantities each 
of which is derived from the preceding quantity by the addi- 
tion of a constant quantity. 

Thus, 4, 6, 8, 10, 12, 14, and a, a — d,a-2d, a~dd, are arithmetical 
progressions. 

342. The constant quantity which is added is called the 
Oommon Difference. 

The common difference may be either positive or negative. When it is 
positive, an ascending series is produced ; when negative, a descending 
series. 

343. To find the last term. 

1. In the arithmetical progression, x, x + 2, a; + 4, x + 6, 
what is the common difference? How many times does it 
enter into the second term ? How many times into the third 
term ? How many times into the fourth term ? 

2. In the series a, a + d, c^ -f 2d, a + 3d, how is the second 
term formed from the first term? The third term? The 
fourth term? The seventh term? The thirteenth term? 
Any term ? 

3. If the above series were descending, the first three terms 
would be a, a ^d, a — 2d, What would be the fifth term? 
The ninth term ? The eleventh term ? The twentieth term?. 
The nth term ? 

344. When a represents the first term, d the common dif 
ference, I the last term, and n the number of terms, 

I. Z=a + (w-l)d. That is, 

345. Principle. — The last term of an arithmetical progres- 
sion is equal to the first term increased by the common difference, 
multiplied by the number of terms less I. 
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EXAMPUSS. 

1. Find the 16th term of the series 1, 3, 5, 7, etc 

PROCESS. 

li=a-\-(n — l)d Explanation, — In this example a = 1, d = 2, 

and n = 15. Substituting these values in the 
1 = 1 + (15 — 1)2 formula, the value of i, or the last term, is 29. 

i = 29 

2. Find the 18th term of the series 4, 7, 10, 13, etc. 
8. Find the 12th term of the series 3, 7, 11, 16, etc. 
4. Find the 10th term of the series 1^, 2, 2^, 3, etc. 
6. Find the 12th term of the series 26, 23, 21, 19, etc. 
SuooEBTiON. — The common difference is —2. 

6. Find the 20th term of the series 8, 4, 0, -- 4, etc. 

7. Find the 30th term of the series a, 2 a, 3 a, 4a, etc. 

8. Find the 16th term of the series f, f|, f, ^, etc. 

9. Find the nth term of the series 1, 3, 6, 7, etc. 

10. A boy agreed to work for 60 days, at 26 cents for the 
first day, and an increase of 3 cents per day. What were his 
wages the last day ? 

11. A body falls 16^^ feet the first second, 3 times as far 
the second second, 6 times as far the third second. How 
far will it fall the seventh second ? 

346. To find the snm of the terms. 

1. Express five terms of the series a, a -f d, etc. 

2. How is the term before the last obtained from the last ? 
The second term from the last ? The third term from the last ? 

3. Express four terms of the series before the last, when I is 
the last term, and d the common difference. 

4. How will the sum of the last four terms and the first 
compare with the sum of the tv.rms, in a series consisting of 
only five terms ? 



; IS, 



PROGRESSIONS. 273 

847. Let a represent the first term," I the last term, d the 
common difference^ n the number of terms, and s the sum of 
the terms. 

Writing the sum of n terms in the usual order and then in 
the reverse order, and adding the terms, we have : 

« = a + (a -h d) -H (a + 2d) + (a + 3d) H {-l 

« = Z + (Z-d) + (2-2d) + (Z-3d)-f-a 

2s = {a + l)'\-{a + l) + {a + l) + (a-^l)+"'(a + l) 

.-. 2s = n{a-^l) 

n. » = |(a + or nf^!^\ That : 

348. Pbinciple. — The 8um of any number of terms in arith- 
meticcU progression is equal to one half the sum of the extremes 
multiplied by the number of terms. 

EXAMPLES. 

1. What is the sum of the series 2, 4, 6, 8, etc., containing 
12 terms ? 

PBOOESS. 

Z==a-h(n-l)d 

^ = 2 -f (11 X 2) = 24 Explanation. — Since the last term is not 
given, it is found by the previous case to be 
24. Then, by the formula given for obtain- 
ing the sum, it is found to be 156. 

2. What is the sum of 12 terms of the series 1, 3, 5, 7, etc. ? 

3. What is the sum of 9 terms of the series 4, 6, 8, 10, etc. ? 

4. What is the sum of 8 terms of the series 5, 8, 11, etc. ? 
6. What is the sum of 7 terms of the series 3, 4^, 6, etc. ? 

6. What is the sum of 8 terms of the series 3 a, 5 a, 7 a, 
9a, etc.? 

7. What is the sum of 9 terms of the series a + 6, a -|- 6 4- c, 
a + & + 2C, etc.? 

-18. 



'-m 
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8. What is the sum of » terms of the series x, Sx, 5 x, 

7i»?, etc.? 

9. What is the sum of 8 terms of the series 2, 1, 0, — 1, 
— 2, etc. ? 

10. A man walked 15 miles the first day, and increased his 
rate 3 miles per day. How far did he walk in 11 days ? 

11. How many strokes does a clock strike in 12 hours ? 

12. A person received a gift of $ 100 when he was 1 year 
old, and on each birthday until he was 21 years old. These 
sums were deposited in a bank, and drew simple interest at 6%. 
How much was due him when he became of age ? 

13. A debt can be discharged in 26 days by paying $ 1 the 
first day, $ 3 the second, $ 5 the third, and so on. What is 
the amount of the debt ? 

14. If a man travels 20 miles the first day of his journey 
and increases his rate 3 miles each day, how far will he travel 
in 12 days ? 

15. If a person travels 30 miles the first day, and each suc- 
ceeding day a quarter of a mile less than he traveled the day 
before, how far will he travel in 45 days ? 

16. A sets out from a certain place, and travels 1 mile the 
first day, 2 the second, and so on. Five days afterward B 
starts from the same place and travels 12 miles a day. At 
what distances from the starting point are A and B together ? 

17. Thirty flower pots are arranged in a straight line four 
feet apart. How far must a lady travel who, after watering 
each plant singly, returns to a well four feet from the first 
flower pot, and in a line with the plants ? 

18. A body falls 16^ feet the first second, and in each 
succeeding second 32^ feet more than in the next preceding 
one. How far will it fall in 20 seconds ? 
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848. From the ftmdamental formulas, 

Za=a-|-(n-l)d and « = |(a-f Z), 

when any three of the elements are given the other two may 
be found. 

1SXAMFIJ5S. 

1. How many terms are there in the series 3, 5, 7, etc., if 

the sum is 168 ? 

SoLUTioy. 

2 = a4-(n-l)(l 

.-. 2 = 3 + 2n - 2 = 1 + 2n, to be substitated in next formula. 



168 = |(3 + 1^2n) = |(4 + 2n)=2n + n» 



n« + 2n = 168 

n = 12 or - 14 

The negative value has no significance, therefore the number of terms 
is 12. 

2. The last term of the series is 60, the common difference 
4, and the sum of the terms is 338. How many terms are 
there? 

Solution. 

Z = a+(n- l)d 
60 = o-f(n-l)4 
50 = a + 4n-4 

^ 64-a 



888=:^i|l^(a + 60) 

BBS - ^^^ 4- 4 o - fl^ 

.-. a = 2 
and n = 5i^ = 18 
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8. Giyen d= 4, nss21, «=1197, to find a. 

4. Given n = 10, I =^29, 8= 155, to find d 

6. Given a= 3, d= 6, «= 507, to find n. 

6. Given a = 25, d = 3, n = 12, to find i 

7. Given a = 6, 1 = 42, n = 9, to find 5. 

8. Given Z =57, d = 5, n = 21, to find a. 

9. Given a = 6, d = 6, Z=1152, to find w. 

10. Given a = 9, Z = 41, « = 150, to find n. 

11. Given a = 27, n = 9, « = 72, to find Z. 

12. Given Z =f, d = |, 9 = 20, to find a. 

13. Given a = --^, Z = — f, « = — Y> to find A 

14. Given a = f, Z = — 4f, « = — A^, to find n. 

15. Given d = 21, 2 = 242, n = 12, to find «. 

880. To insert arithmetioal means. 

1. Insert 5 arithmetical means between 2 and 26. 

Solution. — Since there are 6 means there must be 7 terms ; hence 
there are given the first term 2, the last term 26, and the number of terms 
7, to find d, the common difference. 

Substituting in l = a-\-{n — l)d 

.-. 2, 6, 10, 14, 18, 22, 26, is the series, and the means are 6, 10, 14, 18, 22. 

2. Insert 4 arithmetical n^eans between 3 and 18. 

3. Insert 8 arithmetical means between 13 and 76. 

4. Insert 4 arithmetical means between — 4 and 17. 

5. Insert 4 arithmetical means between 193 and 443. 

6. Insert 8 arithmetical means between ^ and f . 

7. Insert 6 arithmetical means between — 8 and — 4 

8. Insert 9 arithmetical means between 1 and — 1. 
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SPECIAL APPLICATIONS. 

861. In solving some of the problems in Arithmetical Pro- 
gression there are several ways of representing the unknown 
terms of the series. 

1. When z represents the first term of a series, and y the common 
difference, the series may be represented by 

X, x-\-y, x-\-2y, x + 3 y, etc. 

2. When there are three terms in the series, the middle term may be 
represented by x, and the common difference by y ; as, 

a; — y, X, a; + y. 

3. When there are five terms in the series, the middle term may be 
represented by x, and tiie common difference by y ; as, 

^ X - 2y, X - y, X, X + y, x + 2y. 

4. When there are /our terms in the series, x — 3 y may represent the 
first tenn» and 2 y the common difference ; as, 

X — 3y, X - y, X + y, X + 3 y. 

It is obvions that by the notation adopted the sum of the quantities 
contains but one unknown quantity. 

PROBI«EMS. 

1. There are three numbers in arithmetical progression, 
whose sum is 18 and the sum of whose squares is 116. What 
are the numbers ? 

SOLUTIOK. 

I^et X — y = the first term, 

X = the second term, 
X + y = the third term, 

y = the common difference. 
3x = 18 -J (1) 

(2) 
From (1), X = 6 (3) 

Substituting hi (2), 108 -f 2 y2 = 116 (4) 

Whence, y = 2 (6) 

X — y = 4, 1st term, 

X = 6, 2d term, 

X + y = 8, 8d term. 



i 3x = 18 1 

By the conditions, -{ „ „ ^ „ ^^^ v 

I3x2-f2y3 = 116/ 
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2. The first term of an arithmetical series is 5, the last 
term 92, and the sum of the terms 1455. What is the 
number of terms ? 

3. The first term of an arithmetical series is 2, the last 
term 30, and the sum of the terms 160. What is the number 
of terms ? 

4. The first term of an arithmetical series is 16, the 
common difference — 3^, and the 3um of the terms 30. What 
is the number of terms ? 

5. The sum of three numbers in arithmetical progression 
is 15, and the product of the second and third is 35. What 
are the numbers ? 

6. The sum of three numbers in arithmetical progression 
is 9, and their product is 15. What are the numbers ? 

7. The sum of three numbers in arithmetical progression 
is 18, and the sum of their squares is 126. What are the 
numbers ? 

8. There are three numbers in arithmetical progression 
such that the product of the first and third is 16, and the sum 
of the squares of the numbers is 93. What are the numbers ? 

9. There are three numbers in arithmetical progressioii 
such that t^e first is 3, and the product 6f the first and third 
is 21. What are the numbers ? 

10. The sum of four numbers in arithmetical progression 
is 10, and their product is 24. What are the numbers ? 

11. There are four numbers in arithmetical progression 
such that the product of the first and fourth is 27, and the 
product of the second and third is 35. What are the numbers ? 

12. There are four numbers in arithmetical progression 
such that the product of the fourth number by the common 
difference is 16, and the product of the second and third is 24. 
What are the numbers ? 
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18. There axe five numbers in axithmetical progression 
such that their sum is 40, and the sum of their squares 410. 
What are the numbers ? 

14. The sum of five numbers in arithmetical progression 
is 25, and their product is 945. What are the numbers ? 

16. The product of four numbers in arithmetical progres- 
sion is 280, and the sum of their squares is 166. What are 
the numbers ? 

16. A number is expressed by three digits which are in 
arithmetical progression. If the number is divided by the 
sum of the digits, the quotient will be 26, and if 198 be added 
to the number, the digits will be inverted. What is the 
number? 



GEOMETBIOAL PROGBESSION. 

352. A Oeometrical Progression is a series of quantities which 
increase or decrease by a constant multiplier. 

Thus 2, 4, 8, 16, 82, and a5', ab^, ab, a, are geometrical progressions. 

In the first series the ratio is 2 ; in the second it is — 

b 

363. The constant multiplier is called the Batio. 
The ratio may be integral or fractional, positive or negative. 

364. To find the last tenn. 

1. In the geometrical progression 2, 4, 8, 16, what is the 
ratio? How is the second term obtained from the first? 
How is the third term obtained from the first? How is the 
fourth term obtained from the first ? 

2. In the geometrical progression x, osy, ocy^, xt^, a?y*, etc., 
what is the ratio ? How many times does the ratio enter as 
a factor into the second term? How many times into the 
third term ? How many times into the fourth term ? How 
many times into the nth term ? 
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356. When a represents the first term, r the ratio, and I the 
last or nth term, 

I. l^ar^'K That is, 

356. Pbinciple. — The last term of a geometrical progression 
is equal to the first term, multiplied by the ratio raised to a 
vower whose index is 1 less than the number of terms. 

SXAMPUCS. 

1. Find the 8th term of the series 2, 4, 8, etc. 

PBOCESS. 

I — ar^~^ Explanation. — In this example a = 2, r = 2, and n = 8. 

Substituting these values in the formula, the value of {, or 
1 = 2 X 2^ the last term, is 256. 

1 = 256 

2. Find the 6th term of the series 6, 10, 20, etc. 

3. Find the 9th term of the series 2, 4, 8, etc. 

4. Find the 7th term of the series 3, 9, 27, etc. 
6. Find the 10th term of the series 1, 2, 4, 8, etc. 

6. Find the 7th term of the series 2 a, 4 a*, 8a^ etc. 

7. Find the 9th term of the series 3, 6 ax, 12a*aj*, etc. 

8. Find the nth term of the series 1, 2, 4, 8, etc. 

9. Find the nth term of the series 3, 12, 48, etc. 

10. Find the 8th term of the series 3, 1, ^, etc. ' 

11. If a person' should be hired for 8 days at the rate of $ 1 
the first day, $ 3 for the next day, f 9 for the third day, and 
so on,' what would his wages be for the last day ? 

12. If a man begins business with a capital of $1000, and 
doubles it every three ..years, how much will he have at the 
end of 15 years ? 

13. If a man should* purchase 10 horses, giving $1 for the 
first, f 2 for the second, $4 for the third, and so on, what 
would the last horse cost him ? 
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14. A man bought 9 bushels of wheat. If he had paid 3 
cents for the first bushel, 9 cents for the second, 27 cents for 
the third, and so on, what would the last bushel have cost him ? 

15. A man worked 6 days on condition that he should 
receive for the 6 days as much as the last day's work would 
amount to at the rate of 1 cent for the first day, 5 cents for 
the second day, and so on, the wages of each day being 5 times 
the wages of the previous day. How much did he receive ? 

16. If a farmer plants a pint of com and it produces 4 
bushels, how .much com will he have at the expiration of 
4 years, if he plants the entire harvest each succeeding spring ? 

17. A capital of $2000 is increased by r^ of itself each 
year. What will it be at the beginning of the fifth year ? 

367. To find the sum of a series. 

1 . Express five terms of the series, a, ar, ar^, 

2. What is the nth or last term of the series ? 



Let a represent the first term, I the last term, r the 
ratio, n the number of terms, and s the sum of the terms. 
Then, 

s=^a-\-ar-{'a7^'\-a7^+'*' + a7^''^ (1) 

(1) X r r>== ar + ar^ + ai^ H ai^"^ + ar^' (2) 

(2) — (1), rs^sz^ar'^'-a 

8{r — 1) = a?'* — a 
11. .= ^^— /. 

Since l=iar^~^y rl = a7^ 

Substituting rl for ar** in the formula for the sum, we have 

m. ,= '±1^. 

r — 1 
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1. Find the sum of 10 terms of the series 2, 4, 8, etc 

PBOGESS. 

s = ^^ — ^ Explanation. — In this example, o = 2, r 

r — 1 = 2, n = 10. Substituting in the first for- 

^^Q ^ mula obtained ior the sum, the sum is 2046. 

^^ JXJ 7^ = 2046 
2-1 

2. Find the sum of 11 terms of the series 1, 2, 4, 8, etc. 

3. Find the sum of 9 terms of the geometrical series 1, 3, 
9, 27, etc. 

4. Find the sum of 12 terms of the geometrical series 4, 8, 
16, 32, 64, etc. 

5. Find the sum of 11 terms of the geometrical series 3, 9, 
27, 81, 243, etc. 

6. Find the sum of 10 terms of the geometrical series 2 a, 
4 a, 8 a, etc. 

7. Find the sum of 10 terms of the geometrical series 2ix^, 
6aj*, 18 a^, etc. 

8. Find the sum of n terms of the series 2, 4, 8, 16, etc. 

9. Find the sum of 10 terms of the series 2, 1, J, ^, etc. 

10. Find the sum of 8 terms of the series 8, 2, |, \, etc. 

11. The extremes of a geometrical progression are 4 anc^ 
1024, and the ratio is 4. What is the sum of the series ? 

12. The extremes of a geometrical progression are 2 and 
512, and the ratio is 2. What is the sum of the series ? 

13. What is the sum of a series in which the first term is 
2, the last term so small that it may be disregarded, and the 
ratio ^ ; or what is the sum of the infinite series 2, 1, -J, etc. ? 

14. What is the sum of the infinite series 6, 3, 1^, etc. ; or 
what is the sum of a series in which the first term is 6, and 
the ratio ^ ? 
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16. What is the sum of the infinite series 2, |, ^, etc. ? 
16. What is the sum of the infinite series 

or or ar 
17 What is the sum of the infinite series 
«-2^ + ^-^ + ^etc.? 

18. A man engaged to work for 8 months, upon condition 
that he should receive $2 for the first month, $4 for the 
second, $8 for the third, and so on. How much did he earn 
in the time ? 

19. A man rented a farm of 600 acres for 20 years, agree- 
ing to pay f 1 for the first year, $2 for the second year, $4 
for the third year, and so on. What was the entire amount 
of rent paid for the farm ? 

20- A merchant made $ 600 the first year, and continued in 
business 6 years, making each year 3 times as much as the 
preceding year. How much did he make? 

21. What sum of money can be paid by eight installments, 
the first of which is $1, tiie second $2, the third $4, and so 
on in a geometrical ratio ? 

22. If a body be put in motion by a force which would 
move it 10 feet the first second, 8 feet the second, 6.4 feet the 
third, and so on, how far would it move ? 

23. A man sold a horse upon the following terms: The 
purchaser was to pay 1 cent for the first mile the owner drove 
him, 2 cents for the second, 4 cents for the third, and so on 
for four hours. If he drove the horse 32 miles in 4 hours, 
how much did the horse cost ? 
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369. To inflert geometrical means between two temif. 

BXAMPUES. 

1. Insert 3 geometrical means between 2 and 32. 

PROCESS. Explanation. — Since there are 8 

J means, the number of terms is 6. 

I = air" rpjjg flj^^ ^j^ ig 2, the last term is 

32 = 2r^ 32. Substitating these values in the 

1A _ «^ formula I = ar^-^, the ratio is foimd 

^^"'"^ to be 2, the series 2, 4, 8, 16, 82, and 

2 s= r the means 4, 8, 16. 

2. Insert 4 geometrical means between 1 and 32. 

3. Insert 3 geometrical means between 31 and 496. 

4. Insert 5 geometrical means between 1 and 729. 

5. Insert 7 geometrical means between 2 and 13122. 

6. Insert 4 geometrical means between \ and 128. 

7. Insert 6 geometrical means between — 2 and — 4374. 

8. Insert 4 geometrical means between 3 and — {f^i - 

The geometrical mean between two quantities may also be 
found as follows : 

Let a and h represent the quantities, and m the mean. 

~ = the ratio, as also does -^. 
a m 

.'. — = -, tii2 = ah, and m = Vab. That is, 
a m 

360. Principle. — The geometrical mean between two quarh- 
titles is equal to the square root of their product. 

9. Find the geometrical mean between 9 and 16. 

10. Find the geometrical mean between 5 and 45. 

11. Find the geometrical mean between 14 and 56. 

12. Find the geometrical mean between •— 9 and ^ 48. 



PROGRESSIONS. 286 

t8. .Find the geometrical mean between ISf and 4f. 
14. Find the i^eometrical mean between ^ and 18J. 
16. Find the geometrical mean between 16a^ and 25a^. 

861. From the formulas for the last term and the sum, when 
any three elements are given, the other two can be found. 

1. Given I, r, and s, to find a. 

2. The last term of a geometrical progression is 128, the 
ratio 2, and the sum 254. What is the tirst term ? 

3. The last term of a geometrical progression is —128, 
the ratio 2, and the sum — 255. What is the first term ? 

4. Given a, n, and l, to find r. 

5. The first term of a geometrical progression is 2, the 
number of terms 5, and the last term 512. What is the ratio ? 

6. The first term of a geometrical progression is f, the 
number of terms 4^ and the last term 18. What is the ratio ? 
Write the series. 

7. Given r, n, and Z, to find a. 

8. The last term of a geometrical progression is 1215, the 
number of terms 6, and the ratio 3. What is the first term ? 
Write the series. 

9. Given a, /, and «, to find r. 

10. The first term of a geometrical progression is 2, the 
last term ^, and the sum Jj^. What is the ratio ? Write 
the series. 

11. The first term of a geometrical progression is 3, the last 
term 6144, and the sum 12285. What is the ratio ? 

12. Given a, r, and 5, to find I 

13. The first term of a geometrical progression is 5, the 
ratio 3, and the sum 1820. What is the last term ? 
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SPBOIAL APPLIOATIONB. 

362. In solving some problems in Geometrical Progression 
there are several ways of representing the unknown terms of 
the series. 

1. When X represents the first term and y the ratio, the series may be 
represented as follows : 

X, xy, xy^, xy^, xiy*, etc. 

2. When there are three terms in the series, they may be represented 
as follows : 

y 

x^, xy, f/^, in which - represents the ratio ; 
or, by X, Vxy, y, in which '^- represents the ratio. 

3. When there are /our terms in the series, they may be represented 
as follows : 

x^ tfi y ^ 

— , x, y, and --, in which - represents the ratio. 



PBOBUSMS. 

1. The sum of three numbers in geometrical progression is 
7, and the sum of squares of these numbers is 21. What are 
the numbers ?" 

Solution. 

Let X, Vxy, and y represent the numbers. 

By the conditions, /-+^^ + 2. = 7 | W 

Dividing (2) by (1), x - Vo^ + y = 8 (8) 

Adding (1) and (8), 2 a; + 2 y = 10 (4) 

« + y = 5 (6) 

Subtracthig (5) from (1), v^ = 2 (6) 

xy = 4 (7) 
Whence « = 1, y/xy = 2, y =s 4 
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2. The sum of a geometrical series containing 8 terms is 
1785^ and the ratio is 2. What is the first term ? 

3. The sum of a geometrical series containing 6 terms is 
1365; and the rs^tio is 4. What is the first term ? 

4. The sum of a geometrical series is 1. The first term is 
\f and the last term 0. What is the ratio ? 

6. The first term of a geometrical series is 32, the last 
term 4000, and the number of terms 4. What is the ratio ? 

6. Find three terms in geometrical progression whose sum 
is 13; and the sum of whose squares is 91. 

7. The product of three numbers in geometrical progres- 
sion is 8, and the sum of their squares is 21. What are the 
numbers ? 

8. The sum of the first and third of four numbers in 
geometrical progression is 10, and the sum of the second and * 
fourth is 30. What are the numbers ? 

SnoGBSTiON. — Represent the numbers by x, xy, as^, and xy^, 

9. The sum of four numbers in geometrical progression is 
15, and the last term divided by the sum of the means is |. 
What are the numbers ? 

10. The sum of three numbers in geometrical progression 
is 14, and the sum of the extremes multiplied by the mean is 
40. What are the numbers ? 

11. The sum of the first two of four numbers in geometrical 
progression is 10, and the sum of the last two is 22|. What 
are the numbers ? 

12. Find three numbers in geometrical progression such 
that the sum of the first and last is 20, and the square of the 
mean 36. 

13. The continued product of three numbers in geometrical 
progression is 216, and the sum of the sqxiares of the extremes 
is 328. What are the numbers ? 
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14. A man bought a farm for $5000, agreeing to pay prin- 
cipal and interest in five equal annual installments. What 
will be the annual payment, including interest at 6% ? 

Solution. 
Let P = any principal. 

p = the annual payment 
r = the rate per cent. 
P(l + r) = amount due at end of first year. 
P(l + r)—p = sum due after first payment is made. 
P(l + r)* — jp (1 + r) = amount due at end of second year. 
P (1 + r)2 — p (1 + r) — p = sum due after second payment is made. 
P(l + ry -p(l + r)* -p(l + r)« -p(l + ry ~p (1 + r) -p 

= sum due after fifth payment is made. 
Since the debt was discharged when the fifth payment was made, 
P(l + ry -p(l + ry -p (1 + ry -p(l + ry -p(H- r)-..p = 
Whence, 
p(l + ry +p(l + ry +p(l + r)« +p(l + r)+p = P(l + r)» 
p = PQ + ry 



(1 + ry + (1 + ry + (1 + ry + (1 + r)+ 1 
Or, since the denominator forms a geometrical series, 



P(l + ry __ Pr(l + ry 
^ ~ (1 + r)<^ - 1 - (IH- r)*^ - 1 
r 
And, in general, 

^ (l+r)»-l (1.06)6-1 ^ 

16. If a man agi*ees to pay a debt of $ 3000, bearing interest 
at 7 %, in 6 equal annual installments, what will be the an- < 
nual payment ? 

EXAMPUES FOB BEVIBW. 

863. 1. Add 3»*y-4ajVy4-5, V^ + 2ajy*-f 4, 6yVa- 
-V^ — 7, 4yVa — 3y^aj — 6, and 2-f-5iBy* — 3ya?*. 

2. Add 2a?y4-2ar"y^-3«*, 26«aj-*y*-a + 6«*, 3a^- 
5o!«y-26*«-V + 3a, and 2«» + cy. 
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8. Add 46-2cy"' + m to 7cy"* + 3aiB-66 + 10aaj — 26 
+8711—3^ and subtract from the result the sum of 5aa;— 4m+3, 
5cy-*_3aaj — 6, and 3m — lOcy"* — 2m. 

4. From 17a^-f 3a»-|- 10a subtract 7ajy*+4a»+12«—26aj. 

6. Multiply a*-f a»6 + aV + a6* + 2>* by a-6. 

6. Multiply 3ar-^-23r-« by 2aj-3y«. 

7. Multiply 3aj"*-2y* by 3aj"i + 2y* 

8. Multiply 2a?' -3y^ by 2a^ + 3y~^. 

9. Expand (a*'-|-y*")(«*' + y*"). 

10. Divide a^ — j^ by aj-f y. 

11. Divide ixf-^-tf by aj-f y. 

12. Divide af — y* by » — y to6 terms. 

15. Divide | + a^ + ^-h| by | + 1. 

14. Factor 4aj* + 4ajy-f y*. 

16. Factor a?* — y*. 

16. Factor a;* — 2 a? -35. 

17. Factor a^ — 6a; — 27. 

18. Factor a^ — y". 

19. Find the highest common divisor of 05*— y", a* — 2xy + y", 
and xy ^y^. 

20. Find the highest common divisor of 6a?*-f llaj* + 3 
and 2aJ*-5a;«-12. 

21. Find the highest common divisor of 4a* — 24»' + 34a^ 
+ 12aj-18 and 4a»-18a* + 19a;-3. 

22. Find the highest common divisor of a?* — 4a? — 16«* + 
7a?-f24 and 2«* — 16a;*-f 9aj + 40. 

28. Find the lowest common multiple of 2a% 3aaoy, and 
4a«ajy. 

AIMMURA. — 10. 
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24. Find the lowest common multiple of a^ — ^, ^-hy, 
x — y, and «y — y*. 

26. Eeduoe ^"'^^'^^ to its lowest terms. 

26. Eeduce ^~»^"'"^'"~»^ to its lowest terms. 

27. Beduce " ~^~ ~ . to its lowest terms. 

a* + 2db + lr — <r 

a? 



28. Simplify -^ - -SL. + _^. 

*^ ^ x + 1 1-x a?-l 

29. SimpUfy 3±2x_2-3x 16x-^^ 

'^ ' 2-as 2 + » ^ a!«-4 



30. Simplify 
1 



(a_6)(6_c) (6-a)(a-c) (c-a)(c-b) 
81. Simplify -l±^+l-'« 2 



32. Simplify (a, + i)(«'4-i)(x-^). 

88. Simplify 2±b a-b_2{a^-V)^ 
'^ ^ a-b a + b a' + y 

84. SimplifW-^+l-^W-±3-.-^> 

86. Divide (^ y-) by (-^ + -^\ 

\x-y x + yj ^ \a? + y'^x'-y'/ 
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86. Multiply ^-2«y + y;-^ by 5±i^^ 



87. Simplify -^_^. 



88. Divide 2-:^-:^ by 1^%^. 

89. Eaise x + y to the seyentli power. 

40. Expand (2a + 35)^ 

41. Expand (a + 6)^. 



42. Raise Vx-¥y to the sixth power. 

48. Find the sum of ^/s^, ^^/Ss?^, -s/x^, 

44. From ^/Ws^z + 6xyz+^l^ subtract V12y%. 

46. From 6\/32 subtract 6^5^. 

46. Multiply V« — Vy by Va+Vy. 

47. Multiply Va + V6 by Va-hVS. 

48. Solve 7-[7 4'7-(7 + a)] = 7. 

49. Solve a-5?A!^ = 6-^?^^in. 

60. Solre -1- + ^^ ?_ + «±i: 

a — x a + 6 a; 

61. Solve ^-^ = ^-^. 

a c d 

62. Solre iH±3 + 7£ii|9 = 8£±1.9 

9 6a!-12 18 

63. Solve (a! + |)(a;-f)-(« + 5)(a!-3) + f — 0. 

64. Solve 5»i2±^+!ii£dh^=^ + „. 

a+6 «+a 



29il 

Solve : 
a?*- 16 
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66 



= 6-«. 



a?-f 4 

66. (l + xy + {l^xy=:242. 
3 



67. Vi+xi 



V4^^ 



62. 



63. 




68. Va?-32 = 16-V5. 



69. V4aj + 21 = 2Va?+l. 
60. yli^4^15 4-3vg 



64. 



V2Ta 



i« 4-1^ + 12 = 22. 
iaj + y + l2; = 33. 
» + iy + i2 = 19. 

7aj — 2« + 3w = 17.' 
4y — 2« + v = ll. 
5y — 3aj — 2«7 = 8. 
4y — 3w + 2v = 9. 
32 -1-8^ = 33. 



66. ^ 



c« + 2^ + a«a=:a-fac-fc. 

c'«-}-y + a% = 3ac. 

aca? + 2y + ac2=sa' + 2ac + c*. 



66. i^+-y-^'i 

(y«-fajy = 24.) 



67. 



^aj» + ajy = 12. 
ly»-f a^ = 24. 

'3a?-f 3y = 16. 
f aj^ 4- a?y» = 180. 



7.. |^ + 2s^=^-| 
(a!»4-2a!y = 33.l 



73. 



«' + a!+ y = 18-y*. 



(ar + x 



} 



gg fa!^ + »y» = 180.| 

69 (a'-y=8(Vi-Vy).> 
r »• ~ y» = 66. ^ 



^^ rajy-f a:2^ = 12.| 



70 



71. 






76. 



76. 



77. 



! 



-xy^z 
rajy = 96-4ajy. 



Ca? + y-fVa?4-y=:12. 1 
la!» + 2/» = 189. ) 
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78. Solye}i^-^<' + ^> = -^-l 

re. Solve |(f-y)(^+s^)=i3.> 

ttO. What two numbers, which are to each other as 3 to 4, 
have a product which is equal to twelve times their sum ? 

81. A person being asked the time of day, replied that the 
time past noon was equal to | of the time to midnight. What 
was the time of day ? 

82. Find a number which being increased by 4 and the 
sum multiplied by 3, gives the same result as if half the 
number were multiplied by 8 and the product were diminished 
by 8. 

83. Find two numbers in the proportion of 3 to 4 such that 
if 9 be added to each the sums will be as 6 tp 7. 

84. The sum of two numbers is 12, and the difference of 
their squares is 72. What are the numbers ? 

85. It is required to divide 99 into five such parts that the 
first may exceed the second by 3, may be less than the third by 
10, greater than the fourth by 9, and less than the fifth by 16. 

86. There are two numbers whose product is 6, and whose 
sum added to the sum of their squares is 18. What are the 
numbers ? 

87. What number is that to which if 12 be added, and 
from ^ of the sum 12 be subtracted, the remainder will be 12? 

88. A boy paid 20 cents for 200 apples and pears together, 
buying 25 apples for a cent and 25 pears for 3 cents. How 
many of each did he buy ? 

89. A steamboat, whose rate in still water is 10 miles per 
hour, descends a river whose velocity is 4 miles per hour, and 
returns. She was away for 10 hours. How far did she go ? 

90. Three years ago A's age was ^ of B's, and 9 years 
hence it will be f of it. What is the age of each ? 
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91. There is a number whose three digits axe the same; 
and when 4 times the sum of the digits is subtracted from the 
number^ the remainder is 297. What is the number ? 

92. A woman being asked what she paid for her e^s^ 
replied, " Six dozen cost as many cents as I can buy eggs for 
32 cents." What was the price per dozen ? 

93. What fraction is that which will be doubled when the 
numerator is multiplied by 4 and 3 is added to the denom- 
inator ; but will be halved when 2 is added to the numerator 
and the denominator is multiplied by 4 ? 

94. The stones which paved a square court-yard would just 
covei: a rectangular surface whose length was 6 yards longer 
and whose breadth was 4 yards shorter than the side of the 
square. What was the area of the court ? 

95. A gentleman had not room in his stables for 8 of his 
horses^ so he built an additional stable one half the size of the 
other, and then had room for 8 horses more than he had. How 
many horses had he ? 

96. A gentleman purchased two square lots of ground for 
$ 300. Each of them cost as many cents per square rod as 
there were rods in a side of the other, and the sum of the 
perimeters of both was 200 rods. What was the cost of each ? 

97. There is a number consisting of three digits. The sum 
of the squares of the digits is 83, and the square of the 
middle digit exceeds the product of the other two by 4. If 
396 be added to the number, the digits will be reversed. What 
is the number ? 

98. A and B hired a pasture, into which A put 4 horses, 
and B as many as cost him 18 shillings a week. Afterward 
B put in 2 additional horses, and found that he must pay 20 
shillings per week. What was paid for the pasture per week ? 

99. The sum of two numbers is 40. If 3 times the smaller 
number be subtracted from 2 times the larger^ the remainder 
will be 16. What are the numben ? 
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100. A general^ having lost a battle, found that he had only 
3600 more than half his army left fit for action, 600 more 
than \ of his men being disabled by wounds, and the rest, 
which were ^ of the whole army, being killed or taken 
prisoners. How many men had he in the army ? 

101. Four places are situated in the order of the letters, 
A, B, C, D. The distance from A to D is 34 miles; the 
distance from A to B is to the distance from C to D as 2 is to 
3, and J of the distance from A to B added to ^ the distance 
from C to D is three times the distance from B to C. What 
are the respective distances ? 

102. Given a? + VS = _ , to find the values of x. 

-y/S — x 

103. Several persons incurred an expense of $12, which 
they were to share equally. If there had been 4 more in the 
company, the expense to each person would have been 50 
cents less than it was. How many persons were there in the 
company ? 

104. It is between 11 and 12 o'clock, and the hour hand and 
minute hand make a straight line. What is the time ? 

106. A rectangular field, whose sides are to each other as 2 
to 5> contains 4 acres. What are the length and breadth of the 
field? 

106. Divide 18 into two such parts that the squares of those 
parts may be to each other as 25 to 16. 

107. What will be the payment which will discharge a debt 
of $ 2000 in four years, paying principal and interest in equal 
annual installments, interest at 6 % ? 

108. A rectangular plat of ground has a walk 6 feet wide 
around the outside, which contains \ as much area as the plat 
itself. If the sides are to each other as 3 to 4, what are the 
length and breadth of the plat ? 

109. Given \ "*" ^"" . o nr. r > to ^^d x and y. 

(ajy:arH-y'::3:10)' 
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110. Giyen |J_^. ^^_^^.^ ^^^ ^ J, to&id»andy. 

111. There are four numbers in arithmetical progression 
such that the sum of the two least is 20, and the sum of the 
two greatest is 44. What are the numbers ? 

112. A farmer has two cubical granaries. The side of one 
is 3 yards longer than the side of the other, and the difference 
in their solid contents is 117 cubic yards. What is the side 
of each ? 

113. A merchant expended a sum of money in goods, which 
he sold for $ 56, and thereby gained a per cent, equal to the 
number of dollars which the goods cost him. How much did 
they cost him ? 

114. The sum of three numbers in geometrical progression 
is 13, and the sum of the extremes multiplied by the mean is 
30. What are the numbers ? 

116. Given \ ^ T ^ r > *<> fi^d * ^^^ V- 

116. There are two rectangular boxes, one containing 20 
cubic feet more than the other. Their bases are squares, the 
sides of each being equal to the depth of the other. If the 
capacities of the boxes are in the ratio of 4 to 5, what is 

. the depth of each box ? 

117. What three numbers in geometrical progression are 
there whose sum is 14, and the sum of whose squares is 84 ? 

118. What is the square root of aV-f-6W-|-c* + 2a5aj* + 
2<K^ + 2bcx? 

119. A merchant has three pieces of cloth whose length? 
are in geometrical progression. The aggregate length of the 
three pieces is 70 yards, and the longest piece is 30 yards 
longer than the shortest. What is the length of each ? 

120. A father divided $ 2100 among his three sons, so that 
the shares were in geometrical progression, and the second 
had 9 300 more than the third. What was the share of each ? 
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191. A yintner has two casks of wine, from each of which 
he draws 6 gallons, and then finds that the quantities left are 
to each other as 4 to 7. He then puts into the smaller cask 
3 gallons, and into the greater 4 gallons, and the quantities 
they contain are then to each other as 7 to 12. How many 
gallons were there in each at first ? 

122. Some smugglers discovered a cave which would ex- 
actly hold their cargo, which consisted of 13 bales of cottor 
and 33 casks of wine. While they were unloading, a revenue 
cutter hove in sight, when they sailed away with 9 casks and 
5 bales, leaving the cave two thirds full. How many bales, or 
how many casks, would the cave hold ? 

123. A farmer sold a meadow at such a rate that the price 
per acre was to the number of acres as 2 to 3. If he had 
received 9 270 more for it, the price per acre would have been 
to the number of acres as 3 to 2. How many acres did he sell, 
and at what price per acre ? 

124. Given V? — -^= Sx, to find x. 

-y/x 

126. The sum of two numbers is to their difference as 4 to 
1, and the sum of their cubes is 152. What are the numbers ? 

126. A and B set out from two towns which were 204 miles 
apart, and traveled in a direct line until they met. A traveled 
8 miles per hour ; and the number of hours before they met 
was greater by 3 than the number of miles B traveled per 
hour. How far did each travel ? 

127. A merchant bought a number of pieces of cloth for 
$ 225, which he sold at $ 16 a piece, and gained by the sale as 
much as one piece cost him. How many pieces were there ? 

128. There are three numbers in arithmetical progression 
whose sum is 15. If 1, 4, and 19 be added to them respect- 
ively, they will be in geometrical progression. What are the 
numbers ? 

129. A and B agreed to reap a field of grain for 90 
shillings. A could reap it in 9 days, and they promised to 
complete it in 5 days. They were obliged, however, to call to 
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their assistance C, an inferior workman, who worked the last 
two days, in consequence of which B received Ss, 9d. less than 
would otherwise have been due him. In what time could B 
and C each reap the field alone ? 

130. Find two quantities such that their sum, their product^ 
and the sum of their squares shall be equal to each other. 

131. Find two quantities such that their product shall be 
equal to the difference of their squares, and the sum of their 
squares shall be equal to the difference of their cubes. 

132. A sets out from London to York, and B, at the same 
time, from York to London, both traveling uniformly. A 
reaches York 25 hours and B reaches London 36 hours after 
they have met on the road. In what time did they each 
perform the journey ? 

133. From two towns, which were 102 miles apart, two 
persons, A and B, set out to meet each other. A traveled 3 
miles the first day, 5 miles the second day, 7 miles the third 
day, and so on. B traveled 4 miles the first day, 6 the next, 
8 the next, and so on. In how many days did they meet ? 

134. Given o^ — 2 aj^ + a; = 30, to find x, 

Kesolye into factors by partially extracting the square root and factor- 
ing the remainder. 

136. Given a* - 6a^ + 11 a? = 6, to find x. 

Multiply both members of the equation by a, and resolve into factors 
by extracting the square root partially and factoring the remainder. 

136. Given {'^X^tt^^ "= ""^ , to &nd x ^d y. 

C a?* + v*^ 17 ) 

137. Given i . . . ^^ >• , to find a? and y. 

(a^y-|.a^ = 10 ) ' 

138. A railway train, after traveling 2 hours, is detained 
by an accident 1 hour. It then proceeds, for the rest of the 
distance, at f of its former rate, and arrives 7| hours behind 
time. If the accident had occurred 50 miles further on, the 
train would have arrived 6^ hours behind time. What was 
the whole distance traveled by the train ? 



IMAGINARY QUANTITIES. 



864. 1. What is the square root of c^? Of— a*? 

2. Into what factors may -y/^a* b e sep arat ed s o that one 
of them shall be a perfect square ? V— 4? V— 9 ? 

3. What is the square of any radical quantity of the second 
degr ee? W hat is the square oi VB? Of V^^? Of V^^^^^? 
Of V^=:^5a? 



865. An Imaginary Quantity is an indicated even root of % 

negative quantity. 

Thus, V— 2 a, V— 3 a;, V— a are imaginary quantities. 
In contradistinction to imaginary quantities, all other qnantlties, 
whether rational or irrational, are called real quantities. 

In accordance with the processes in radicals^ 

V— a* = V? X V— 1 = aV^^. Henoe, 

866. Principle.* — Every imaginary quantity ma y be r educed 
to the form of a V— 1, in which a i8 real and V— 1 w the 
imaginary foictor. 

867. An expression which contains an imaginary quantif*y is 
called an imagiruiry expression, 

« For graphic Tepresentation of a V^^ see p. 880. 
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368. To add or subtraot imaginary qnantdties. 
1. Add V^^^ and 2V-4aj*. 



PROCESS. 



V— ^= x-y 



2V-4^ = 4»V--1 

Simplify: 
2. V^^+\/^^. 

4. 6V^=1h.2V^=T6. 



Explanation. — Since the radical expres- 
sions are dissimilar, they must be reduced to 
similar radicals before adding. Reducing and 
adding coefficients, the sum is 6xV— 1. 



6. V^ri2 + V-48. 



7. V^^ + V-4al 

8. 2V^^^4P + 26V^r9. 

9. 3V- 16aV+ aV- 250?*. 
10. V^^^^9a2-aV^^6. 



6. 4V-125-3V-80. 



11. V-3mV-V-27mV. 



369. To midtiply imaginary quantities. 
1. Multiply 2V^ by 2V^=^. 

2V^=^=2V3xV^=n: 
2V^=^=2V6xV^=t: 

(2 V3 X V^^) X (2 V6 X V^=T) 

= 4V18 X ( V^=n[)' = - 4VI8 = - 12V2 

Explanation. — In order to determine the sign of the product, we 
sepa rate each of the imaginary quantities into two factors, one of which 
is V— 1. We then multiply, as in radical quantities, observing that 
(V— 1)2 = — 1. V^^ X V^ would, according to the ordinary rules 
for multiplication of radicals, give as a product V+ 1, which is equal to 
± 1 ; but, inasmuch as we know that V+ 1 was derived from the prod- 
uct of two negative factors, viz., V^ and V- 1, the value of V+1, in 
this case, is — 1, and not -|- 1. Hence, 
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870. Principle. — The product of two imaginary quarUities 
of the second degree is reoL 

Multiply : 

2. V^TI by V^=6. T. 1 - V^n: by 1 - V^^. 

3. 2V^=^ by 3V^=^ 8. 3V^=^ by 2V-2. 

4. 2 V^=^ by 3 V^^. 9. - 6 V-^ by 3 V^^. 

5. 3V^^« by 2V^^^^. 10. 3V^^ by 6a/^^. 

6. l+v^Tibyl-V^^. 11. V32 by V^=^xV^. 

12. 7 + 3V^=^ by 6-2V^. 

13. V»-|-V^y by Vy + V^^ 

371. To divide imaginary quantities. 

1. Divide 6V6 by 3V^^. 

Solution. 6 V6 + 3 V32 = -?^ = ^^ 

Hationalizing the denominator, = —i- — — 

2. Divide 4 + V^ by 2-V^^. 

Solution. (4 + \/^=^) + (2 - V^) = ^+>/^^ 

2-v^I^ 

Rationalizing the denominator, = (4 + V--2)(2 -f v-2) . 

4 -(-2) 

6 
Divide : 

3. 3V^=r8 by V^. 6. 2 by l-f-V^. 

4. 2V=^ by 3V^^r^. 7. -2V^ri by l-VZil. 

5. 2V-a^ by 3V^. 8. V^ by 2V^. 
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9. 4+V4 by 2-V^r2. 12. -36 by 2V34. 

10. -6a*V» by 3V— a*. 18. 8V— «" by 4V«. 

11. -12V6by2V36. 14. 2+V^ by 1 - V^Ti. 

16. 14 + 6V^ by 2-3V^=i:. 
16. VS + v^TB by V6-V35. 

ZBBO AND INFINITY. 

872. How much is 2 times ? 3 times ? 500 times ? 
a times ? Any number of times ? 

873. Pbinoiplb. — 1. When zero is multiplied by a finite 
quantity, the product is zero. 

How much is divided by 2 ? divided by 6 ? divided 
by a ? divided by any number ? 

874. Principle. — 2. When zero is divided by any finite 
qtLO/ntity, the quotient is zero, 

1. What is the value of the fraction ^"" when xaz^? 

2. What is the value of the fraction when x=l ? 

Ans. ^ or 2n. 

3. Since ^ = 2 n, and n may have any finite value, what value 
may the expression ^ represent ? 

375. Principle. — 3. T?ie expression ^ may equal any finite 
quantity J or it is a symbol of indetermination, 

1. What is the quotient of 2 divided by ^? By J? By|? 
ByiV? 

2. When the divisor is diminished while the dividend 
remains the same, what effect is produced upon the quotient ? 

3. If the divisor is made small enough, how large a quotient 
may be obtained ? 
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4. If a represents any finite quantity and an exceedingly 
small quantity^ what value will the expression ^ represent ? 

876. Principle. — 4. The eapression ^ niay be regarded cw 
a symbol of infinity. 

1. What is the quotient when 4 is divided by 2? By 4? 
By 8? By 16? By 32? 

2. When the divisor is increased^ the dividend remaining 
"-he same, what is the effect upon the quotient ? 

3. If the divisor is made large enough^ how small a quotient 
may be obtained ? 

4. If a represents any finite quantity, and oo an exceedingly 
large quantity, what value will the expression ^ represent ? 



00. 
9n.n 

00 



877. Pkinciplb. — 5. The ea^ession ^ may be regarded as 
a symbol for zero. 

878. It should be remembered that the expressions ^, ^, and 
- are simply symbols, and that they are not to be imderstood 

in the strict arithmetical sense. For instance, the division of 
a by is inconceivable, if represents the absence of quantity. 
But if represents a quantity, however small it may be, then 
the division of a by is conceivable. Keeping this interpre- 
tation of the symbols in mind, the preceding principles may 
be expressed by algebraic formulas as follows : 

Prin. 1, X a = 0. Prin. 3, - = any finite quantity. 

Prin. 2, 5 = 0. Prin. 4, ^=qo. 

a 

Prin.6,;|=0. 

EXAMPU&S. 

879. 1. Find a number such that when 5 is added to 3 times 
the number, and the result is divided by the number increased 
by 2| the quotient will be 3. 
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The solution of this example shows the number to be oo ; that is, there 
IB no finite number which will fulfill the conditions, and consequently the 
problem is impossible, 

2. What number is there such that when f of it is dimin- 
ished by 4, the result is 3 less than ^ of it plus -J^ of it ? 

3. I bought 400 sheep in two flocks, paying $ 1.50 per head 
for the first flock and $2 for the second. I lost 30 of the 
flrst flock and 66 of the second, and sold the rest of the flrst 
flock at $ 2 per head and the rest of the second for $ 2.50 per 
head, without gain or loss. Eequired the number of sheep 
originally in each flock. 

4. There is a number such that a third part of it exceeds 
a fourth part of it by as much as |f of it exceeds | of it. What 
ia the number ? 

5. A man being asked his age, replied that if from 3 times 
his age 10 years were subtracted, and to 4 times his age 8 years 
were added, the former result would be equal to f of the latter. 
What was his age ? 

6. Two teachers, A and B, receive the same monthly salary. 
A is employed 10 months in the year, and his annual expenses 
are $600. B is employed 8 months in the year, and his 
annual expenses are f 480. A saves as much money in 3 years 
as B does in 3f years. What is the monthly salary of each ? 
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380. 1. A father who is 42 years of age has a son 12 years 
of age. In how many years will the son's age be -^ of the 
father's ? 

Solution. 

Let X = the number of years. 

Then ^iL?=i2 + x 

0-. x=i-a 
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Evidently the problem is absurd, ior while — 2 when substituted for 
X in the equation satisfies the equation, and thus shows that the result 
is correct algebraically, the problem must be interpreted arithmetically j 
and in that sense the result, — 2 years, is an absurdity. ' 

If — X be substituted for x in the equation, the equation becomes 

4 
and x = 2 

Thus, it is obvious that, if the conditions of the problem be changed 
to correspond with the changes in the equation, the problem will be true 
in an arithmetical sense. 

The problem modified to correspond with the changes in the equation 
will be: A father who is 42 years of age has a son 12 years of age. 
How many years ago was the son's age } of the father's ? 

2. There is a number such that when 7 is subtracted from 
the sum of ^ of the number plus \ of it, the remainder is 
equal to the number. What is the number ? 

Solution. 
Let X = the number. 

Then f"*"fi~^~* 

.-. x = -15 

While the result — 15 is algebraically correct, it is arithmetically absurd. 
If — X be substituted for x in the equation, the equation becomes 

X X M 

and X = 15 

The problem when changed to express conditions which are arith- 
metically reasonable will be: There is a number such that when 7 is 
added to the sum of ^ of the number plus J of it, the result is equal to the 
number. What is the number ? 



381. From the discussion of the foregoing problems we 
may infer : 

1. When a negative value results from the solution of a 
problem producing an equation of the first degree, it indicatea 
an impossibility in the conditions of the problem. 
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2. The impoambUUy eontisU in adding a quantity when it 
should he mhtracted, or vice versa; or %n applying a quantity 
in one direction when it should he applied in an opposite direction. 

3. A possible prohlem analogous to the given problem may 
he formed by changing the absurd conditions to their opposites. 



882. Modify the following problems so tliat they may be 
possible arithmetically. 

1. What number is that whose third part exceeds half of it 
by4? 

2. A man was married when he was 30 years old and 
his wife 20. How soon will he be twice as old as his wife ? 

3. What fraction is that which becomes f when its numer- 
ator is increased by 1 and ^ when its denominator is increased 
byl? 

4. A man worked 7 days and had his son with him 3 days ; 
he received for wages 22 shillings and the board of his son and 
himself. He afterward worked 5 days and had his son with 
him 1 day ; he received 18 shillings and the board of himself 
and son. What were the daily wages of each ? 

5. The difference between two numbers is 24. If 3 times 
the greater be added to 6 times the less, the sum will be 48. 
What are the numbers ? 



INDETERMINATE EQUATIONS. 

888. While Indeterminate Equations may have an infinite 
number of values for the unknown quantities (Art. 182), it is 
nevertheless true that by the introduction of a condition or 
oonditions into a problem, the number of values may be lim- 
ited and these values algebraically and accurately determined. 
One common limitation in problems discussed under the prefr 
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ent head is tliat the results shall be positive integers, or posi- 
tive whole numbers. 

In this entire discussion whole number is understood to mean posiHve 
whole number, and integer, positive integer. 

EXAMPIiBS. 

1. Find two integers whose sum is 3. 

SOLUTIOK. 

Let X = one number, 

and y = the other. 

Then, a; -I- y = 8 

and 95 = 1 or 2 

y = 2 or 1 

2. Find two integers whose sum is 6. 

3. Find two integers whose sum is 7. 

4. There are two integers such that one of them added to 
four times the other makes 17. Find all the possible numbers. 

6. Given 3a; + 42^ss29. Find the values of x and y in 
whole numbers. 

Solution. 

Since x and y are positive integers, it is evident that So; must be equal 
to 3 or a multiple of 3, and 4 y must be equal to 4 or a multiple of 4. 
Since the sum of these multiples is equal to 29, it is evident that, if we 
subtract from 29 successively the multiples of 3, some one of the remain- 
ders will be a multiple of 4, if the problem is possible. 

By subtracting 3 and its multiples 6, 9, 12, etc., successively from 29, 
it is found that 9 and 21, or 3 times 3 and 7 times 3, are the only multiples 
of 3 which leave multiples of 4. Hence, a; = 3 or 7. 

Substituting the values of x in the equation, j/ = 5 or 2. 

Another Solution. 
3x + 43/ = 29 (1) 

y = 29-3x (,) 

Expressing the value of y as a mixed quantity, y = 7 — as + "j"^ * 

4 

Since x and y are integers, 7 — x is integral, and "^^ is also integral ) 

4 

for if it were not, the value of y would contain a fraction. 
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.*. —j-^ := to, a whole number or integer. 

Then H-« = 4w 

x = 4io— 1 

Making to = 1, 2, 3, etc., snccessiyely, 

X = 3, 7, 11, 15, etc. 

The oorresi>onding valnes of 2^ are 5, 2, — 1, — 4, etc. 
Since the values of x and y are positive, only the first two values fulfill 
the conditions, and 

X = 3 and y = 6, or x = 7 and y = 2 

6. Separate 200 into two integers^ one of which is a multiple 
of 7, and the other some other multiple of 13. 

Solution. 

Let 7 SB = one number, 

and 18 y = the other. 

Then, 7« + 13y = 200. 

Hence, 1x— 161, and lSy = 30, the number sought. 

7. Determine whether 500 can be separated into two parts, 
one of which shall be a multiple of 17, the other a multiple 
of 19. 

Find the least values of x and y in the following equations : 

8. 3aj = 82^-16. 11. 7aj-93^ = 29. 

9. 14aj=5y + 7. 12. 19aj- 5^ = 119. 
10. 27aj=1600-16y. 13. 17aj-49y = -8. 

14. A man has $ 600 which he wishes to spena for cows 
and sheep ; cows cost $ 17 apiece, and sheep $ 5 apiece. How 
many can he buy of each ? 

15. A man buys 100 animals for $100, giving $10 each for 
calves, $2 each for sheep, and f ^ each for geese. How many 
animals of each kind may he have purchased ? 
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Solution. 




Let 




x = the number of oalves, 
y = the number of sheep, 




and 




= the number of geese. 




Then 




a; + y + « = 100 


(1) 


and 


10 


«+2y + 5=100 
2 


(2) 



Eliminating z, 19x + Sy = 100. 

16. What is the least whole number which being divided 
by 19 will give a remainder 6, and being divided by 17 urill 
give a remainder 12 ? 

SUGQBBTION. — 19 « + 6 = 17 y + 12. 

17. A boy being asked how many apples he had, replied 
that he had between two dozen and three dozen ; that when 
he took them 4 at a time, he found there were 3 left, but 
when he took 5 at a time, there was but 1 left. How many 
apples had he ? 

18. Find two numbers either of which, upon being divided 
by 3, 4, and 5, gives the remainders 2, 3, and 4, respectively. 

19. Find the least whole number which, being divided by 
7, 8, and 9, respectively, leaves the remainders 5, 7, and 8. 

20. Find the least whole number which, being divided by 
39, leaves the remainder 16, and when divided by 56 leaves a 
remainder 27. 

21. A person sold a number of sheep, calves, and lambs, 40 
in all, for $48. How many may he have sold of each, if he 
received for each calf $1.75, for each sheep $1.25, and for 
each lamb $.75? 

22. A farmer has oats worth 42 cents, barley worth 64 
cents, and rye worth 87 cents per bushel. How many bushels 
of each may he take to make a mixture of 200 bushels, worth 
75 cents per bushel ? 

23. A man bought calves, sheep, and lambs, 164 in all, for 
$154. He paid $3^ each for calves, $ 1| each for sheep, and 
$^ each for lambs. How many may he have bought of each ? 
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24. Four boys have a pile of marbles. A throws away 1, 
and takes ^ of the remainder ; B then throws away 1, and 
takes I of the remainder ; C then throws away 1, and takes 
\ of the remainder; D then throws away 1, and each boy 
takes i of the remainder. At least, how many marbles must 
have been in the pile, and how many does each boy now have ? 

25. I bought a certain number of histories, at $2.50 apiece, 
and a number of lexicons at 9175 apiece. The entire cost 
was $44.75. How many did I buy of each kind ? 

26. A man bought 30 animals for $ 130, paying $ 7 each 
for calves, $3 each for sheep, and $2 each for pigs. How 
many of each kind did he buy ? 

27. Divide 70 into three parts which shall give integral 
quotients when divided by 6, 7, 8, respectively, the sum of 
which quotients shall be 10. 

28. A dealer in stock can buy 100 animals for $400, by 
paying $9 apiece for sheep, $2 apiece for pigs, and $ 1 apiece 
for lambs. How many of each kind may he buy ? 

29. A farmer bought 100 animals, consisting of sheep, 
turkeys, and geese, for $200. The sheep cost him $7 apiece, 
the turkeys $ 2f apiece, and the geese $ 1 apiece. How many 
of each kind did he buy ? 

INEQUALITIES. 

384. An IneqnaUty is an algebraic expression, indicating that 
one quantity is greater or less than another. 

385. The Sign of inequality is>. It is placed with the 
opening of the angle toward the greater quantity. 

Thus, a > 6 is read, a is greater than b; a<bia read, a is less than 6. 
Any negative quantity is regarded as less than 0, and the one having 
the greatest number of units is considered the least. Thus, 

-2>--3; 0>-2. 

386. The quantities on each side of the sign of inequality 
are called members. 
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887. When the first members of two inequalities are each 
greater or each less than the corresponding second members, 
the inequalities are said to subsist in the same sense. 

When the first member is greater in one inequality and less 
in another, the inequalities are said to subsist in a contrary 
sense. 

Thus, a>b and c>d subsist in the same sense, and x>y and v<z 
subsist in a contrary sense. 

388. 1. In the inequality 10 > 6, if 4 be added to each 
member, how will the inequalities subsist ? If 4 be subtracted 
from each member, how will they subsist ? 

2. If to the equation 10 = 10, the inequality 6 > 4 be added 
member to member, how will the inequalities subsist? If 
the inequality be subtracted from the equation, member from 
member, how will the inequalities subsist ? 

3. If the members of the inequality 10 > 6 be multiplied or 
divided by the same positive quantity, how will the inequali- 
ties subsist ? If they be multiplied or divided by any negative 
quantity, how will they subsist ? 

4. If the corresponding members of two or more inequali- 
ties, subsisting in the same sense, be added, as 10 > 6 and 
4 > 3, how will the inequalities subsist ? If the corresponding 
members of the inequality 4 > 3 be subtracted from 10 > 5, 
how do the inequalities subsist? If 20 > 3 be subtracted 
from 10 > 5, how do they subsist ? 

5. If each member of the inequality 9>4 be raised to the 
same power, how will the inequalities subsist ? If the same 
root of each be taken, how will the inequalities subsist ? 

If each member of the inequality — 2 > —3 be raised to the 
second power or any even power, how will the equalities 
subsist? If each member be raised to the third power or any 
odd power, how will they subsist ? 

If the same odd roots of each member of the inequal- 
ity — 64 > — 729 be taken, how will the inequalities sub- 
sist? 
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6. If the members of the inequality 6>3 be divided by 
— 1, how will the inequalities subsist. 

389. Principles. — 1. If equal quantities be added to or sub- 
tracted from the members of an inequality, the inequalities toiU 
subsist in the same sense; if, however, the member h of an 
inequality be subtracted from the corresponding members of an 
equation, the inequalities mU subsist in a contrary sense. 

2. If the members of an inequality be multiplied or divided by 
the same or equal positive quantities, the inequalities wiU subsist 
in the same sense; if, however, the multipliers or divisors be 
negative, the inequalities will subsist in a contrary sense. 

3. If the corresponding members of two or more inequdlitiea 
subsisting in the same sense be added, the inequalities will subsist 
in the same sense; if however, the members of one inequality 
be subtracted from the corresponding members of another, the 
inequalities will not (dways subsist in the same sense. 

4. If the same positive powers or roots of the members of 
an inequality be taken, the inequalities will subsist in the sam^ 
sense, provided the members of the original inequality be posi- 
tive, or if odd roots of negative quantities be taken; if, how- 
ever, the members of an inequality be negative, and they be 
raised to the same even power, they will subsist in a contrary 
sense, 

5. If the signs of all the terms of an inequality be changed, 
the rebutting inequality must be expressed in a contrary sense. 



EXAMPI^S. 




1. Find the limit of x in the inequality 5x - 


-6>19. 


Solution. 




5x-6>19 




(Prin. 1), 6x>26 




(Prin.2), x>b 




/. The inferior limit of x is 5. 





2. Find the limits of x and y in 2aj4-3y > 26 and 2x -|- y=16. 
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Solution. 

2« + 8y>26 (1) 

2a;H-y = 16 (2) 

(2)-(l)(Prm.l). 2y>10 (3) 

(Prin.2), y>6 (4) 

(2)~(4) (Prin-l), 2«<11 

(Prm.2), x<5i 

.'. The inferior limit of s^ is 5 and the superior limit of x is 6). 
Consequently, y may = 6 and x may = 5, and these values satisfy the 
equation. 

Find the limit of x in the following : a and b being positive : 

3. 4aj — 7>21. ^ a.-|.?4.?j.?>i2. 

^ Saj ^^ ^^ 2 3 6 

7 7 8. Ila?-9>4aj-h33. 

Find limits of x and y in the following, and, if possible, 
integral values of x and y which will satisfy the equations : 

a; + 2y<12. "• T^T " 

10. 4a! + 2y = 26. 3a, 2y^. 
3a; + 4y>38 T~T^ 

11. a! + 6y = 13. 

6a! + 2y>7. j^, 3»_^7^^jq 



6 ■ 4 

7 6 3 



*^' i"^!"^' 2«_y^2 

6^2 
16. If a and 6 are unequal, prove that a* + 6* > 2 a6. 

16. If a and 5 are unequal and positive, find the inferior 

Umitof ? + -• 
a 

17. When a and 6 are unequal and positive, which is greater, 
or 



a» + 6*_aM-^^ 



a* + V 
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890. 1. What power of 3 is 9? 27? 81? 243? 

2. What power of 4 is 4? 16? 64? 256? 

3. What power of 10 is 10? 100? 1000? 1? 

391. The Logarithm of a number is the index of the power to 
which a constant number must be raised to produce the given 
number. 

Thus, when 4 is the constant number, 2 is the logarithm of 16, for 
42 = 16. 

392. The constant number which must be raised to some 
power in order to produce the given numbers is called the 
Base of the system of logarithms. 

393. Logarithms may be computed with any positive num- 
ber except unity as a base, but the base of the Common System 
of Logarithms is 10. 

Since 10^ = 1, the logarithm of 1 is 0. 
Since 10^ = 10, the logarithm of 10 is 1. 
Since 10^ = 100, the logarithm of 100 is 2. 
Since W = 1000, the logarithm of 1000 is 3. 
Since 10~* = ^, the logarithm of .1 is — 1. 
Since 10"^ = -j^-^y the logarithm of .01 is — 2. 
Since 10~^ = nAnr> *^® logarithm of .001 is — 3. 

394. It is evident, therefore, that the logarithm of any num- 
ber between 1 and 10 is less than 1 and greater than ; between 
10 and 100, 1 plus a fraction; between 100 and 1000, 2 plus a 
fraction, etc. 

314 
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896. The integral part of a logarithm is called the Oharaoter- 
ifltio ; the fractional part, the Mantissa. 

Thus, in log. 3.16857, the characteristic is 3 and the mantissa .16857. 

From the examples given in Art. 393, the following princi- 
ples may be deduced. 

396. Principles. — 1. The characteristic of the logarithm of 
an integral number is positive, and numerically 1 less than the 
number of figures in the given number. 

2. 77ie characteristic of the logarithm of a decimal fra^ion is 
negative, and numerically 1 greater than the number of zeros 
immediately following the decimal point. 

Thus, the characteristic of 42 is 1 ; of 423 is 2 ; of 4234 is 3 ; of .01 is 
- 2; of .42 is - 1 ; of .324 is -^ 1 ; of .00325 is - 3. 

397. The following examples will illustrate the characteristic 
and mantissa, and their significance : 

Log. of 231.4 = 2.364363, or 231.4 = 102-i«*»«» 
Log. oJ 23.14 = 1.364363, or 23.14 = 10i»«*««« 
Log. of 2.314 = 0.364363, or 2.314 = 10 •««*«• » 
Log. of .2314 = 1.364363, or .2314 = 10T»«4»e8 
Log. of .02314 = 2.364363, or .02314 = 10^««*8 8« 

From an examination of the examples given it is seen that 
as the number decreases in a tenfold ratio, the logarithm 
is diminished by unity. The logarithm of .2314 is then 
0.364363-1 or -0.636637, and that of .02314-1.636637. 
But it is found convenient to write it 1.364363, the under- 
standing being that the characteristic only is negative. The 
mantissa is always positive. It is evident also that in the 
logarithms of numbers expressed by the same figures, the 
decimal part, or mantissa, is the same, and the logarithms 
differ only in the characteristic. Hence, tables ol logaritliinB 
of numbers contain only the maiUissas. 
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TABLES OF LOGARITHMS. 

398. The tables of logarithms on the next two pages give 
the decimal part, or mantissa, of the common logarithms of all 
numbers from 1 to 999 extended to five decimal places. 

The logarithms given in the tables begin with the mantissa 
of 10, but since the mantissas of 10, 20, 30, 40, etc., are the 
same as the mantissas of 1, 2, 3, 4, etc., the table may be said 
to give the logarithms of numbers from 1 to 1000. 



Explanation of Tables. 

The left-hand column of each page of the table is a column of numbers. 
It is designated by N. 

The mantissas of the logarithms of these numbers are opposite them in 
the next column. 

At the top of each page and extending across the top are found the 
figures Of 1, 2y 3, 4, 5, 6, 7, 8, 9, each standing over a column of figures. 
These figures are the right-hand figures of numbers whose left-hand figures 
are given in the left-hand column, and the figures under them are the cor- 
responding mantissas of the numbers. 

It will be seen that the first column of mantissas contains five figures, 
while the others contain only four. This difference is due to the fact that 
the left-hand figure in the mantissas, which is ttsually the same for a whole 
horizontal column, is omitted except in the first column. When, however, 
the first figure of the mantissa in any column after the first is 0, and the 
corresponding figure in the previous column is 0, the left-hand figure for 
this mantissa and all others following it in the same horizontal line is ofie 
greater than the first figure of the left-hand column of mantissas in this 
line. 

By subtracting these mantissas, each from the one next succeeding, it 
is found that those in the same horizontal line have nearly the same dif- 
ference. 

This Average Difference is found in the column marked D. 

It is evident that any tables of logarithms, however extensive, cannot be 
absolutely accurate. They will approach accuracy, however, in propor- 
tion as the number of decimal places in the mantissa is increased. 
• {The tables given here are designed to exhibit the methods of computa- 
tictti with logarithms, but fuller ones are required in actual practice. 
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Table of Common Looabithms. 



N. 


0* 


1 


2 


8 


4 


6 


6 


7 


8 





D. 


zo 


00000 


0432 


0860 


1284 


1703 


2119 


2531 


?S38 


3342 


3743 


414 


IZ 


04139 


4532 


4922 


5308 
8991 


5690 


6070 


6446 


6819 


7188 


7555 


378 


za 


07918 


8279 


8636 


9342 


9691 


0037 


3^ 


°^55 


1059 


348 


X3 


"394 


1727 


2057 


2385 


2710 
5836 


3033 


3354 


3988 


4301 


322 


14 


14613 


4922 


5229 


5534 


6137 


6435 


6732 


7026 


7319 


300 


15 


17609 


7898 


8184 


8469 


87J2 
1484 


9033 


9312 


9590 


9866 


0140 


280 


z6 


20412 


0683 


0952 


1219 


1748 


201 1 


2272 


2531 


2789 


263 


17 


23045 


3300 


3553 


3805 


n 


4304 


4551 ; 


.4797 
718? 


5042 


f 


z8 


25527 
27875 


C768 
8103 


6007 


6245 


6717 


6954 


7416 


235 


19 


8330 


8556 


8780 


9003 


9226 


9A47 


9667 


9885 


223 


ao 


30103 


0320 


0535 
2634 


11'^ 


0963 


1175 


1387 


1597 


1806 


2015 


212. 


az 


32ft22 


2428 


3041 


3244 


3445 


3646 


3846 


4044 


202 


aa 


34242 


4439 


4635 


4830 


5025 
6922 


5218 


541 1 


5603 


m 


5984 


193 


as 


36173 


6361 


6549 


6736 


0107 
8917 


7291 


7475 


7840 


185 


M 


38021 


8202 


8382 


8561 


8739 


9094 


9270 


9445 


9620 


177 


as 


39794 


9967 


0140 


0312 


0483 


0654 


0824 


0993 


11^2 


1330 


170 


a6 


41497 


1664 


1830 


1996 


2160 


2325 


2488 


2651 


2813 


2975 


164 


ay 


43136 


3297 


3457 


3616 


3775 


3933 
5484 


4091 


4248 


4404 


4560 


158 


a8 


44716 


4871 
6389 


s 


5179 


Ms 


5637 


5788 


5939 


6090 


152 


39 


46240 


6687 


6982 


7129 


7276 


7422 


7567 


147 


30 


47712 


7857 


8001 


8144 


8287 


8430 


8572 


8714 


8855 


8996 


^^l 


31 


49136 


9276 


2114 


9554 


9^3 


9831 


9969 


0106 


0243 


0379 


138 


3a 
33 


50515 
51851 


06 j I 
1983 


0920 
2244 


1055 
2375 


1188 
2504 


1322 
2634 


2763 


1587 
2892 


1720 
3020 


134 
130 


34 


53148 


3275 


3403 


3529 


3656 


3782 


3908 


4033 


4158 


4283 


126 


35 


54407 


4531 


4654 


4777 


4900 


5023 


r^ 


5267 


§3f 


5509 
8995 


122 


36 


55630 


5751 


5871 


5991 


61 10 


6229 


6467 


6585 


119 


11 


56820 
57978 


6937 
8092 


rj^ 


7171 
8320 


7287 
8433 


l%l 


uii 


7634 
8771 

9879 


1 


116 
"3 


39 


59106 


9218 


9329 


9439 


9550 


9660 


9770 


9988 


0097 


no 


40 


60206 


0314 


0423 


0531 


0639 


0746 
1805 


0853 


0959 


1066 


1172 


107 


41 


61278 


1384 


1490 


1595 


1700 


1909 


2014 


2Kl8 


2221 


105 


4a 


62325 


2428 


2531 


2634 


2737 


2839 


2941 


3043 


3144 


3246 


102 


43 


63347 


3448 


3548 


3649 


3749 


3849 


3949 


4048 


i;s 


4246 


100 


44 


64345 


4444 


4542 


4640 


4738 


4836 


4933 


5031 


5225 


98 


45 


65321 


5418 


55H 


5610 


5706 


5801 


5896 


5992 
6932 


6087 


6181 


95 


46 


66276 


6370 


6464 


8395 


6652 


6745 


6839 


7025 


8034 
8931 


93 


47 
48 


67210 
68124 


7302 
8215 
9108 


7394 
8305 


ffi 


8574 


& 


7852 
8753 


^l 


91 


49 


69020 


9197 


9285 


9373 


9461 


9548 


9636 


9723 


9810 


88 


50 


69897 


9984 


0070 


0157 


0243 


0329 


0415 


0501 


0586 


0672 


86 


51 


70757 


0842 


0927 


1012 


1096 


1181 


1265 


1349 


1433 


1517 


84 


5* 


71600 


1684 


1767 


1850 


1933 


2016 


2099 


2181 


2263 


2346 


P 


53 


72428 


2509 


2591 


2673 
3480 


2754 


2835 


2916 


2997 


3578 


3159 


81 


54 


73239 


3320 


3400 


3560 


3640 


3719 


3799 


3878 


3957 


80 



818 
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Table of Commoit Looabithm8. 



N. 





1 


2 


8 


4 


6 


6 


7 


8 





D. 


55 


7I4036 


S5I 


4194 


4273 


4351 


4429 


4507 


4586 


4663 


4741 


78 


56 


74819 


4974 


5051 


5128 


5205 


5282 


IWl 


5435 
6193 


55" 


77 


57 


75587 


s 


5740 


5815 


5891 


1^6 


6042 


6268 


^ 


58 


7^343 


6492 


6567 


6641 


6790 


686^ 


6938 


7012 


59 


77085 


7^59 


7232 


7305 


7379 


7452 


7525 


7597 


7670 


7743 


73 


60 
61 


77815 
78533 


a 


7960 
8675 


8032 
8746 


8104 
8817 


8176 

8888 


8958 


8319 
9029 


8390 
9099 


8462 
9169 


72 


6a 


79239 


9309 


9379 


9449 


9518 


9588 


9657 


9727 


9796 


9865 


69 


63 


80618 


0003 


007a 


0140 


0^209 


0277 


0346 


0414 


0482 


0550 


68 


64 


0686 


0754 


0821 


0889 


0956 


1023 


1090 


1 158 


1224 


67 


65 


81291 


1358 


'^ 


1491 


1558 


1624 


1690 


1757 


1823 
2478 


1889 


66 


66 


81954 


2020 


2151 


2217 


2282 


2347 


2413 


2S43 


65 


67 


82607 


2672 


3378 


2802 


2866 


2930 


2995 


3059 


3123 


3187 


64 


68 


83251 
83885 


3948 


3442 


3506 


3569 


3632 


3696 


^PI 


3822 


63 


69 


401 1 


4073 


4136 


4198 


4261 


4323 


4448 


62 


70 


84510 


4572 
5187 


4634 


4696 


4757 


4819 


4880 


4942 


5003 


5065 


62 


71 


85126 


5248 


5309 


5370 


5431 


5491 


5552 


5612 


5673 


61 


7a 


85733 


5794 


5854 


5914 


5974 


6034 


60941 


6153 


6213 


6273 


60 


73 


86332 


6392 


6451 


6510 


6570 


6629 


6688 


6747 


6806 


6864 


5g 


74 


86923 


6982 


7040 


7099 


7157 


7216 


7274 


7332 


7390 


7448 


58 


75 
76 


E 


8138 


7622 
8195 


7679 
8252 


7737 

IIS 


IIU 


7852 
8423 


7910 
8480 


© 


8024 
8593 


58 
57 


77 


88649 


8705 


8762 


8818 


8930 


8986 


9042 


9098 


9154 


56 


78 


89209 


9265 
9818 


9321 


9376 


9432 


9487 


9542 


9597 


9653 


9708 


55 


79 


89763 


9873 


9927 


9982 


0037 


0091 


0146 


oaoo 


0255 


55 


80 


90309 


0363 


0417 


0472 


0526 


0580 


0634 


0687 


0741 


1855 
2376 


54 


81 


90849 


0902 


0956 
1487 


1009 


1062 


1116 


1169 


1222 


IJ75 


53 


8a 


91381 


1434 


1540 


1593 


1645 


1698 


1751 


1803 


53 


83 


91908 


i960 


2012 


2065 


2II7 


2169 


2221 


^U 


2840 


52 


84 


92428 


2480 


2531 


2583 


2634 


2686 


2737 


2891 


51 


85 


92942 


2993 


3044 


3095 


3146 


3197 


3247 


3298 


3349 
3852 


3399 


51 


86 


93450 


3500 


3551 


3601 


3651 


3702 


3752 


3802 


3902 


50 


87 


93952 


4002 


4052 


4101 


4I5I 


4201 


4250 


4300 


4349 


4399 
4890 


50 


88 


94448 


4498 


4547 


4596 


4645 


4694 


4743 


4792 


4841 


49 


89 


94939 


4988 


5036 


5085 


5134 


5182 


5231 


5279 


5328 


5376 


49 


90 


95424 


5472 


5521 


5569 


5617 


5665 


5713 


5761 


5809 


5856 


48 


91 


95904 


5952 


5999 


6047 


6095 


6142 


6190 


gli 


62&1 


'^l 


47 


ga 


96379 




6473 


6520 


6567 


6614 


6661 


6755 


47 


93 


96848 


6895 


6942 


6988 


7035 


7081 


7128 


7174 


7220 


7267 


46 


94 


97313 


7359 


7405 


7451 


7497 


7543 


7589 


7635 


7681 


7727 


46 


95 


97772 


7818 


sits 


7909 
8363 


8408 


8000 


8046 


8091 


8137 
8588 


8182 


45 


96 


98227 


8272 


8453 


8498 


8543 


8632 


45 


97 


98677 


8722 


8767 


881 1 


8856 


8900 


894| 


8989 


9034 


9078 


45 


98 


99123 


9167 


921 1 


9255 


9300 


9344 


9432 


9476 


9520 


44 


99 


99564 


9607 


9651 


9695 


9739 


9782 


9826 


9870 


9913 


9957 


44 
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899. To find fhe logarithm of a number. 

1. Find the logarithm of 3824. 

ExPLAXATioN. — Since the tables on the precediqg pages contain the 
mantissas of no numbers expressed by more than three figures, the man- 
tissa of 382 is first found, which is the same as the mantissa of 3820. It 
is found to be .68206. 

Since the mantissa of the next larger number, 383 or 3830, is 114 
^[|bidfbd-th(4|sandths greater than the mantissa of 3820, it may be 
' assumed thAt every unit added to 3820 will add .1 of 114 hundred- 
Jjiousandths to the mantissa, and 4 will add .4 of 114 hundred-thousandths, 
or 46 hundred-thousandths. This added to .58206 gives .58252, the man- 
tissa of 382, which is sufficiently accurate for practical purposes. 
Since the number is expressed by 4 figures, the characteristic is 3. 
Therefore, the logarithm of 3824 is 3.58252. 

Note. — In finding the logarithms of numbers, allowance should be 
made for the figures after the fifth whenever they express .5 or more. 

Find th6 logarithms of : 

2. 3ia 16. 2105. 80. 8966. 44. 540.6. 

8. 285. 17. 1508. 81. 7847. 46. 78.99. 

4. 486. 18. 3054. 82. 3521. 46. 8.754 

6. 335. 19. 2247. 38. 4712. 47. 6278. 

6. 33.6. 20. 3156. 84. 8363. 48. .OllL 

7. 2.68. 21. 2984. 86. 9274. 49. .0001. 

8. .384. 22. 4138. 86. 4995. 60. .3001. 

9. 4831. 28. 3645. 87. 6726. 61. .0142. 
10. 3846. 24. 5039. 88. 5.787. 62. .0201. 
11.. 2785. 26. 3755. 39. 62.88. 63. 2451. 

12. 3169. 26. 4167. 40. 423.9. 54. 4367. 

13. 1875. 27. 3483. 41. 7620. 56. 8590. 

14. 2.345. 28. 5.718. 42. 83.43. 56. .0078. 
16. 1.684. 29. 62.45. 43. 8.562. 67. .0142. 
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400. To tad a nnmber whose logarithm is given. 

1. Find the number whose logaxithm is 3.95323. 

PBOGESS. 

Given log., 3.96323 

Log. next less^ 3.95279 

Difference of logs.^ 44 

Tabular difference, 49 • 

44-^49 = .89+ 

Number corresponding to mantiilsa, .95279 is 897. 
Annexing to 897 the rest of number, .89+, the whole number 
is 8978.9 4- ) since it is expressed by four figures. 

Explanation. — The logarithm next less than the given logarithm is 
3.95279. This, subtracted from the given logarithm, gives 44 as a 
remainder. Since the difference between t^e logarithms is .00044, and 
the average difference between the logarithms on this line as given in the 
table is .00049 for each unit of increase in the numbers, it will be suffi- 
ciently accurate to assume that an addition of |f of a unit must be made 
to the number whose logarithm is next less, so that the number corre- 
sponding to the given logarithm may be found. The addition is .89. 
The number corresponding to the logarithm 3.95279 consists of 4 integral 
figures, the first three of which are found from the table to be 897. 
Annexing the part found by dividing the difference of the logarithms by 
the average difference, the number is 8978.9+. 

Find the numbers corresponding to the following : 

2. 2.38257. 8. 2.86435. 14. 2.72586. 

3. 2.18626. 9. 3.24685. 16. 1.21436. 

4. 0.23146. 10. 2.98456. 16. 2.51326. 

5. 1.28643. 11. 2.58643. 17. 3.14215. 

6. 2.98465. 12. 3.94875. 18. 2.648^3. 

7. 3.18425. 13. 0.21654. 19. 4.80167. 

401. Hultiplioation by logarithms. 

Since logarithms are the exponents of the powers to which 
a constant quantity is to be raised, how may the product of 
quantities be found when their logarithms are known ? 
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1. Multiply 32.4 by 26. 

PROCESS. 

Log. of 32.4 = 1.51055 
Log. of 26 = 1.41497 



Explanation. — We find the 
logarithm of each of the given 
numbers, and, inasmuch as the 
logarithms Vtre exponents of a 
constant quantity, the product of 
these numbers will be the con- 
stant quantity, with an exponent 
equal to the sum of the expo- 
nents of this constant quantity. 
The sum of these exponents or logarithms is 2.92562. The number cor- 
responding to this logarithm is 842.4, the product of the numbers. 

NoTB. — The student should bear in mind that logarithms cannot be 
relied upon to give accurate results with large numbers. The logarithms 
are themselves but approximations toward accuracy, and they should 
therefore be used only when approximate results will answer the purpose, 
or where the ordinary processes of arithmetic cannot be applied. 



Sum of logs. = 2.92552 
2.92552 is log. of 842.4. 
.-. 32.4x26 = 842.4. 



Multiply : 










2, 2.3 by 3.7. 


10. 


.034 by 26. 


18. 


3.04 by .OOa 


8. 26 by 3.6. 


11. 


.067 by 6.7. 


19. 


468 by 34.6. 


4. 216 by 3.6. 


12. 


.068 by 7.2. 


20. 


.002 by .008. 


6. 312 by .24. 


13. 


.0018 by .26. 


21. 


3466 by .036. 


6. 123 by 3.4 


14. 


.0432 by .082. 


22. 


2874 by .836. 


7. 2.24 by 2.6. 


15. 


866.7 by 1.38. 


23. 


41.03 by .507. 


8. .0023 by .26. 


16. 


.0796 by .162. 


24. 


.0009 by .708. 


9. .0016 by .016. 


17. 


4876 by 37.6. 


26. 


8976 by 2.04. 



402. BiTiflion bj logarithms. 

Since in multiplication we add the logarithms, or the 
exponents, of the constant quantity, how may division be 
performed? 

1. Divide .05475 by 15. 

PUOCESS. 

Log. of .6^7^ is 2.73839 

Log. of 15 is a.17609 

Difference of logs, is 3.56230 

3.56230 is log. of .00365. 
.-. .05475-^16 = .00365. 

▲LaXBBA. — 21. 



Explanation. — We find 
the logarithm of each number, 
and then subtract the loga- 
rithm of the divisor from that 
of the dividend. The number 
corresponding to this differ- 
ence between the logarithms 
is the quotient. 
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Divide : 

2. 2.45 by 9.8. 

8. 18.312 by 24. 

4. 105.7 by 3.5. 

6. 135.05 by .037. 

6. .04905 by .327. 

7. 69854 by 217. 

8. 823.68 by 307. 



9. 34.43 by .on. 

10. 259.2 by .012. 

11. 87.36 by 2.1. 

12. 97.24 by .022. 

13. 13.696 by 32. 

14. 216.83 by 2.3. 
16. 38142 by 3.7. 



16. 3.485 by .205. 

17. 7.865 by .013. 

18. 8925 by 42.5. 

19. 3250 by .52. 

20. .21084 by .042. 

21. 2938 by 14.2. 

22. 3685 by .273. 



403. Inyolntion by logarithmB. 

Since logarithms are exponents^ how may quantities, whose 
logarithms are known, be raised to any power ? 

1. What is the second power of 25 ? 



PROCESS. 



Log. of 25 is 1.39794 

2 



Log. of the power is 2.79588 

2.79588 is log of 625. 
.-. (25)« = 625. 



Explanation. — Since m inTolu> 
tion we multiply the exponent ot 
the quantity by the exponent of the 
power to which it is to be raised, 
in involution by logarithms we may 
find the logarithm of the given 
quantity, and multiply it by the 
exponent of the i)ower to which it 
is to be raised; the number cor- 
responding to the resulting loga> 
rithm will be the power sought. 



Find by logarithms the values of the following : 



2. 


65». 


9. 


91». 


16. 


6.75». 


28. 


3.040». 


8. 


84?. 


10. 


102». 


17. 


723*. 


24. 


.0065». 


4. 


76». 


11. 


107*. 


18. 


799». 


26. 


.0862*. 


6. 


64* 


12. 


146«. 


19. 


8.76'. 


26. 


768.4». 


6. 


87». 


18. 


476^. 


20. 


.960«. 


27. 


4.132». 


7. 


37*. 


14. 


612*. 


21. 


3.54«. 


28. 


5.184». 


8. 


49*. 


16. 


684«. 


22. 


29.3'. 


29. 


37.2e». 
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404. Evolntion bj logarithms. 

Since in involution the logarithms, or exponents, are multi- 
plied by the index of the power to produce the power, what 
must be done when roots of numbers are to be extra^^ted? 

1. What is the square root of 626 ? 

Explanation. — Since in evolution 

PBOGESS. -^Q divide the exponent of the quantity 

Tr^« rv-p AOK \o Q TQRQQ by the number corresponding to the 

Log. of 625 xs 2.79Saa J^^ ^ ^ extracted, in eyolution by 

Dividing bj 2, 1.39794 logarithms we find the logarithm of 
1 o<vrnj • iv 1 c ns *•*« SJ'^" number, and divide It by the 
1.39794 IS the log. of 26. ^^^ „j ^^ required root ; the num- 

.'. (625)^=26. ^'^ corresponding to the resulting 
logarithm will be the root sought. 

Find \sj logarithms the indicated roots of the following : . 

10. 13824* 

11. 16.626*- 

12. 74088* 
IS. 91126*. 



22. ^v^973. 

23. -v^aS?. 



2. 196*. 




6. 1681*. 


8. 266* 




7. 3969*. 


4. 676*. 




8. 4096*. 


6. 1166*. 




9. 5184*. 


Find the values of the follow 


14. <m. 




18. -v^. 


16. ^fU. 




19. VWi. 


16. ^Jm. 




20. -v^l06. 


17. -v/96. 




21. ^111. 


26. 


V3+^ 
V2 + -^ 


27. 


^- 


-</8 . , . 



24. V9l81. 

26. ^''62:73. 

V7+^ 
■ </i2-</l7 

29. V6+-^. 
V7+\^ -{^-^^ 



28 



824 HIGH SCHOOL ALGEBRA. 

406. LogarithniB applied to the solution of pxoUemB in oomponnd 
interest and annuities. 

1. What is the amount of ♦ 1 for 1 year at 6 % ? By what 
must the amount for 1 year be multiplied to find the amount 
for 2 years at 6 % compound interest ? 

2. By what must the amount for 2 years be multiplied to 
obtain the amount for 3 years compound interest ? By what 
must the amount for 3 years be multiplied to obtain the 
amount for 4 years compound interest ? 

3. Since the amount of $1 at 6% compound interest for 
1 year is 1.06 times the principal ; for 2 years, 1.06 x 1.06 
times the principal ; for 3 years, 1.06 x 1.06 x 1.06 or (1.00)» 
times the principal, what will be the amount {A) of any prin- 
cipal (P) f or w years at any rate per cent (r) ? 

I'ORMULA. A = P(l + r)*. (I) 
Expressing the formula by logarithms : 

log A = logP + n X log (1 + r) (1) 

.-. logP = log-4~n xlog(l + r) (2) 

also, log(l + r) = !5£^ri2£r (8) 

n 

and n==l^^lfii2S^ (4) 

log(H-r) ^ ^ 

BXAMPUSS. 

406. 1 . What will be the amount of $ 650 loaned for 6 years 
at 7% compound interest? 

Solution. —To find the amount formula (1) is used : 

log of (1 + r) or 1.07 = 0.02038 
n= 6 



nxlog(l + r) = 0.14690 
log of P or 660 = 2.81291 

.'. log of ^ = 2.95981 

The number corresponding to log 2.95981 is 911.62. 
.*. The amount is $911.62. 
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2. What will be the amount of 9 800 loaned for 4 years at 
6 % compound interest ? 

8. How much will $BSO amount to in 5 years at 5 % com- 
pound interest ? 

4. Find the amdunt of 9475 for 8 years at 5 % compound 
interest. 

6. What principal will amount to J 500 in 7 years at 6 % 
compound interest ? 

6. What principal at 5% compound interest will amount 
to $800 in 8 years? 

7. What must be the sum of money loaned that will amount 
to $ 1000 at 4 % compound interest in 10 years ? 

8. What is the rate per cent when 9 ^0 loaned at compound 
interest amounts to $ 680.30 in 7 years ? 

9. A man agreed to loan $ 1000 at 6 % compound interest 
for a time sufficiently long for the principal to double itself. 
How long was the money on interest ? 

407. An Annuity is a sum of money to be paid annually 
for a given number of years, during the life of a person, or 
forever. 

Payment upon annuities is often deferred for a number of 
years, and interest is allowed upon the sums due and unpaid. 

406. To find the amount of an annnitj left mipaid for a niunber of 
yearSf oompomid interest being allowed. 

1. Suppose an annuity of a dollars is left unpaid, how 
much is due at the end of the first year ? 

2. Upon what sum will compound interest be computed 
at the end of the second year ? What will be the amount of 
that sum when the rate is r ? What will be the whole sum 
due at the end of the second year ? Ans. a + a(l + r). 

8. Upon what sum will compound interest be computed at 
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the end of the third year ? What will be the amount of that 

sum at the given rate? Ans, a(l -f r)-f a(l-f r)* 

What will be the whole sum due at the end of the third 

year? Ans. a + a(l+r)+a(l+r)l 

4. What will be the whole sum due at the end of the 
fourth year ? At the end of the nth year ? 

Let a represent the annuity, n the number of years, r the 
rate, and A the amount. Then, 

^ = a + a(l -h r) + a(l + r)*+ a(l + r)»-|- .. . + a(l + r)*^^ 

= a{l + (l + r) + (l-f-ry+(l + r)«+...+(l + rr-^{. 

These terms form a geometrical progression in which 1 + r 
is the ratio. By Art. 358 the sum of the series is obtained, and 

r 

Sometimes annuities, drawing interest, are not payable until 
after a certain number of years. It is often necessary, there- 
fore, to find the present value of such annuities. 

409. The Present Worth of the annuity is a sum which, if it 
were put at interest at the given rate for the given time, 
would amount to the value of the annuity at the end of the 
given time. 

1. If P denotes the present worth of an annuity due in n 
years, allowing r % compound interest, to what sum will P be 
equal in that time at the given rate ? Ans, P(l + r)\ 

2. Since the amount of the present worth put at interest 
for the given time and rate is equal to the amount o¥ the 
annuity for the same time and rate, equate the two sums and 
find the. value of P. 

r(l + r)" 
^a (1 -f r)* - 1 (in) 

r* (1 + r)** 
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BXAMPIJES. 

1. What will be the amount of an annuity of $660 re- 
maining unpaid for 10 years at 5% compound interest ? 

Solution. Use formula (II). 

log 1.06 = log (1 + r) t= 0.02119 
§ 403, log (1.06)10 = 10 log 1.06 = log (1 + r)» = 0.21190 

/. (1.06)10 = (number whose log is 0.21190) := 1.62904. 
log .62904 = log [1.62904 - 1] = log [(1 + r)» - 1_ h79868 

log .06 = log r = 2.69897 

dif. of logs = log (l + r)^-l = 1.09971 
r 
log 660 = log a = 2.81291 

sum of logs = logfa . (l + O*-^ ! = log ^ = 8.91262 

Hence, J[ = $8177.66. 

2. Find the present worth of an annuity of $650 to con- 
cinue 10 years, allowing compound interest at 5%. 

Solution. Use formula (III). 

As in Ex. 1, log [(1 + r)« - 1] = log .62904 = 1.79868 

and log (1.06)10 = log (1 + r)» = 0.21190 

dif. of logs = log (1 + r)^ - 1 ^ J 58^78 
(l+r)** 

log g = log ^ = log 18000 = 4.1 1894 
r .06 

sum -of logs = log fg . ilJllillJ:] = log P = 8.70072 
Lr .(1 + r)" J 
Hence, P= $6020.28. 

3. What will be the amount of an annuity of ^^700 re- 
maining unpaid for 12 years at 4% compound interest? 

4. To what sum will an annuity of $144 amount in 20 
years at 6% compound interest? 

6. What is the present worth of an annuity of $1000 for 
6 years at 4% compound interest ? 

6. What will be the amount of an annuity of $1200 remain- 
ing unpaid for 6 years at 6% compound interest ? 

7. What is the present worth of an annuity of $800 to 
continue 8 years, allowing compound interest at 4% ? 

8. What is the present worth of an annuity of $1000 to 
f'ontinue 20 years, allowing compound interest at 5% ? 
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PERMUTATIONS AND COMBINATIONS. 

410. Permntatioiui of things are the different orders in which 
things can be arranged by placing them in every possible order. 

In forming the permutations a part or the whole of the things 
may be taken at a time. 

411. To find the number of permutations. 

1. Find the permutations of the letters a, b, c, taking 2 at 
a time. 

2. Since they are db, dc, ba, be, ca, cb, in forming them what 
letters are written after a ? after b ? after c ? 

3. Since each of the other letters is written after a, b, and 
c, respectively, with how many letters is each letter arranged 
when the letters are taken 2 at a time ? How may the number 
of permutations be found when three letters are taken 2 at a 
time? 

4. What will be the number of permutations of 4 letters 
taken 2 at a time ? Of 6 letters taken 2 at a time ? Of 6 
letters taken 2 at a time ? Of n letters taken 2* at a time ? 

Ans, n(n — 1). 

6. Find the permutations of the letters a, 6, c, taking 3 at 
a time. 

6. Since they are abc, acb, bene, bca, cab, cba, how may they 
be formed from the permutations of the same letters taken 2 
at a time ? How many letters are remaining to annex to each 
of the permutations taken 2 at a time ? 

7. Write the permutations of 4 letters taken 2 at a time. 
How many other letters are left to annex to each of the per- 
mutations when 2 are taken at a time to form permutations 
taken 3 at a time? How many letters are left to combine 
with each of the permutations of 2 letters at a time to form 
permutations taken 3 at a time when there are 5 letters? 
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When there are 6 letters taken 3 at a time ? When there are 
n letters taken 3 at a time ? Ana, n — 2. 

8. Since with each of the permutations of n letters taken 
2 at a time, n — 2 other letters are annexed to form tha per- 
mutations of the letters taken 3 at a time, how many permuta- 
tions are there of n letters taken 3 at a time ? 

-4n». >i(n — l)(n — 2). 

9. How many permutations are there when n things are 
arranged 4 in a set, or taken 4 at^a time ? 

Ans. n{n - 1) (n - 2) (n — 3). 

10. How many permutations are there when n thiQgs are 
arranged r in a set ? 

Ans. n(n-.l)(n-2)(n-3)...n-(r-l). 

412. Principle 1. — The nuniber of permutaJtions of n things 
taken r at a time is equal to the contintiecL product of the natural 
numbers from nton — (r— 1) inclusive. 

Formula. Pt =n(n — l)(n — 2)«««n— (r — 1). 

When all the letters are taken together, then r is equal to », 
and the last factor becomes 1. Therefore 

413. Principle 2. — The number of permutations of n things 
taken nat a time is equal to the continued product of the natural 
numbers from n to 1 inclusive, 

FoRiiuLA. P^ = n(n — l)(n — 2.)--l. " 

414. To find the number of oombinations. 

415. Oombinations are the difPerent waye in which a selection 
of a certain number of things can be made from a given number 
of things without regard to the order in which the things are 
placed. 

Tlius, a and b admit of two permutations when taken 2 at a time ; viz., 
ab and 6a, but only one combination ab ; a,byC admit, taken 3 at a time, 
of 6 permutations, abc^ acb, bac^ bca^ ca&, cba, but one combination abc. 
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1. How many permutations are there of 4 things taken 2 
at a time ? How many combinations are there ? 

2. How many permutations are there of 4 things taken 3 at 
a time ? How many combinations are there ? 

3. How many permutations are there of 4 things taken 4 at 
a tiipe ? How many combinations are there ? 

4. Since the number of permutations of n things taken 2 at 
a time is twice the number of combinations, the number of 
permutations of n things taken 3 at a time 6 times the number 
of combinations, etc., how may the number of combinations of 
n things taken r in a set be obtained from the number of per- 
mutatidns of n things taken r in a set ? 

416. Principle. — The number of combinations of n things 
taken r at a time is equal to the number of pei-mutations of 
n things taken r at a time divided by the number of permutations 
of r things taken altogether, 

BXAMPLSS. 

1. How many different permutations may be formed of 9 
different letters taken 4 at a time ? 

2. How many different permutations may be. formed of 8 
things taken 5 at a time ? 

3. How many different combinations may be formed of 8 
things taken 4 at a time ? 

4. How many changes may be rung with 6 bells out of 8 ? 

5. How many different integral numbers may be expressed 
by writing the first five significant digits in succession, each 
figure to be taken once, and only once, in each number ? 

6. The colors of the rainbow are violet, indigo, blue, green, 
yellow, orange, and red. In how many different orders may 
these colors be arranged ? 
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7. From 12 books, how many ways can a selection of 4 
books be made ? 

8. How many different sums of money can be paid with 
a cent, a three cent piece, a half dime, a dime, and a twenty- 
five cent piece ? 

9. From a company of 18 persons, how many different 
parties of 6 each can be formed? 

10. A family consisting of father, mother, 3 sons, and 5 
daughters occupied a row of seats at a concert. In how many 
different orders might they have arranged themselves ? 

11. If a single combination of 6 things is formed from 10 
different things, how many things are left ? 

12. Since, whenever a combination of 6 things is formed 
from 10 different things, a combination of 4 things can be 
formed from those that are left, how will the number of com- 
binations of 10 different things taken 6 at a time compare 
with the number of combinations of 10 different things taken 
(10 — 6) or 4 at a time ? 

13. Hbw, then, will the number of combinations of n things 
taken r at a time compare with the number of combinations of 
n things taken n — r at a time ? 

14. Express the conclusion in the form of a principle. 

The application of this principle will sometimes abridge the 
process employed in finding the number of combinations. 

Thus, if it is required to find the number of combinations of 18 things, 
taken 16 at a time, the solution by Art. 416 will be 

18 . 17 . 16 . 16 . 14 . 13 . 12 . 11 . 10 . 9 . 8 . 7 . 6 . 5 . 4 . 8 



16 . 16 . 14 . 13 . 12 . 11 . 10 . 9 . 8 . 7 . 6 . 6 . 4 . 8 . 2 . 1 



■ = 163. 



But by the principle just established, the number of combinations of 
18 things taken 16 at a time is equal to the number of combinations of 18 
things taken 2 at a time, consequently the solution will be 
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417t The Binomial Theorem derives a formula by means of 
which any binomial, whether its exponent be positive or nega- 
tive, integral or fractional, can be expanded without employing 
the ordinary process of involution. 



POSITIVE INTEGRAL EXPONENTS. 

418. From the binomials whose powers are given in Art. 
202, certain Principles were derived. 

Assuming that those principles or laws are applicable to 
the expansion of any binomial, as {a + x), having a positive 
integral exponent, as n, we have 

(a + xy = a- + na^'^x + ^l5:=ila-V 

1 •2 

+ "<"-;^><"-^> a»-V+... (1) 

This formula is called the Binomial Formida. 

419. We know that the laws are applicable to the expansion 
of binomials to the third, fourth, and fifth powers ; we shall 
now show that they are true for any power. 

It is plain that if they hold true for the (n + l)th power, they 
hold true for the sixth power, since we know that they hold true 
for the fifth ; and if they are true for the sixth power, they are 
true for the seventh, and so on for any power with a positive 
integral exponent, inasmuch as the (n + l)th power is a powei 
whose exponent is one greater than any assumed power. 
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480. Assuming formula (1) to be the expansion of (a + «)* 
if each member is multiplied by (a4-«), we shall have the 
expansion of (a 4- x)"^^. Multiplying, we have 

+ ... + o-a; + na'-^^ ^ n(n--l) ^,_^^ ^ _^ ^2) 

1 • 4 
Uniting similar terms, 

s a-+»+ (n + l)o-a! +( '"^"~^^ + n^o-V 

, /n(n-l)(n-2) ^ n(n-l)\ .^ 
^ 1*2*3 i«2y 

c <r'-'+ (n + l)o'a! + **<" 7 ^ + ^) ar-^ 

1 • 2 

= or+» + (n + 1) a"* + i2-±ll5a"->a!« 
1 ^2 

^ 1.2.3 ^ 

By examining the formula as it is given in its last reduc- 
tion, it is seen that it has the same form as the expansion of 
(a4-»)*> «4-l simply taking the place of n. Substituting 
n 4- 1 forn in equation (1), it reduces to the form of equation 
(2) as expressed in its last reduction. Therefore, if the formula 
is true for the nth power, it holds true for the (n-l-l)th power. 

Since the formula (1) is true for the fifth power, it must be 
true for (n + l)th or sixth power, and for the power next higher 
or the seventh power, and so on, and, consequently, for any 
power, whose exponent is a positive integer. 

421. When (a — x) is raised to the nth power, it is evident 
that the terms containing the even powers of x will be positive 
and those containing the odd powers will be negative ; that is, 
the second term will be negative because it contains the first 
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power of X, the third term will be positiye because it contains 
the second power of x, etc. Therefore, 

(a - a?)* = a» - na"-*a5 + ^^^^"""^^ a*-W 

1 • ^ 

1.2.3 ^ 

422. In the binomial (a + a?), if a; and a be interchanged and 
the binomial be expanded, the coefficients of the terms will be 
the same as in formula (1). Hence, the coefficients of the latter 
half of a power of (a + x) are the same as those of the first half 
written in the reverse order. 

EXAMPIJGS. 

Expand the following : 

1. (a^xy. 6. (c^ + d-y. 9. (x + Vyy. 

2. {a^xy. 6. (ai^xiy 10. (V^ + 2</i)*. 

3. (a' + Vy. 7. (aj-i + y»)'. 11- (3a^-iVS)*. 

428. To find any term. 

Exponents. — From formula (1) it is apparent that the 
exponent of x in the second term is 1, in the third term 2, 
in the rth term r — 1. 

Since the sum of the exponents in any term is n, the expo- 
nent of a in any term will be n — r + 1. 

Coefficients. — Since the coefficient in the third term is 
^(!^~^\ in the fourth term ^^^"^^)(^-^), the coefficient 

intherthtermis"("--^)("7'>^r?"\^r'^"^'^' 

1 •2.3.4 ... (r — 1) 
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BXAMPI^ES. 

1. Find the sixth term of (a + by. 

2. Find the fifth term of (a — x)^. 

3. Find the seventh term of (a -|- c)", 

4. Find the ninth term of (a + &*)^. 
6. Find the fourth term of (3 — oi^y. 

6. Find the fourth term < 






7. Find the fifth term of 

8. Find the fourth term of (a* — Va)'. 

9. Find the fourth term of {^x — yVyy. 

10. Find the sixth term of fa'^ + ^Y- 

11. Find the fifth term of ( Va - VS)*. 

12. Find thei^eighth term of (^ — Vc)». 

13. Find the seventh term of (oa^-f 2Vxy, 

14. Find the fourth term of fJ^ - \-A^' 

424. A polynomial may be expanded by the binomial 
formula by grouping its terms in the form of a binomial. 
Thus, (a + 6 + c)«=[(a-|-6) + c]* and (a + b + c + dy=: 
[(a4-6) + (c + d)]*. 

Expand : 

1. (« + y + «)'. 4. (a^ + ooj-f aJ*)'- 

2. (1-haj-a^)*. 5. (a + o' + ^ + l)'. 
8. (a:»-« + 2)*. 6. (l + 2aj-a»-h2)*. 
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UNDBTBRMINED COEFFICIENTS. 

426. 1. Expand the fraction into a series, by dividing • 

1 — X 

the numerator by the denominator. How many terms are 
there in the quotient ? What name may, therefore, be given 
to the series ? 

2. If a? = ^, what is the value of the fraction ? What does 
the series become when ^ is substituted for x ? What is the 
sum of the first 2 terms ? Of the first 3 terms ? Of the first 
4 terms ? How will the sum of the largest conceivable number 
of terms compare with 2, the value of the fraction ? 

8. If aj = 1, what is the value of the fraction ? What does 
the series become when 1 is substituted for x ? What is the 
sum of the largest conceivable number of terms ? 

4. If aj = — 1, what is the value of the fraction ? What does 
the series become when — 1 is substituted for x ? What is the 
sum of the first 2 terms ? Of the first 3 terms ? Of the first 4 
terms ? An even number of terms ? An odd number of terms ? 
How does the sum of the terms correspond with the value of 
the fraction ? • 

6. If aj = 2, what is the value of the fraction ? What does 
the series become when 2 is substituted for x ? What is the 
value of 3 terms ? Of « terms ? What relation exists between 
the sum of the terms and the value of the fraction ? 

426. A Oonvergent Series is an infinite series, in which the 
sum of the terms, however many may be taken, can never 
exceed a certain finite value. This finite value is the sum of 
the series as determined from the value of the fraction. 

Thus, the fraction , expanded into a series by division, becomes 

1 — X 
l + a + a;2 + ac»H — . Whether the series is convergent or not dei)ends 
upon the value of x. If x = J, the series becomes 1 + i + i + jH — i 
and the sum of any number of terms, however great, is less than 2, the 

value of the fraction — —, Hence, under that supposition^ the series is 
convergenL "" * 
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1. It is evident that as the number of terms is increased, their sum 
approaches 2, the sum of the series. 

2. It is evident, also, that when a; = 1, the series becomes 1 -f 1 + 1 + 
1-1 — , and hence is not convergent, because the sum may exceed any 
finite value. The same is true when x is equal to any positive quantity 
greater than 1. 

427. A Divergent Series is an infinite series in which the sum 
of the terms is greater than any definite finite quantity, ii 
enough terms are taken. 

Thus, the sum of the terms of the series 1 + x + aj^ + ac* + ... may be 
made larger than any definite finite quantity when x = 2, or 3, or any 
value not lying between + 1 and — 1, if enough terms are taken. 

Since the sum of the terms of a divergent series has no limit, and 
since the sum of the terms is not equal to the value of the fraction from 
which it was expanded, it is evident that it cannot be used in discussions 
of series. Hence, in all discussions concerning series, the series must be 
understood to be convergent. 

428. An Identical Equation is an equation in which the mem- 
bers are identical, or may be reduced to identity. 

Thus, ax + & = ax + 5isan identical equation. 

Also, ^ ""^ = a + X is an identical equation, 
a — X 

429. ITndetermined Ooefficients are unknown coefficients assumed 
in connection with quantities. 

Thus, (1 + x)« may be assumed equal tx) A-\- Bx+ Cx^ + Dofi in which 
A, J?, C, and D are undetermined coefficients of x^, x^, x^, and x^. 

430. Ooefficients in identical equations. 

Assume^+Ba?-f Ca^+Z)a5*+etc. ===^'-|-5'aj+(7aj*+i>'a?+etc., 
in which both series are convergent, and in which A, By A\ B\ 
etc., are constant quantities, independent of aj, and x a quan- 
tity to which various values may be assigned, or a variable 
quantity. 

Transposing ^ - ^' H- (B - J3') aj -f- (C- C?) »« -|- {D - D') v? 
-f etc. = 0. 

If ^ — ^' is not equal to 0, let their difference = p. 

Then {B - J')* + {O- C) x« -»- (2) - D' ) «* + etc. =-p. 
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Now since A and A' are constant quantities, their difference 
p must be a constant quantity. But the value of —p in the 
equation (5 — B') a; + ( C — C) j* + (^ — -D') a;* + etc., is varia- 
ble since it depends upon the values of x, which is a variable 
quantity. Consequently the value of x is both fixed and vari- 
able, which is absurd. Hence, it is impossible that there is a 
difference between A and A', 

.'. A-A'^O and A^A' 
Hence, (5- J?> + ((7- C)aj* + (Z)-2>')«' = 
Dividing by a?, 5 - 5' + (C — 0')x + {D - D')7? = 
Eeasoning as before, B=sBf\ 0= (j\ D^D\ etc. 

43L Principle. — The coefficients of the same powers of x 
in two equal and identical convergent series are equoL 

432. Expanding fraotions into series. 



1. Expand 



l + aj-faj* 



into a series. 



SOLUTIOV. 

Assume LzJLzL^ = ^ + jjx + Cx^ + Dofi + Sa* ->. 
iH-x + flC* 

Clearing of fractions and collecting terms, 



l-«-«a = ^ + JJ 



x» + Z) 


ix^ + E 


«• 


x^+C 


a^ + D 


iC* 


a^ + B 


«8+ C 


«* 



«+ c 

x + B 

Equating coefficients of like powers of x (Frin. 1) and remembering 
that the coefficient of any power that is wanting is 0, we have 

A= 1 

-B + ^=-l 

C+-B + ii = -l 

D+C+B= 

E+D+C= 



B=-2 
C= 
2>== 2 



.-. L=iLzJ?=l_2x + 0xa + 2««-2«» 

1 + « + a;* 

The same result may be obtained by division. 



3. Expand 



Assume 



a + bx 



PARTIAL FRACTIONS, 
into a series. 
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SoigjTiON. 



■ = A-^Bx-\'C7fl + Dofi + . 



a-^bx 
Clearing of fractions, a= Aa^ Ba X+ Ca x^-{- Da 

+ Ab -\-Bb + Cb 

Equating coefficients of like powers of x (Prin. 1), 
Aa = a .\ A = l 
b 



x« + . 



Ba + Ab = 
Ca + Bb = 
Da+ Cb = 



.-. B = -J 



/. 2) = -^, etc. 



3. 



a-\-bx a a^ iP <r 

The same result may be obtained by division. 

Expand the following to five terms : 



l4-« 
l-2a? 

1 + x 
2 + 3« 

l + 2a; 
1 — aj — aj* 



9. 



10. 



1-x 
l_3aj-2a^' 

2-3a? 

1 + a? 4- «** 

1 
l-3aj-f 20?^' 

3-2a? 
l-aj + aJ"* 



11. 


l-haj-haj* 


19 


2-05 




l-2a? + aj' 


19 


1 




l + 2a^ + 3aj* 


lil 


aj + 5aj2 



l_4aj + 4a?« 



433. To resolve a fraction into its partial fractions. 

To resolve a fraction into partial fractions is to separate it into 
fractions whose sum is equal to the given fraction. 

It is evident that the denominators of the partial fractions 
must be factors of the denominator of the given fraction. 
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ftm — 14. 

1. fiesolye , ^ r into paxtial fractions. 

SoLUTioir. 

The factors of the denominator are (x — 2) and (x — 4) ; conseqnentlf 
the denominators of the partial fractions are (x — 2) and (x — 4) re- 
spectively. 

Assume -^ — =^ = — =- + . , an identical equation. 

x«-6x + 8x-2x-4 

Clearing of fractions, 6x~14 = ^-4il + Bx-2B 

= (^-4:-B)x-4^-2B 
By Prin. Art. 431, A + B = & 

-4-4-2B=-14 
Solving the equations, A = 2 and B = S 

6X-14 _ 2^3 



x?-6x + 8 x-2 x-4 
2. Resolve ^ into partial fractions. 

0/ — X 

Solution. 
The factors of the denominator are x, (x — 1), and (x + 1). 

Assume 3^^ = =^ + ^+ ^ 



X* — X X X — 1 x+1 
Clearing of fractions, 

8x2±0x-l = Jai2--4 + -Ba^ + Bx+ Ca^-Ox 
= - ^ + (B - C)x + (^ + -B + C)x^ 
By Prin. Art. 431, -^ = -1 .-.^ = 1 

B-C = ^ .-. B=0 = 1 
A + B-{- C = 3 .-. = 1 

. 3xg-l_l ^ 1 ^ 1 



X^ — X X X— 1 x+1 



3. Resolve — -^ — -^- — - into partial fractions. 
2ar 4-35 — 1 

Solution. 

A«ume ^f + » =^+ - 



2xa + a5-l x+1 2x-l 
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aearing of fractions, 7«a + «= (2 A + B)x + B-A 

= 0x^+(2A + B)x + B-A 
,\ 7 = 0, an absurdity. 

Therefore the numerators of the fractions cannot be A and B. 
Assume the numerators to be As and Bx. Then the fractions are 
readily found. 

4^ Q/»» _l_ ft 

4. Resolve — ,"" ^ "; into partial fractions. 

Solution. 
Here the factors of the denominator are equal. 

Assume 4a^-9x + 8^ ^ + ^ +~g- 

(x+l)« (x + l)« («+!)« x + 1 

Clearing of fractions, 

4a? - 9a; + 8 = ^ + -B(x + 1)+ C(«2 + 2x + 1) 

4a?-9a; + 8 = ii + J94- C + (B + 2C)x+ Ct^ 

By Prin. Art. 481, S = A + B+C 

-9 = J5 + 2C 

4 = C .-. - 17 = J? .-. 21 = ^ 

. 4a?-9g-f8 ^ 21 17 4 

•• («+l)» (x+l)« («+l)« (x+1) 

Resolve into partial fractions : 

^ 305-3 ^Q 11a; + 13 



a*-aj-2 2a^-7aj + 3 

g 5a?4-7 . j^ 5a;«-2 



2x-5 -^ 3«*-6a; + 2 



aj«-5a;-|-6 a»-3a* + 2a 

7a; 4- 4 ^3 3a;4-l 



aj« + 2a;-8 («-2)* 

9a; — 35 .. a;-f 5a^ 

»*-8» + 16" * («-l)* 



S4S 
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REVERSION OF SERIES. 

434. To Bevert a Series is to express the value of the un- 
known quantity in it by means of another series involving 
some other unknown quantity. 

Let it be required to revert the series in the equation 

y=:aaj-|-6a^-f-caj*-f cte*+ ••• (1) 

that is, to find the value of a; in a series involving y. 

Assume x = Ay-{-Bf-\-Cf-\-Dy^'\"'' (2) 

in which the coefficients of y are undetermined. 

Substituting this value of x in (1), and disregarding all 
terms of the series involving a power higher than the 4th, 
we have 



y — aAy 4- aB 


y' + aC 


f + aD 


+ 6^» 


+ 2bAB 


+ bS' 




+ cA* 


+ 2bAC 




+ ZcA^B 






+ dA* 



Equating the coefficients of like powers of y (Art. 431) : 
aA = l, 



A^l 



aG'\'2bAB + cA^=zO. 



bA^ 



bS 



0= 



aD'\-bB''\'2bAC'\'ScA^B-^dA*^0. .•.2)= 



a a a* 

2bAB-cA^ ^ 2b^-'ac 
a «* 



a' 



Hence « = iy-V + ^^V 



2y_ac . a'd-5a6c + 5y 



y+' 
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EZAMPIiKS. 

1. Revert the series in the equation 

y = a? + 2a* + 4aj8 4- 8aj* 4- ... 

Solution. — In this series a = 1, 6 = 2, c = 4, d = 8. 

Substituting these values for the values of A, B, C, 2>, etc., as deter- 
mined above, the coefficients of the reverted series are found, and the 
equation is 

a; = y - 2y8 + 4y« - 8y* + — 

Revert the series in the following equations : 

2. y = a;-|-a'-f-a^4-i«*4- ••• 

3. y = a;4-3aj« + 5a^ + 7aj*+... 

6. y = 2a! + 3a!* + 4a!' + 6aJ*+... 

6. y = 2a! + 4a!* + 6a!» + 8ar*+... 

7. Bevert the series in the equation 

i = 2x- — + _- — + ... 

and find the approximate value of x. 
Solution. — Put y for J. 

Then y = 2x ^ + — i 77"^"' 

o 6 7 

Reverting, x = y + t^+^^ + -^+... 
^' 2^ 6 ^ 860 ^ 1612^ 

Restoring the value of y, 

2 6 360 1612 
= .126 + .010416 + .000664 + .000013 + ... 
= .136993-1- 
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Find the approximate value of x in the following equations : 

* 8 ^ 24 48 ^ 



REOURRING SBBIES. 

436. A Beoniring Series is a series in which every term 
sustains a fixed relation to one or more of the preceding 
terms. 

Thus, 1 + 2X+ Ila;a + 50x8 + 233a5* + •.. is a recurring series in 
which every term is formed by multiplying the first of the two preceding 
terms by 3x^ and adding to that product the term immediately preceding 
multiplied by 4 «. 

436. The Scale of Belation is the expression by means of which 
any term of a series may be formed from the preceding terms. 

Thus, in the series 1 + 2x + 11 x^ + 60a5« + 233 as* + •-, 8a^, 4x is the 
scale of relation. 

437. A rectrring series in which each term depends upon 
the one preceding is termed a series of the first order; when it 
depends upon the two preceding terms, it is of the second order; 
when upon the three preceding terms, it is of the third order^ etc. 

438. To find the scale of relation of a reourring series. 

First. When the series is of the first order, and each term 
depends upon the one next preceding, we have simply a 
geometrical progression. If the series bea-H6 + c + d + e + ««- 
and m represents the scale of relation, 

m = - 
a 
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Second. When the series is of the second order, let m and 
n represent the scale of relation. Then, if the series be 
a + b'\'C + d + e+ •••, 

c = ma 4- rib 

d = mb + nc 

Finding the values of m and n 

^ (?^bd ^^ , ^ ad --be 

m = — ana n = ^ 

ac — V ac — V 

Third. When the series is of the third order, let m, n, r 
represent the scale of relation. Then, if the series be 
a + 6 + c + d + e+/4--, 

d = ma -{-nb + rc 

e = mb + nc + rd 

fszm^c-^nd + re 

From these equations, m, n, and r may be found, and in a 
similar manner the scales of relation for series of the 4th, 5th, 
6th, and nth orders. 

BXAMPLBS. 

Find the scale of relation in the following series : 

1. I4.6aj + 12aj*-|r48ar» + 120a^-f- — 
Solution. — Assume m, n to be the scale of relation. 
Then, 12x^ = m-\-6nx 

48a^ = Otiw; + 12 noc? 
Solving, w = 6xPandn = « 

.*. 6 x^, a; is the scale of relation. 

2. l4-2aj-f 3a^4- 5aj»-f 8iB*-f- 13a^H-... 
8. l-f-3a;-|- 5ix^'{-lla^+ 21aJ*+ 43aj»-f ... 
4. l + 7aj + 17aj» + 55ar^ + 161a*4-487a^4- — 
6. l'^2x+ 8ar^ + 28a^ + 100aj* + 356a*+... 
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439. To find the sum of an infinite reoniring series. 

First Assume that the series is an infinite series of th^ first 
order, and that it is convergent. 

Let a4-&4-c + d-f€ + «-bethe series. 
Let 7/1 represent the scale of relation. 

Then, 6 = ma 

c = mb 

d=smc 

e= md, etc., ad infinitvm. 

Adding, ft + c + d + eH =m(aH-6-hc-|-d4-e-f •••) 

Representing the sum of the series by », the first member of 
the above equation becomes « — a, and the second, ms. That 
is. 

Whence « = 7-^^ (1) 

1 — m 

Since a recurring series of the first order is simply a geometrical pro- 
gression, the scale of relation is the ratio, and the sum of the recurring 
series the same as the sum of an infinite geometrical progression. 

Second. Assume that the series is an infinite series of the 
second order, and that it is convergent. 

Let a-f-fe-|-c-|-d-|-e + -' be the series. 
Let m, n represent the scale of relation. 

Then, c = ma'{-nb 

d = mb'{-nc 

e=smc-{-nd 

/= md -f ne, etc., ad infinitum. 
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Adding; 

Representing the sum by s, the equation becomes 
s — (a H- 6) = m5 -f n (s — a) 

Whence 8 = ±+^:^^ (2) 

1 — m — n 

1. The sum of a series of any higher order may be found by a similar 
process. 

2. Every infinite recurring series may be assumed to arise from the 
development of a rational fraction ; hence the sum of the series will be 
the generating fraction. 

EXAMPIiES. 

Find the sum of eax5h of the following series : 

1. 1 -f-2aj-|-3aj2 + 5aj» + 8aj* 4-133?* +.- 

Solution. — The scale of relation is found to be x^, x, and the series is 
therefore of the second order. 

Substituting 1 for o, 2 a; for b, x^ for w», and « forn in formula (2) for 
the sum 

^_ l-f-2a;-x _ 1 + x 
l-x^-x l-x-x^ 

2. l-|-3a? + 4aj«+ 7a^-h lla*+ 18aj«+- 

3. H-3a;4-5aj*-Mlaj8 4- 21i»*4- 43a:«4-- 

4. l + 2a?4-8aj«-|-28aj* + 100iC* + 356aj«+- 
6. l + 3aj + 5ic'+ 7a^+ 9iB*+ llaj* + ... 

BINOMIAL THEOREM -ANY EXPONENT. 

440. It has been shown (Art. 418) that when n is a positive 
integer, 

1 • ^ ± • jS • o 

since any power of 1 is 1. 
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It is yet to be shown that this formula is true when the 
exponent n is a positive fraction, a negative integer, or a nega- 
tive fraction. 

441. First. Let n be a positive fraction -• 

Let (l4-aV = l + aa?-|-««« and let Ax represent all the terms 
after the first. 

.-. (l-f-ic)5 = l+-4» 
also (1 -f- xy = (1 + Axy 

Expanding, 1 -\-px H — = 1 -f- <lAx -f- ••• 

ssl + Q'aaj-f ••• 
Equating coefficients; p = qa 

and (1 -f «)« = 1 -f-^a? -f- — 

That is, the formula is true for two terms when n is a posi- 
tive fraction. 

442. Second. Let n be negative, and either integral or frac- 
tional. 

^^ + ^^""=(1^^ (Art. 226) 

^ (Art. 418) 



l-\-nx-\- ••• 
Dividing the numerator by the denominator, 
(l + a;)-"=l-ria;4---- 

That is, the formula is true for two terms when n is nega- 
tive and either integral or fractional. 

Therefore the formula is true for two terms whatever be 
the exponent, and the coefficient of the second term is n. 
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443. The general law of coefficients is yet to be determined. 

Let (l-fa?)" = l+waj + -4aj*-f5»'+C7ic* ■+-•.. (-4) 

in which -4, B, and O, etc., are the undetermined coefficients 
of oj*, oj^, aj*, etc. 

To find the value of the undetermined coefficients, we involve 
them in an identical equation, so that the coefficients of like 
powers of x may be equated (Art. 429). 

To do this, put x = X'\-z, The expression (l + a?)* then 
becomes (1 + x + zy, in which (1 + x) or (x + z) may be 
regarded as one term. 

[(! + ») + «]* = (1 + »)* + n(l + x)'^h 

+ ^(1 + aj)«-V + -8(1 + x)^^ + ... 
[! + (» + «)]" = 1 + n(a? + 2?) + A{x + zy -f- -B(a + zy + — 
= 1 +na? + -4iB* + 5««+ ... 
+ (n + 2 ^ + 3 ^ic* + . . . ) 2 + — 

Equating the two right-hand members, we have an identical 
equation, when both members of the equation are convergent. 

Therefore, 

(1 + a?)* + n(l + xy-h + A(l + aj)»-V + — 

= l.+ *wj-f .^ic' + Bx^H |-(» + 2-4a? + 3J3«»+...)24-- - 

Equating coefficients of z, 

n(l 4- xy-^ = n-f-2^1a? + 3BjB"+... 

Multiplying each member by 1 -f- »> 

n(l-f a;)» = n + (2^^-n)a; + (35+2-4)a?+... 
Eq. {A)xn, n(l + a5)« = n-hn*« + w-4aj* + njBaj«+... 
.-. n'^n^x + nA3i^'{-nBa^-\"-=n'{-(2A + n)x 

4-(3J5 + 2-4)a?+..- 
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Equating the coefficients of like powers of x (Art. 429), 

« 1 • J 

3B + 2A = nA .'. SB-nA-2A = A(n-2) 

. 3^n(n-l)(n-2) 
1.2.3 

Substituting these values in equation {A), 

444. The expansion of (1 + ^Y ^ ^^^ ^^ expansion of the 
most general form of a binomial, since the first term is 1; 
consequently the equation must be changed so as to express the 
expansion of (a + a;)" for the general form. 

Putting - for x in (S), then 
a 

\ a J a 1-2 or 1.2-3 a* 

Multiplying both numbers by a", observing that, 

1 • ^ 

n(n-l)(n-2) 3^ 
^ 1.2.3 

Therefore, the general formula has been shown to be appli- 
cable for the expansion of any binomial with any exponent, 
provided the second member is convergent when it forms an 
infinite series. 
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KXAMPUSS. 

1. Expand (a + 6)* to four terms. 

Solution. 
The coefficient of the first term is 1 
The coefficient of the second term is f 

The coefficient of the third term is ^^^ ~ ^) or - J^ 

12 32 

The coefficient of the fourth term is - — ^i"^) or i5- 

32 3 384 

Expand to four terms : 

2. (a + 6)*. 6. (a-6)-». 10. (l+3a)*. 

3. (a + 6)*. 7. (a -6)* 11. (2a + 36)*- 

4. (a + 6)-«. 8. (a + &)"*. 12. V^l-2aj. 

6. (a + 6)-i. 9, {a + byi. 13. ^ > 

V(a — 6)» 

14. Find the approximate square root of 11. 
Solution. 

VIl = V9T2 = V^T2 =(3a + 2)* 

Expanding, (3a + 2)* = (3»)* + K3^)"* • 2 - i(3^)'* • 2« + ... 
= 3 + i-3-i.2-J.3-«.22>... 

= 8 + J_.2 i — 4 + ... 

^2.3 8.3» 

= 3 + . 3333-. 0186 + 
= 3.3148 + 

Find the approximate values of the following : 
16. V7. 17. V26. 10. ■\/S5. 

16. Vi8. 18. -v/SQ. 20. </24S. 
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THEORY OP EQUATIONS. 

446. The object of this discudsion is to discover methods of 
solving equations of a higher degree than the second, and 
the processes of approximating to the roots of numerical 
equations. 

It is impofisible to solve general equations of a higher degree than the 
fourth ; but if the equations are numerical, approximate roots may be 
found. 

446. Equations containing one unknown quantity may be 
reduced to the general form, 

of -hpaf-^ + gaf- * 4- ••• + 525* + «« + w = (1) 

In equation (1) p, g, etc., are positive or negative, integral or frac- 
tional, real or imaginary, and n is a positive integer. 

It is sometimes called the reduced equation. The reduction is effected 
by transposing, collecting the terms of the same degrees, and by dividing 
by the coefficient of the highest power of the unknown quantity. 

447. A Boot of an equation is any expression which, upon 
being substituted for the unknown quantity, satisfies the 
equation. 

In the reduced equation, a root of the equation reduces the first mem- 
ber to 0, when it is substituted for x. 

448. Divisibility of the members of equations. 
Suppose a is a root of the reduced equation, 

Then, a = a, and as — o = 

Divide the members of the equation by x — a, representing 
the first member of the reduced equation by X, the quotient by 
Q, the remainder, if any, by R ; then, 

X = (aj-a)Q-|-iJ 

Inasmuch as a is a root of the equation, it may be substi- 
tuted for 05, and then by the definition of a root, X, the first 
member of the reduced equation, equals and (x — a) a 0. 
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Since (x^a) equals 0^ R equals 0. That is, there is no 
remainder, and a; — a is an exact divisor of the first member 
of equation (1). Hence, 

449. Pbinciple 1 . — If a is a root of tJie reduced eqimtion, the 
first member of the equation is eoDoctly divisible by x-^a, 

450. Suppose the first member of the reduced equation to be 
exactly divisible by oj — a. Then, 

X=:Q(aj-a) 

Now, whatever value of x reduces X to is a root of the 
equation, and since, when x=:ay X is equal to 0, a is a root of 
the equation. 

461. Principle 2. — If the first member of a reduced eqtMtion 
is exactly divisible by x — a, a is a root of the equation, 

KXAMPIiBS. 

1. Show that 2 is a root of the equation ai^ — 7a54-6 = 0. 

2. Show that 3 is a root of the equation iB* — 6a*-f-llaj — 
6 = 0. 

3. Show that 4 is a root of the equation o^ — 6aj* — 805 + 
48 = 0. 

4. Show that 5 is a root of the equation oc* — 15a^ + 66^ 
-80 = 0. 

452. Number of roots of an equation. 

Suppose a to be a root of the reduced equation, 

of -l-paf-^ -h gaf-*H h ««* + ^« -f- w = 

then by Prin. 1 the first member of the equation is divisible by 
0? — a, and the quotient may be expressed as follows, if p\ q\ 
etc., denote the coefficients of the powers of x in the quotient, 

vT-^ +!>'«•"■ + — ^« + u' « 

▲I<«BBBA. — 28. 



854 HIGH SCHOOL ALGEBRA. 

Suppose 6 to be a root of this last equation. Then it may 
be factored as follows : 

{X - b) (af-* +p"a-^+ ... e"aj+ tfc") = 

It is evident that this process may be continued until the 
highest power of x in the second factor is af "", or until x dis- 
appears from the second factor. The process will then have 
been performed n times, each time giving one root. Hence 
the equation has n factors, and, 

(05 — a) (a? — 6) (a; — c) ••• (a? — Z) = 

Consequently the equation has n roots. 
Since the first member of the equation has only the factors 
x — a, x — by x — Cf •• aj — Z, it can have no other roots. 

468. Prikciplb. — Every eqvxUion of the nth degree contain- 
ing but one unknown quantity haa n roots, and no more, 

ISXAMPLES. 

1. One root of the equation «* — 2aj*H-7a5 — 30 = is 3. 
Find the other roots. 

Solution. 

aB»-2a^ + 7x-30 = 
Art. 446, Prin. 1, (x - 3)(x2 + a; + 10) = 
/. a;2 -|_ X + 10 = 
Solvmg, X = -i + iV-39 and - J -J\/-39, the other roots. 

2. One root of the equation a^ — 4a:* -f- a; -f- 6 = is 2. Find 
the other roots. 

3. One root of the equation a^ — 2aj' — aj-f-2 = is —1. 
Find the other roots. 

4. One root of the equation a:^ — 3a^ — 10aj-|-24 = is 4 
What are the other roots ? 

6. One root of the equation a?* — 16aj" + 66a; — 80 = is 5. 
What are the other roots ? 

6. Two roots of the equation «* + 3a^ — 16a5 — 60 are —2 
and 3. Find the other roots. 



or 
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464. OoefiBdento of fhe terau of an eqnatioiL 
Suppose xssafb,c,d 

Then, a? — a = 0; a? — 6 = 0; a? — o^O; a; — d = 
.-. (aj-a)(a? — 6)(aj-c)(aj-d) = 
X + abed = 



866 



a?»-a 


a^ + a6 


05" — a6c 


-6 


H-ac 


-a6d 


— c 


+ ad 


— ocd 


-d 


4- 6c 


-bed 


4-M 






+ cd 





From this equation the following principles may be deduced : 

455. Principles. — 1. The eoefficient of the seeond term of 
an equation of the nth degree in its reduced form is the sum of 
dU its roots with their signs changed. 

2. The coefficient of the third term is the sum of their products 
taken two and two. 

3. The coefficient of the fourth term is equal to the sum of their 
products taken three and three with their signs changed, etc. 

4. The last term is the product of all the roots hut with its sign 



From the preceding equation and principles, it is evident 
that: 

1. If the roots are all positive, the signs are alternately 
positive and negative. 

2. If the coefficient of the second term is wanting, the sum 
of the roots is ; for otherwise the sum of the roots would be 
some quantity. 

3. If there is no absolute term, one root must be 0; for 
otherwise the term would not be wanting. 

4. Every rational root is a divisor of the last term ; for the 
last term is the product of all the roots. 
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1. Form the equation whose roots are 2, 3, and 4 

2. Form the equation whose roots are 3, 1, and 5. 

8. Form the equation whose roots are — 1, — 3, and 2. 

4. Form the equation whose roots are 1, 2, 3, and — 4. 

5. Form the equation whose roots are 1, 3, and \. 

6. Form the equation whose roots are 2, — ^, — 3, and J. 

7. Tworootsof the equationa?* — lOa" + 35a" — 50aj + 24 = 
are 1 and 2. Find all the roots. 

8. Find all the roots of the equation y* — Bt/^ — 2 j/* + 12y + 
8 = 0, if two of the roots are 2 and — 1. 

466. Fositiye and negative roots of equations. 

467. A Variation of Sign is the change of sign in two succes- 
sive terms. 

Thus, in X ~ y, there is one variation of sign ; in x — y-^- z, there are 
two. 

468. A Permanenoe of Sign is the continuation of the same 
sign with two successive terms. 

Thus, in X + ^9 there is one permanence of sign ; inx + y — £? — «« there 
are two. 

469. Assume the signs of the terms in a complete equation 

tobe + H 1 [- + +9 and suppose a new factor, a? — a = 0, 

corresponding to a new positive root, to be introduced. 

The signs of the product may be found as follows : 



-l- + --h- + + + 
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In the original equation there were 4 variations, and in the 
product there are 5, whether the ambiguous signs are con- 
sidered positive or negative. Hence, the introduction of a 
positive root has caused at least one additional variation of 
sign. 

Since this is true for any positive root, there must be as 
many variations of signs as there are positive roots. 

By introducing the factor a? -f a = 0, in which a is a negative 
root, it may be shown in a similar manner that there are as 
many permanences of sign as there are negaJtive roots, 

460. Pbinciplbs. — 1. An equation cannot have more positive 
roots than it has variations of sign, 

2. An equation cannot have m,ore negative roots tlian it has 
permanences of sign, 

3. A complete equation whose terms are all positive can have 
no positive roots, and one whose terms are alternately positive 
and negative can Jiave no negative roots. 

461. Since the roots enter into the coefficients, two imaginary 
roots, by multiplication, give a real quantity. If, however, 
there is an odd number of imaginary roots, some one of them 
will appear in the coefficients. Hence, 

462. Principle. — When the coefficients of the reduced equa- 
tion are aU real^ if there he imaginary roots, they exist in pairs. 

■XAMPIJE8. 

463. The roots of the following equations are all real. 
Determine their signs'. 

1. aj»-3ic"-4aj-f 12 = 0. 4. aj» + «*-4=:0. 

2. aj8-6ic»4-12aj-18 = 0. 6. aj>-3aj-2 = 0. 

8. 0^-05* — 10aj + 24 = 0. 6. a^-«*-7a8^ + « + 6«iO. 
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TRANSFORMATION OF EQUATIONS. 

464 To transfonn an equation into another in whioh the roots are 
eqnal to the roots of the given equation but have opposite signs. 

Let the giVen equation be 

of +paf'^ + gar-*4" ••• + «»• + to + m = 

Substitute — y for x. Since y has the same value as x with 
the sign changed, the equation becomes 

(~y)"+M-y)""'+7(~yr"*+ - +«(-y)'+«(-y)+w=cO (i) 

When n is even, the first term is positive, the second negar 
tive, the third positive, etc., and equation (1) becomes 

y-^p^-i^qyn-^ ^sf-ty + u = (2) 

When n is odd, the first term is negative, the second posi- 
tive, the third negative, etc., and equation (1) becomes 

-y"+i>3r-'-g2r-'4-- + «3^-«y + tt=o (3) 

Changing all the signs, equation (3) becomes 

tT —py"""^ + gy*"* sy' + ty-'U=zO (4) 

By comparing equations (2) and (4), the truth of the fol- 
lowing principle is apparent. 

466. Principle. — An equation may be transformed into 
another having the same roots, hut with opposite signs, by chang- 
ing the signs of the alternate terms, beginning with the second. 

If the equation is incomplete, the missing terms must be supplied by 
writing the missing quantity with for its coefficient. 

BXAMPI^ES. 

1. Transform the equation a^ + a^ — 4aj*-}-3a5 — 6 = into 
another having the same roots with contrary signs. 

Solution. 
Supplying the missing term, x*±0x* + a^-4a;*H-3a — 6 = 
Substituting -yforac, y«=F0y* + y» + 4ya + 3y-|.as0 
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In like manner transform the following : 
2. Jc' + 3a?*-2aj« + 3aj-6=:0. 

4. aj*-h2aJ*-6aj»-3aj-|-4 = 0. 

466. To transform an equation into another whose roots are some 
multiple of the roots in the given equation. 

Let the given equation be 

af*-h/)af-^ + ga""' + — +«B' + to + u = (1) 

y 

Let y = mXf a multiple of x ; then a? = z:* 

y 

For X substitute —• Equation (1) becomes 

Since m* is the L.C.M. of the denominators, we multiply 
the equation by it, obtaining 

y* -f pmjT"^ + gmV* H h »m"" V+^^*~V + wm* = (2) 

Hence, 

467. Principle. — An equation may be transformed into an- 
other whose roots are a multiple of those in the given equation by 
multiplying the successive terms by 1, m, m^ m% etc., m being the 
given factor of the multiple, 

BXAMPLBS. 

Transform the following equations into others whose roots 
are thi^ee tiynes the roots of the given equation : 

1. a^-|-4aj -16 = 0. 3. iB*-2aj2-9r=0. 

2. a5»-f 2aj«- 3 = 0. 4. a^-.3a; -2 = 0. 
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468. To traiuif onn a given equation into another whose ooeflBoients 
are all'integers, 1 being the coeffident of the first term. 

By the principle (Art. 467), when m is the L.C.M. of the 
denominators of the coefficients, the transformed equation will 
have integral coefficients, but often a smaller number will 
remove the denominators. 

Thus, transforming aj» — f iB* — Joj— 5f = by putting -^ for 
X, we have 

1728 3 144 48 6 
and 3^ -8y*- 363/ -10080 = 

But ^ = ^ will transform the equation, and it becomes 
3/»_43^_9y«1260 = 

In general, take for the denominator of y the smallest number whose 
power corresponding to the highest exponent of x is a multiple of the 
denominators. 

Thus, 216 is the smallest multiple of 12 which is a cube, and its root is 
6, the denominator of y. 

Transform the following equations into others whose co- 
efficients are all integral, 1 being the coefficient of the first 
term. 

4 9 
4. a!»-JjLa!»-3« + 3| = 0. 

6. a!'-|a^ + |a!«-4a! + TJy = 0. 

7. 9!* + |a!»-f!S* + ia! = 0. 

8. !B»-ia!«-H|a;-24 = 0. 
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469. To transform an equation into another whose roots are greater 
or less than the roots of the given equation by a given quantity. 

It is obvious that the equation a?* — Sjc' + Sa; — 6 = can be 
transformed into another whose roots are less by 2, by 
substituting 2^ + 2 for x. The equation then becomes 

The process of expanding the binomials and reducing the 
equation is so tedious that a shorter and simpler method has 
been devised. It is determined as follows : 

Assume the general equation with one unknown quantiiy 
or +par-^ -h gaj»-* +...+««* + <» + w = (1) 

For X substitute y + r. It will then be transformed into 
another equation whose roots axe r less than those of the given 
equation. It will become 

Expanding and reducing, (2) becomes 



+1> 



yn- 



„, ^ n(n-l)r' 



-|-(n-l)pr 



+ ... 



^=0 (3) 



Indicating the coefficient of y*"^ by p', the coefficient of 
^~* by g' and the absolute term by u\ (3) becomes 

tr +i>y-' + gy-' + - «y + fy +u^=o (4) 

Restoring the value of y, which is a: — r, (4) becomes 

+ «'(«-r) + tt' = (5) 

The first member of (5) is identical with the first member 
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of (1),' for the process by which (4) was deduced from (1) 
is simply ireversed. Hence, 

af +par'^ + gar-' H h «a^ + ^« -f « 

= (a? - r)* +!>'(»- r)*-' + g'(« - r)--* 4- —«'(« — r)* 

+ «'(aJ-r) + «' (6) 

is an identical equation. 

Dividing the second member by a? — r, the remainder u' is 
obtained, which is the absolute term in (4). 

Dividing the quotient by a? — r, the remainder t' is obtained, 
which is the coefficient of a; in (4). 

Hence, if we continue to divide by aj — r, the successive 
coefficients of x in (4) will be determined from the remainders. 

Since the first member of (6) is identical with the second 
member, the coefficients of (4), the transformed equation, 
may be found in the same way. Hence, 

470. Pbinciple. — To transform an eqimtion into another 
whose roots are greater or less than the roots of the given 

, equation by a given quantity^ 

Divide the first member of the equation by x ±r, and con- 
tinue the process until a remainder is found which is indepen- 
dent qfx; then divide this quotient by the same divisor until n 
divisions have been performed. The successive remainders wiU 
be the coefficients of the transformed equation. 

The result may be obtained more readily and more simply 
by the use of Detached Coefficients and SyntJietic Division. 

471. Division of polynomials may be readily performed by 
the use of the coefficients alone, provided care is takejn to 
restore the proper literal quantities in the terms of the 
quotient. 

Let it be required to divide a^ — 5aj* + 13 by x-'2. 

Since the coefficients of the quotient depend upon the coeffi- 
cients of the dividend and divisor, and not upon the literal 
factors of the terms, the process by deta^iTied coefficients may 
be employed. 
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1 


- 6 ± + 18 


1- 


-2 




l_ 


-2 

-3±0 

-3 + 6 

-6 + 13 

-6+12 

1 


1- 


-8- 


-A 



,\ The quotient is a;^ - 3aj - 6 + Rem. 1. 

1. Since the first term of the divisor is 1, the first term of the quotient 
is the same as the first term of the dividend. 

2. The other terms of the quotient are the same as the first terms of 
the successive partial dividends. 

3. Each remainder is found by subtracting the product of the first term 
of the partial dividend by the second term of the divisor from the succes- 
sive terms of the dividend. 

4. Since the first term of the divisor is 1, it may be omitted, and if the 
sign of the second term of the divisor be changed, the products may be 
added. 

The process given above may, therefore, be abridged as follows : 

Dividend, i _ 6 ± + 13 | +2 

Partial products, 2-6-12 

Quotients, 1 — 3 — 6 + 1, Remainder. 

.-. The quotient isa:^-3x-6 + Rem, 1. 

472. The method of division illustrated above is called 
Synthetic Divmon. 

Divide by synthetic division : 

1. aj*-14aj»-|-71a:»-154a? + 120 by aj-5. 

2. a^ + 6a?*-10aj8-112aj2-.207a?-110 by aj4-2. 

3. aJ*-12aj»-h47aj'-72a? + 36 by »-6. 

BXAMFLES. 

1. Tiansform the equation as? — 7» + 7 = into another 
whose roots are 1 less than those of the given equation. 

Solution. 

Using synthetic division, and applying the principle (Art. 470), the 
dividend and successive quotients are divided by x — 1, or changing the 
sign of the second term, by + 1. 

The coefficients of terms of the polynomial that are wanting must be 
supplied \ty ±0. 
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l±0-7 + 7 l-H 
■H-H-6 

Dividing by +1, + 1 - 6 + 1 /. + 1 = Ist.Rem. 

+ 1 + 2 . 

Dividing by +1, +2-4 /. -4 = 2dBem. 

+ 1 
+ 3 .'. +3 = 3dRem. 

Hence, the required coefficients are 1, + 3, — 4, and + 1. 
/. y8 + 3y8 — 4y + l = Ib tlie transformed equation. 

2. Transform the equation a^ — 27^ — 36 = into another 
whose roots are less by 3. 

Solution. 

1 ±0-27 -36 L+3 
^.3+ 9_54 

4. 3 _ 18 - 90 .-. 90 = 1st Rem. 
+ 3 + 18 

+ 6± .-. = 2d Rem. 

+ 3 

+ 9 * .-. 9 = 3d Rem. 

Hence, the required coefficients are 1, + 9, ± 0, and — 90. 
.*. 2^ + 9^ — 90 = is the transformed equation. 

3. Transform y* + 83^ + 2l3/* + 25y + 8 = into an equa- 
tion whose roots are 2 greater than the roots of this equation. 

4. Transform the equation y* — 15y* + 9 = into an equar 
tion whose roots are greater than the roots of the given 
equation by 6. 

5. Find the equation whose roots are less by 10 than those 
of the equation a^-fSaj" — 3« — 6 = 0. 

6. Find the equation whose roots are less by 3 than the 
roots of the equation ic* — 3a? -■ 15a? + 49x — 12 = 0. 

7. Find the equation whose roots are less by 10 than the 
roots of the equation a^ -h 3af» — 3«» -f Tap — 317 = 0. 
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8. Find the equation whose roots are less by 2 than the 
roots of the equation y*+ 37 y* — 94y + 13 = 0. 

9. Transform the following equation into another equation, 
whose roots are less by 3 than the roots of the given equa- 
tion oj* - 22aj» + 179aj« - 638* + 840 = 0. 

10. Transform the following equations into others, whose 
roots are less by 2 than those of the given equations : 

1. aj«_4aj* + 3aj»-2«» + «-l = 0. 

2. a?*-h40aj»-20aj»-f 35 = 0. 

3. y»-l = 0. 

4 aj^-80aj + 90 = 0. 

COMMENSITRABLB BOOTS. 

478. OommeiuiTirable Boots are the integers or rational fractions 
which are roots of an equation. 

They may be either positiye or negatiye. 

BXAMPIiES. 

What are the commensurable roots of: 
1. a?-9aj* + 26aj — 24 = 0. 

Solution. 

First. There are three roots (Art. 463). 
Second. There are no negative roots (Art. 460). 
Third. Their product is 24 (Art. 455). 

The moderate increase in the coefficients as we pass from left to right 
indicates that the roots are not the largest possible factors of 24. 
Try 2 as one of the roots. Then by synthetic division 

l-.9 4.26-24(+2 
2 ~ 14 -i- 24 

-7 + 12 
.*. a^ — 7 as + 12 = is the equatioii which will give the other roots. 
Solving, X = 4 or 3 

.*. The roots are 2, 4, and 8. 
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2. 6«»-lla5« + 6a?-l=0. 

SOLUTIOK. 

Transf onning so that the first term shall have 1 for a coeffloient by 

sabstituting | for x, 
6 



y8_lly2 + 36y-36 = 



First. There are three roots (Art. 453). 
Second. There are no negative roots (Art 460). 
Third, Their product is 36 (Art. 456). 

Solving, as in Example 1, the roots of the transformed equation are 
2, 3, and 6. Consequently the roots of the originsQ equation are j, }, and 1. 

3. »*-14a»-h73aj«- 170a; +150 = 0. 

Solution. 

Try 3 as one of the roots. Then, by synthetic division, the quotient is 
«»-lla;2 + 40a;-50 = 0. 

Try 5 as another root. Then the quotient is as^ — 6 as + 10 = 0. 
Solving, the other roots are found. 

1 _ 14 4- 73 - 170 + 150 | +3 
3 - 33 + 120 - 150 

_11_|.40_ 50 |Jh_5 

6-30- 50 



- 6 + 10 

.-. 052-605+10 = 

Solving, 05 = 3±>/^n; 

.•. The roots of the equation are 3, 5, 3 + V— 1 and 3 — V- 1, and the 
commensurable roots are 3 and 5. 

Find the commensurable roots of the following equations : 

4. a^-10aj2-f 29aj = 20. 

5. 6ic8_ii^_45a.^72 = 0. 

6. aj* + 5ar^-28aj2 — 122aj-f 60 = 0. 

7. ic*-5a^-4e:B2-M52a;-|-192 = 0. 

8. 6a^-25aj8 + 31aj2- 25a; + 25 = 0. 

9. cc^ -16ar^ 4- 89ic»-. 206a; 4-168 = 0. 

10. a;*-48a;«4-827»»-6048a5 + 16876 = 0. 
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REVIEW EXERCISES. 
474. Find the yalue of x in the following equations : 

9a?~7 11 4a; + 12 ^14 75a? 7x^6 
2 X 2 X 6 2x ' 

^ x — bx , a? _ a?' — 26 , ^ 
a — l 6(a — 1) b 

3. 005 H abr=sox-\ 1 • 

4 a 2a 

4. ^(aj + l) + |(a? + 2) = 16-K«? + 3). 

x^7 1 ^ 2x-15 

' flj-h7 2(a; + 7) 2aj-6* 

5a?~4 12a?4- 2 _ 10a?-hl7 
9 "•'llx-S 18 

7. Var+3-|-V»= ^ 



Va? + 3 



8. Va? + 5+Vaj-|-12 = 7. 



9. Va+Va + « = - 



2a 



Va + a? 

-^ 2a?-l . 3a?-l 5a?-ll 
aj + 1 a? + 2 a:-l 

,, Va + a? + Va — a? ^ 

xX. — . ~ — C. 



Va -I- 05 — -Va — x 
■\/ax — V6 V6 



12. 



14. a4-«=sVa* + «V6*-|-a?. 
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15. 3^-1 ^i^V3^-l. 



V3ac-|-1 



16. aj« — 2aj + 6Va:*-2aj + 6 = 11. 

17. -v^_i2. = 3a;. 

18. (3aj + .6)2-|-(5aj-.5)«=6(3a?-.6)« + 4aj. 

19. Eeduce to its simplest form the expression 



V325+V^^+V-i2i-V^:;^4-V^---V-36±oV^=:2. 

Solve the following equations : 
3aj-22^ + 3« = 26. 



20. 



21. 



22. 



23. 



5y + 2z=z22. 

6tt — 4aj = 14. 

L8y + 3w = 31. 

'405 — 6y + 32 + 4v — 6w = 12. 

7y — 2z + u — 2v==10. 

9«-f-3tt-f-4v — 4aj = 6. 

4aj — 8y + 22-3w=10. 
'^ 5 w — 4i; + 3a; — 2y = 7. 



Va^ + ic'-a? c 

V9g-4 _ 15+V9g 
Va + 2 Va + 40 



24. x-hVa> + «' = 



na' 



26. ^zii, (^-g)(^ + g) ^a;,4 
12 a?4-4 



26. 






n 



29. 



30 



38. 



34 



35 



36 
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27. a? + VSM^=— =!• 



28. 



V3 



i-vrr^ 1+vr^^ ^ 



153^ + 52/^ = 66. J 



Ja + o? 6 + y t 

3^ |a5' + 2/^ = (»4-y)«y. j 
' ( a? -f y = 4. J 



aj^y 2 
^ = 1. 



laJ2^ + y = 333. J 

faj* + y? = 3aj.") 
(aj* + y* = aj. j 
ro" — y' = 56.'v 

/aj-y = — \ 



37. 






38. 



ja^+3aj+y=73-2a?y. 
(3^4-3y4-«=44. 



^^' (ajy = 3 + a?. ) 



40. 



41. 



42. 



r(2a;-4y)2+aj-2y=5.| 

r2» +3y =19. 1^ 

(5aj»-7y* = 62.) 



r4a:2^ + aj'y« = 96. 

U + y = 6. 



} 



45. {'^•+^ = ^- \ 
(!r«y + a!y' = 30.) 

46. |^ + ^=''- I 

-3^=65. I 
+ a^=78.i 



raJ*-3^=65, 



r2^-2., = 12. I ^^ I 



aj8 + ys — a; — !/ = 98. ' 



48. 



raj*4-2a^ + y=4-2a + 2y = 120.| 



▲LOBBKA. — 24. 
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49. 






62. 



63. 



64. 



61. 



1} 



\{3x + iy)(Jx-2y)-7x + 2y = 30. 

x + y 



(t2.x:iy:3. i 

((a^ + y*)ajy = 300.| 
(aj* + y* = 337. I 



66. 



66. < 



a? + ^. + f = U. 

y 



(2aj + ajy + 2y = 16.) 



68. 



r 2(aj* + y") (a + y) = ISajy. | 
|(aj-|.y)2-2a^ = 49. 






60. 



61. 



62. 



63. 



4. < 



a;(aj + y -J- «) = 60. 
y(a + y + «) = 75. 
«(a + y + «) = 90. 



} 



i(x + y)xy = 3f). | 

r6(x» + y») + 4a!y = 366.) 
la!« + y' + « + y = 62. ) 

t(a^ + y')(a!« + y») = 455.l 

r 2a!y - 24(» + y) = — 240. ) 
(a!»4.y2 = 100. ) 

V + 3^ + 2* = 126. 
66. J a!' + y + «* = 69. 
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68 |(*"y)(^"3'') = ^-> 

69. Insert 6 arithmetical means between ^ and |. 

70. Insert 3 geometrical means between 9 and ^. 

71. Find, the arithmetical mean between f and — ^. 

72. Find the geometrical mean between 23^ and 4|. 

73. Expand by the binomial theorem (a — a?)^ to five terms. 

74. Expand by the binomial theorem (a' + ft*)*"'"* to five 
terms. 

76. Expand (1 + 2a; — a?*)' by the binomial theorem. 

76. Find the fifth term of (a-*4-2aj*)^° by means of the 
binomial theorem. 

77. Find the approximate value of ■\/125 to five decimal 
places, by the binomial theorem. 

1 — aj 

78. Expand - — — ^ to five terms in ascending pow 

1 — 3x — 2ar 
ers of X, 

79. Separate ^ into partial fractions. 

ar — 1 

' 80. Separate , "\^ ^ ."t i^*o partial fractions. 

81. Show that 2 is a root of the equation a* — 7«'-fl4x — 
8 = 0. 

82. Show that 3 is not a root of the equation a;* — 3»* + 6aj 
+ 8 = 0. 

83. One root of the equation a^ — 11 a* + 37 a? — 35 = is 5. 
Find the other roots. 

84. Form the equation whose roots are 1, — 2, and — 4. 
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86. Given 3a + 6y + 7aj = 100 and 8a?+ 4y + 5«=: 100. 
Find all the different possible values of x, y, and z in whole 
numbers. 

86. Separate 590 into two parts^ so that their product shall 
be 80464. 

87. Divide the number 327 into three parts proportional to 
the numbers ^, 6, and |. 

88. A gentleman bought a horse for a certain sum. He 
afterward sold him for $ 144, and gained as much per cent as 
the horse cost him. How much did he pay for the horse ? 

89. An engraving, whose length was twice its breadth, was 
mounted on Bristol board, so as to have a margin 3 inches 
wide, and equal in area to the engraving, lacking 36 inches. 
What was the width of the engraving ? 

90. There is a stack of hay whose length is to its breadth 
as 6 to 4, and whose height is to its breadth as 7 to 8. It is 
worth as many cents per cubic foot as it is feet in breadth ; 
and the whole is worth at that rate 224 times as many cents 
as there are square feet on the bottom. What are the dimen- 
sions of the stack ? 

91. I let fall a stone into a deep pit, and I hear it strike 
the bottom in seven seconds. Granting that a falling body 
falls 16 feet the first second, four times as far in two seconds, 
nine times as far in three seconds, and so on, also, that sound 
travels 1100 feet per second, how deep is the pit ? 

92. The hypotenuse of a right triangle is 24 feet more 
than the base, and 3 feet more than the perpendicular. 
Determine the sides of the triangle. 

93. A farmer had two flocks of sheep, each containing 147. 
From the first flock he sold a certain number, and from the 
second a number expressed by the same digits reversed. The 
first flock then contained twice as many sheep as the second. 
How many did he sell from each flock ? 
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94. There are two vessels, one holding a gallons of wine 
and the other b gallons of water. Find the capacity of a third 
vessel, such that if a quantity sufficient to fill it be drawn from 
each of the first two, and then the liquid taken from each be 
poured into the other, the resulting mixtures shall contain like 
proportions of wine and water. 

95. The base of a right-angled triangle is 20 inches, and is 
a geometrical mean between the hypotenuse and the per- 
pendicular. What is the hypotenuse ? 

96. It is required to find three numbers, such that the 
difference of the first and second shall exceed the difference 
of the second and third by 6, the sum of the numbers shall be 
33, and the sum of the squares 441. 

97. A piece of cloth, by being wet in water, shrinks one 
eighth in its length, and one sixteenth in its breadth. If the 
perimeter of the piece is diminished 4^ feet, and the surface 
5f square feet by wetting, what were the length and breadth 
of the piece ? 

98. A rectangular lot is 119 feet long and 19 feet broad. 
How much must be added to the breadth, and how much taken 
from the length, in order that the perimeter may be increased 
by 24 feet, and the contents of the lot remain the same ? 

99. From two towns, 396 miles apart, two "persons, A and 
B, set out at the same time, and traveled toward each other. 
After as many days as are equal to the difference of miles 
they traveled per day, they met, when it appeared that A had 
traveled 216 miles. How many miles did each travel per day ? 

100. Find two numbers such that their sum, their product, 
and the difference of their squares may be all equal to one 
another. 

101. Find two numbers, such that their product shall be 
equal to the difference of their squares, and the sum of their 
squares shall be equal to the differenoe of their cubes. 
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102. A miner bought two cubical masses of ore for $820. 
Each of them cost as many dollars per cubic foot as there 
were feet in an edge of the other ; and the base of the greater 
contained a square yard more than the base of the less. What 
was the price of each ? 

103. A May-pole was broken by the wind in such a manner 
that 4 times the upper or broken part, added to 6 times the 
remaining part, was equal to 6 times the whole, and 28 over; 
and the proportion of the former to the latter part was 9 to 
16. Eequired the height at first. 

104. Two messengers start from the two towns, A and B, 
lo travel toward each other, but one started 2 hours earlier 

than the other. They meet each other 2^ hours after the 
starting of the second messenger, and they reach the towns, 
A and B, at the same instant. In how many hours did each 
messenger perform the journey ? 

106. A ship, with a crew of 175 men, set sail with a supply 
of water sufficient to last to the end of the voyage ; but in 30 
days the scurvy made its appearance, and carried off 3 men 
every day ; and at the same time a storm arose, which pro- 
tracted the voyage 3 weeks. They were, however, just 
enabled to arrive in port without any diminution in each 
man's daily allowance of water. Required the time of the 
passage, and the number of men alive when the vessel reached 
the harbor. 

106. What are the dimensions of a rectangular court, which, 
if lengthened 7 feet and made 4 feet broader, would contain 
363 feet more ; but if made 4 feet shorter and 3 feet narrower, 
would be diminished 208 feet ? 

107. A vintner has two casks of wine, from each of which 
he draws 6 gallons, and finds the remainders in the proportion 
of 4 to 7. He then puts into the less 3 gallons, and into the 
greater 4 gallons, and the proportion is that of 7 to 12. How 
many gallons were there in each at first ? 
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108. A and B traveled on the same road, and at the same 
rate, from Cumberland to Baltimore. At the 50th milestone 
from Baltimore, A overtook a drove of geese, which was pro- 
ceeding at the rate of 3 miles in 2 hours, and 2 hours after- 
ward met a wagon which was moving at the rate of 9 miles 
in 4 hours. B overtook the same drove of geese at the 45th 
milestone, and met the same wagon 40 minutes before he 
came to the 31st milestone. Where was B when A reached 
Baltimore ? 

109. In one of the comers of a rectangular garden there is 
a fish-pond of similar shape, whose area is ^ of the whole 
garden, the perimeter of the garden exceeding that of the pond 
by 200 yards. If the greater side be increased by 3 yards, 
and the other by 5 yards, the garden will be enlarged by 645 
square yards. What is the length of each side of the garden ? 

110. The number of deaths in a besieged garrison amounted 
to 6 daily; and, allowing for this diminution, their stock of 
provisions was sufficient to last 8 days. But on the evening 
of the sixth day 100 men were killed in a sally, and after^ 
ward the mortality increased to 10 dfiily. Supposing the 
stock of provisions unconsumed at the end of the sixth day to 
support 6 men for 61 days, it is required to find how long it 
would support the garrison, and the number of men alive 
when the provisions were exhausted. 

111. A wall was built round a rectangular court to a certain 
height. The length of one side of the court was 2 yards less 
than 8 times the height of the wall, and the length of the 
adjacent side was 5 yards less than 6 times the height of the 
wall. The number of square yards in the court was greater 
than the number in the inside face of the wall by 178. 
Required the dimensions of the court, and the height of the 
wall. 

112. Find the value of Vf to within .001. 



113. Find the value of yjy_^^jr_y^±±^ to within .001. 
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475. When related quantities in a series are to be compared, 
as for instance the population of a town in successive years, 
recourse is often had to a method of representing quantities 
by lines. This is called the graphic method. 

By this method, quantity is photographed in the process of 
change. The whole range of the variation of a quantity, pre- 
sented in this vivid pictorial way, is easily comprehended at a 
glance ; it stamps itself on the memory. 

476. In Fig. 1 is shown the population of a town throughout 
its variations during the first 13 

years of its existence. 

The population at the end of 2 
years, for example, is represented 
by the length of the heavy black 
line drawn upward from 2, and is 
4000; the population at the end 
of 6 years is 7000; at the end of 
10 years, 6300 approximately ; and 
so on. p,^ 1^ 

477. Every point of the curve shown in Fig. 1 exhibits a 
pair of corresponding values of two related quantities, years 
and population. For instance, the position of E shows that 
the population at the end of 4 years was 6000. 

Such a line is called a Graph. 

Graphs are useful in numberless ways. The statistician uses them to 
present information in a telling way. The broker or merchant uses them 
to compare the rise and fall of prices. The physician uses them to record 

Graphic Algebra by W. J. Milne, Copyright 1906, by Amerioa/n Book Oompany. 
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the progtess of diseases. The engineer uses them in testing materials and 
in computing. The scientist uses them in his investigations of the laws 
of nature. In short, graphs may be used whenever two related quantities 
are to be compared throughout a series of values. 

478. Let X and y be two algebraic quajitities so related that 
y = 2 a; — 3. It is evident that we may give x a series of values, 
and obtain a corresponding series of values of y ; and that the 
number of such pairs of values of x and y is unlimited. All 
of these values, however, are represented in the graph of 
y = 2a?-3. 

Just as in Fig. 1 years are represented by horizontal lines 
and population by vertical lines, so in the graph of y = 2 a? — 3, 
Fig. 2, values of x are represented by 
lines laid off on or parallel to an 
X-axis, X'X, and values of y by lines 
laid off on or parallel to a y-axis, Y'Y, 
drawn perpendicular to the i»-axis. 

For example, the position of Q 
shows that y = 5 when a; = 4; the 
position of R shows that y = 7 when 
a? = 5; etc. 

Evidently every point of the graph 
gives a pair of corresponding values 
of X and y, Fio. 2. 

479. Conversely, to locate any point with reference to two 
axes for the purpose of representing a pair of corresponding 
values of x and y, the value of x is laid off on the aj-axis 
as an x-distancej or Abscissa, and that of y on the y-axis as a 
y-distance, or Ordinate. From each of the points on the axes 
obtained by these measurements, a line parallel to the other 
axis is drawn. The intersection of these two lines locates the 
point. 

Thus, in Fig. 2, to represent the corresponding values x = 3, y = 8, a 
j)oint P may be located by measuring 3 units from to 3f on the x-sjda 
and 8 units from O to iV on the 2/~axis, and then drawing a line from M 
parallel to OF, and one from iV parallel to OX until they intersect. 
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480; The abscissa and ordinate of a point referred^to two 
perpendicular axes are called the Beotangnlar Ooordinates, or 
simply the Oodrdinates, of the point. 

Thus, in Fig. 2, the coordinates of P are OM i=rNP) and MP{= ON). 

481. By universal custom positive values of x are laid off 
from as a zero-point, or Origin, toward 
the right, and negative values toward 
the left. Also positive values of y are 
laid off upward and negative values 
doumward. 

The point A in Fig. 3 may be desig- 
nated as "the point (2, 3)," or by the 
equation A = (2, 3). Fig. 3. 

Similarly, J5==(-2,4), (7=^ (-3, -1), and 2> = (1, -2). 

The abscissa is always written first. 

482. Plotting points and oonstmcting graphs. 
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EXAMPIiES. 

NoTB.— The use of paper ruled in small squares, called coordinate 
paper, is advised throughout this chapter. 

Draw two axes at right angles to each other and locate the 
following points : 

5. -&=(6, 6). 

6. 25^= (-5, 6). 

7. (?=(-2, 6). 

8. ^-=(-3, -4). 

13. Where do all points having the abscissa lie? the 
ordinate ? 

14. What are the coordinates of the origin ? 

15. Construct the graph of the equation 2 y — a? « 2. 

Solution. 
Solving f or y, y = i (« + 2) . 

Values are now given to x and computed for y by means of this 
equation. 



1. .4 =(3, 2). 
3. 5= (3, -2). 

3. (7=(4,3). 

4. i>=(4, -3). 



9. Zr=(0,4). 

10. Jf=(0,-5). 

11. JVr=(3,0). 

12. P = (-6,0). 
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The numbers substituted for x need not be large. Convenient numbers 
to be substituted for x in this instance are tlie even integers from —6 to +6. 
When a; = — 6, y = — 2. These values locate the point -4 = ( — 6, — 2). 
When « = — 4, y = — 1. These values serve to locate JB = (— 4, — 1). 
Other points may be located in the same way. 

A record of the work should be kept as follows : 



CB 


y 


Point 


-6 


-2 


A 


-4 


-1 


B 


-2 





C 





1 


D 


2 


• 2 


E 


4 


8 


F 


6 


4 


G 



. 






















n 


n 


^ 
















































































































^ 
























^ 


r> 


5 
















^\^^l- 


>* 


F 




















,<H 


^ 


fE 




















w1 


r^ 


D 




















^ 


\^ 


•c 




















4^ 


-^ 


B. 






















'^ 


A 



























Fig. 4. 
A line drawn through A^ B, C, 2>, etc., is the graph of 2 y — « = 2. 

Construct the graph of each of the following : 

16. y = 3aj — 7. 19. 3aj — y = 4. 22. Sx = 2y. 

17. y = 2aj-|-l. 20. 4:X — y = 10. 23. 2aj + y = l. 

18. y = 2aj — 1. 21. aj — 2y = 2. 24. 2aj-|-3y = 6. 

It can be proved by the principle of the similarity of tri- 
angles that : 

483. Principle. — The graph of a simple equation is a straigM 
line. 

For this reason simple equations are also called Linear Equa- 
tions. 

484. Since a straight line is determined by two points, to 
plot the graph of a linear equation, plot two points and draw a 
straight line through them, 

Fot the sake of greater accuracy, the points should be taken some dis- 
tance apart. Thus, in Fig. 4, the line would be more accurately deter- 
mined by the points A and Q than by C and D, 
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EXAMPUES. 

Construct the graph of each of the following : 

1. 2aj-3y = 6. 4. 7aj-y = 14. 7. 5x + 3y = 7\ 

2. 3aj + 42^=12. 6. x + Sy = 5. 8. a?-^y = 3. 

3. 5aj-2y = 10. 6. 4-aj = 2y. 9. ^x-{-^y = 2. 

486. Graphic solution of simultaneous linear equations. 
I. Let it be required to solve graphically the equations 
(y=^2^x, (1) 

\y = e--x. (2) 

Construct the graph of each equa- 
tion, as in Fig. 5. 

1. When aj = — 1, the value of y in 
(1) is represented by AB, and in (2) 
by JIC. 

Therefore, when a; = — 1, the equar 
tions are not satisfied by the same 
values of y. 

2. Compare the values of y when a; = ; when a? = 1 ; 2. 

3. For what value of x are the values of y in the two equa- 
tions equal, or coincident ? 

4. What pair of values of x and y, then, will satisfy both 
equations ? 

The required values of x and t/, then, are represented graphi- 
cally by the coordinates of P, the intersection of the graphs, 

II. Let the given equations be 
r «+ y= 6, 

l2a:-|.2y = 12. 

6. What happens if we try to elimi- 
nate either x or y? 

6. Since y=6— a? in both equations, 
what will be the relative positions of 
any two points plotted for the same fiq. «. 
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value of a?? What will be the relative positions of the two 
graphs ? 

7. The algebraic analysis shows that the equations are 
indeterminate, for neither x nor y can be eliminated without 
eliminating the other. 

The graphic analysis also shows that the equations are in- 
determinate, for their graphs coincide. 

III. Let the given equations be 

ry = 6-a?, (1) 

[y = ^-x. (2) 

8. When a? = — 1, how much 
greater is the value of y in (1) than 
in (2), as shown both by the equa- 
tions and by their graphs? 

9. Compare the y's for other 
values of x. 
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Fig. 7. 



10. For every value of x the values of y in the two equations 
differ by 2, and the graphs are 2 units apart, vertically. 

In algebraic language, the equations cannot be simultaneous ; 
that is, they are Inconsistent. 

In graphical language, their graphs cannot intersect, being 
parallel straight lines. 

486. Principles. — 1. A single linear equaUon involving two 
unknoton quantities is indeterminate, 

2. Two linear equations involving two unknown quantities are 
determinate, provided the equations are independent and simul- 
taneous. 

They are satisjied by one, and only one, pair of comm^on 
values. 

3. The pair of common values is represented graphically by the 
coordinates of the intersection of their graphs. 

Note. — In solving simultaneous equations by the graphic method the 
same axes must be used for the graphs of both equations. 



882 



HIGH SCHOOL ALGEBRA. 



SXAMPUBS. 

1. Solve the equations 4y — 3a; = 6 
and 2a? + 3y = 12. 

Solution. — Plotting the graphs of both 
equations^ it is found that they intersect at a 
point P, whose coordinates are 1.8 and 2.8, 
approximately. 

Hence, a; = 1.8 and y = 2.8. 

The coordinates of P are estimated to the 
nearest tenth. 
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Construct the graph of each of the following equations. 
Solve, if possible. If there is no solution, tell why. 



:9. 



U + 2y=:4. 

|2a;-y = 6. 

l2y = 6aj-18. 

U-y = 3. 
• ly = 2(aj-2). 
U-2y = -12. 



10. \''+l=^- 

{y = 2-x. 

U = 2(j, + 1). 
' l21 = 2(2a! + y). 

12. f" + ^ = '- 

l2a!-6y = -9. 

f2x-6» = 5. 
ll0y = 2a-|-l. 



r3y = 2a;-7. 

l2a? = 64-3y. 

r3(aj-4) = 2y. 
l6(y + 6)=9a?. 

ri0ajH-y = 14. 
Isa — 6y = — 2. 

^^ |2a.4-3y = 8. 
l3a: + 2y = 8. 



14. 



16. 



16. 
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487. Oraphio solution of qnadratio equations in x. 
Let it be required to solve graphically oj* — 6iB-|-5 = 0. 
To solve the equation graphically we must first draw the 
graph of aj» — 6 a? -h 5. To do this, let 
y^ix^ — Sx + B. 

The graph of y=aj* — 6aj-|-5 will represent all the corre- 
sponding real values of x and aj* — 6a?-h5, and among them 
will be the values of x that make aj* — 6aj + 5 equal to zero, 
that is, the roots of iK^ — 6x + 5 = 0. 
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It will be observed that : 

When aj = 3, a^ — 6a?-|-5 = — 4, which is represented by the 
negative ordinate PA. 

When a; = 2 and also when aj = 4, aj* — 6aj-f-6 = — 3, which is 
represented by the equal negative ordinates MC and NO, 

When x = and also when aj = 6, a?^ — 6a;-f5=5, represented 
by the equal positive ordinates OE and QE\ , 

Thus, it is seen that the ordinates change sign as the curve 
crosses the avaxis. 

At D and at D', therefore, where the ordinates are equal to 0, 
the value of aj^ — 6 a? 4- 5 is 0, and the abscissas are a? = 1 and 
x = 5. 

Hence, the roots of the equation are 1 and 5. 

488. In plotting, when the coefficient of a^ is -f 1, it is con- 
venient to take for the first value of a? a number equal to half 
the coefficient of x with its sign changed. By Art. 288, this 
number will be half the sum of the roots, or their mean value. 
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Next, values of x differing from the mean value by equal 
amounts may be taken. These give ordinates equoU in pairs. 

Thus, in Fig. 9, first take x = S and locate -4 = (3, - 4). Next give x 
values differing from 3 by equal amounts, as 2^ and 3^, 2 and 4, 3 and 5, 
4 and 6. It will be found that y has the same value for x = 3} as for 
a; = 2 J, for a; = 4 as for a; = 2, etc. 

The curve obtained by plotting the graph of a?* — 6 a? + 6, or 
of any quadratic expression of the form aaj*+6a?4-c is B,paraJ>ola, 



489. Let it be required to solve each 
of the equations 

aj2_8aJ4-14 = 0, (1) 

a^_8a?4-16 = 0, (2) 

a?-Sx + lS = 0, (3) 

The corresponding graphs are marked 
I, II, and III, respectively. 

(1) 




Fig. 10. 



The roots of (1) are seen to be 
0F= 2.6, approximately, and OTr=5.4, approximately. 

Since graph II has only one point K in common with the 
avaxis, equation (2) appears to have only one root, OK =4:, 

But it will be observed that if graph I, which represents 
two unequal real roots OV and OTT, were moved upward 2 
units, it would coincide with graph II. 

During the process the unequal roots of (1), V and W, 
would approach the value OK, which represents the roots 
of (2). 

Consequently the roots of (2) are regarded as ttoo in number. 
They are real and eqtuil, or coincident. 

The movement of the graph of (1) upward the distance JK^ or 2 imits, 
corresponds to completing the square in (1) by adding 2 to each member. 
Since ths roots of the resulting equation, x^ — 8 a; +16 = 2, differ from 
those of (2) or from the mean value 0K= 4, by ± V2, or ± VJK, it is 
evident that the roots of (1) are represented graphically by 
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Since graph III has no point on the o^axis^ there are no 
real values of x for which ^ — 8 a? 4- 18 is equal to zero; that 
is, (3) has no real roots. Consequently, the roots are imxiginary. 

If graph III were moved downvoard 2 units, it would coincide with 
graph II. If the square in (3) were completed by subtracting 2 from 
each member, the roots of the resulting equation, o;^ — 82;+ 16 =-2, 
would differ from the mean value by ± V— 2, or db ViJT. Hence, it is 
evident that the roots of (3) are represented graphically by 

and Oir-VIZ=4-V:r2. 

The points J, K, and L are called minimum points. 

When the coefficient of a;^ is + 1, it is evident that: 

490i Principles. — 1. The roots of a quadratic in x are 
equal to the abscissa of tJie minimum point, plus or minus the 
square root of the ordinate with its sign changed, 

2. If tJie minimum point lies on the x-axis, the roots are real 
and equal. 

3. If the minimum point lies bdow the x^ixis, the roots are 
real and unequal. 

4. If the minimum point lies above the x-axis, the rdots are 
imaginary. 



Solve graphically : 

1. a?-4a? + 3-0. 10. aj««6i»-10. 

2. aj*-6a? + 7-r0. 11. a^ + 4aj + 2-0. 
8. aj«-4a?«-2. 12. aj« + 2« + 4 = 0. 
4. a?«-10a? + 27=:a 18. »«4-6« + 12«0 
6. aj«-2a?-f 6 = 0. 14. af^ + 8aj + 17=:0. 

6. a^^2(x + l). 15. aj*-.6a? + 13 = 0. 

7. a^ + 2(x + l)^0 i6. aj^-2a? + 6»0. . 

8. aj«-4»-f6-0. 17. a»'-4a?~l-0. 
». fl^-2i6-2-ia 18. a*+8a-M4«0 
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19. Solve graphically 4« — 2aj*-|-l = 0. 
SuooEBTioN. — Dividing both members by the coefficient of oc^, 

The roots may be found by plotting the graph of y = a;^ - 2 a; — J. 

Solve graphically : 

20. 2aj*-f 8aj-f7 = 0. 22. 12a;-4ic«- 1 =0. 

21. 2aj»-12aj+16 = 0. 23. 11 -f-8aj-f ^a^ = 0. 

491. Graphic solution of simultaneous quadratic equations. 



EXAMPIiSS. 

a^ + 2/^ = 25. 



1. Solve graphically j ^ __i 

Solution. — Solving for y, 

y = ± V26 - x2, 
and y = X + 1. 
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(2) 




Fio. 11. 



In the graph of ± V26 — x^, or of the equation x^ + y^ = 25, each 
value substituted for x gives two values of y, and values of x that are 
numerically equal give the same values of y. 

Thus, when a; = 2, y = ± 4.6, and also when x = — 2, y = ± 4.6. 

The values given in the table serve to locate twenty points of the graph 
of a;2 + y2 = 26. On plotting these points and drawing a smooth curve 
through them, the graph is apparently a circle. It may be proved by 
geometry that the graph is a circle whose radius is 5, and that the graph 
of any equation of the form x^-\^^ = r^ is a circle whose radius is r. 
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The graph of (2) is a straight line. The straight line intersects the 
circle in two points, ( - 4, — 3) and (3, 4). 

Hence, there are two solutions, x = — 4, y = — 3, and x = 3, y = 4. 

The student should construct the following graphs for him- 
self. Roots are expected to the nearest tenth of a unit. To 
obtain this degree of accuracy, numerous points should be 
plotted and a scale of about ^ inch to 1 unit should be used. 

..1, r9a^ + 25y« = 225. 
2. Solve graphically j ^ 

Solution. — Constructing the graphs, it is 
found that they intersect at the points x=3.7, 
y = 2, x = -3.7, y = 2. 

Since the graphs have these two points in 
common, and no others, their coordinates- 
are the only values of x and y that satisfy the 
equations, and are the roots sought. 

Observe that the pairs of values x = 3.7, 
y = 2 and x = -3.7, y = 2, are real^ and 
different, or unequal. 

The graph of 9 x^ -{- 25 f = 225, or 
of any equation having the form 
6 V -f a V = <**&*? is ail ellipse. 
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Fig. 12. 



3. 



Qi I.- n f^^ + 25f = 225. 

Solve graphically j 



Solution. — Imagine the straight line y = 2 in Fig. 12 to move upward 
until it coincides with the line y = 3. The real unequal roots represented 
by the coordinates of the points of intersection approach equality, and 
when the line becomes the tangent line y = 3, they coincide. Hence, the 
given system of equations has two real equal roots, x = 0, y = 3, and 
x = 0, y = S. 

(9it' + 25f = 225. 
4. Find the nature of the roots of \ 

Solution. — Imagine the straight line y = 2 in Fig. 12 to move upward 
until it coincides with the line y = 4. The graphs will cease to have any 
points in common, showing that the given equations have no common real 
values of x and y. 
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It is known from the numerical solution of the equations that there are 
two roots and that both are imaginary. 

A system of two independent simultaneous equations in x and 
y, one simple and the other quadratiCj has two roots. 

The roots are real and unequal if the graphs intersect^ real and 
equal if the graphs are tangent to each others and imaginary if the 
graphs have no points in common. 

6. Solve graphically j^_^^^^g^ 

Solution. — The graphs in Fig. 13 show 
that both of the given equations are satis- 
fied by four different pairs of real values 
of X and y : 

fa; = 4.6, 4.6, -4.6, -4.6. 
ly = 2.2, -2.2, -2.2, 2.2. 

The graph of 4ic*-93^=36, or of 
any equation of the form &^a* — aV 
= aW, is an hyperbola. It has two 
branches. 
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Fig. 13. 



6. What would be the nature of the roots in example 5, if 
the second equation were o^ -f ^ = 9 ? 

A system of two independent simultaneous quadratic equations 
in X and y has four roots. 

An intersection of the graphs represents a real root, and a point 
of tangency, a pair of equal real roots. If there are less than four 
real roots, the others are imaginary. 

Find by graphic methods the real roots of the following, 
and the number of imaginary roots, if there are any. 
Discuss the graphs and the roots. 



-9t^ = 36. 



r4a5«-9y« = 
^' U-3y = l 



9. 



36. 



10. 



9aj2 + 16y* = 144 

+ 4y = 12. 



(9x 
\sx 
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11. 



12. 



13. 



14. 



r9a5» + 16y* = 144. 

la^ + 2^ = ^. 

1 x — y—6, 

Ia5* + 3r^ = 4. 
x — y=:2. 
ajy = — 1. 



15. 



►16. 



17 



ry = aj2_4. 
U=(2/ + l)(y + 4). 
(y = Qi?-5x-\-4:. 
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492. Relation between the nnits +1,-1, V— 1 and — V—1. 

The use of rectangular axes is a device for representing 
simultaneous values of two vaiying numbers. In the preced- 
ing discussions only real numbers have been represented. But 
by confining real numbers to the avaxis, it is possible, in 
harmony with established algebraic laws, to devote the ^-azis 
to the representation of imaginary numbers. 

In the accompanying ^ 

figure the length of any 
radius of the circle repre- 
sents the arithmetical unit 
1. The line drawn from 
to A, called the line OA, x^— 
represents the positive unit 
-fl, and the line OA" repre- 
sents the negative unit —1. 
Every real number lies 
somewhere on the line X'X, 
which is supposed to ex- 
tend indefinitely in both directions from 0. 
axis of real numbers. 

The direction of any line drawn from 0, as OB, that is, the 
quality or direction sign of the number represented by that line, 
is determined with reference to the fixed line OA by find- 
ing what part of a revolution is required to swing the line 
from the position OA to the required position. By common 



!i 



*f^ 



^^■^^ -TJh'' 



Fig. 14. 



X'X is called the 
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consent revolution of the line OA is performed in a direction 
opposite to that of the hands of a clock, as shown by the arrows. 
OB is reached after J of a revolution, OA^ after :^ of a revolu- 
tion, OJ." after ^ of a revolution, etc. 

Since 0A!\ or —1, represents ^ of a revolution of OAy the 
square of 0-4", or (— 1)^ represents 1 revolution of 0-4, which 
produces 0-4, or +1. Hence, 0-4", or —l, represents the 
square root of + 1, or (-}- l)i. 

Similarly, since OA! represents ^ of ^ of a revolution of OA^ 
and 0-4" represents ^ of a revolution of 0-4, 0-4' represents 
the square root of 0-4", or of — 1 ; that is, 0^' = V— 1. 

If 0-4" is swung \ of a revolution from the position 0-4" to 
the position 0^"', 0^" will be multiplied by V— 1 just as OA 
is multiplied by V— -1 to produce 0-4'. Hence, the result 

+1, represented by OA^ and —1, represented by 0A\ are the 
units for real numbers, that is, are real units. Just as the real 
number +a is represented by a line a units long extending from 
toward X, and the real number —a by a line a units long 
extending from O in the opposite direction, so the imaginary 
number -j-aV— 1, or (H-V— l)xa, is represented by a line a 
units long extending from toward F, and the imaginary 
number — aV— 1, or (— V— 1) X a, by a line a units long 
extending from in the opposite direction, toward T\ Hence, 
+ V— 1 and — V— 1 are the units for imaginary numbers, that 
is, they are imaginary units; -f aV— 1 is called a positive 
imaginary number and — aV— 1 a negative imaginary number. 

Hence, it is seen that imaginary numbers have as much 
reality as real numbers. Imaginary numbers were named 
before their nature was understood. 

493. The algebraic sum of a real number and an imaginary 
number is called a Oomplex Number. 

Thus, 2 + SV—l and a + 6V— 1 are complex numbers. 

494. Graphic representation of a oomplex number. 

The sum of 3 positive real units and 2 positive imaginary 
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units is found by counting 3 units along OX in the positive 

direction from and from that point, D^ measuring 2 units 

upward at right angles to 

OX in the direction of the 

axis of imaginary numbers. 

The line OP represents by 

its lerigth and direction the 

combined effect or sum of 

the directed lines OD and 

DP, that is, the complex 

number 3 + 2V— !• 

The same result may be 
obtained by counting 2 units 
along OT upward from 
and from the end of the second division measuring 3 units 
toward the right at right angles to OF in the direction of the 
axis of real numbers. 

Hence, the line OP represents either 3H-2a/^ or 2 V^+3. 

Similarly, the line OP represents by its length and direc- 
tion 2\ — V— 1 or — V— 1 + 2^, and tiie line OP^ represents 
-i + }V^^ or |V^ri_ J. 

EXAMPIiBS. 

Represent the following numbers graphically : 

1. 3 + 4V^. 6. 1-3V^=T. 9. -2-2V^rT. 

2. 2-f5V^=T:. 6. 2-4V^. 10. -4^-V^ri. 

3. 4 + 2V=T. 7. V^-3. 11. J-|V^n:. 

4. 3-2V^rT. 8. 3V^::i-5. 12. -j+iVZ^. 



13. Represent graphically — 2 + V— 13. 

Suggestion. — The given expression may be written — 2+ VI5 V— 1. 
The approximate value of Vl3 is 8.6. 

Represent graphically : 
14. 2 + V^^. 16. -4-V^n^. 18. 5 + V^nT. 

16. 3-V^=^. 17. -2-fV^=^0;3. 19. 2-V^^^20. 
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Page 10. — 8. Vest, ^6; coat, $24; 8. Henry, $9; James, |27. 
4. 8 bu. ; 16 bu. 6. B, $200 ; A, $600. 6. Ist, 60 ; 2d, 100 ; 3d, 
300. 7. Charles, 70 ; WUliam, 280. 8. 130. 9. Cow, $60; horse, 
$ 200. 10. B, 106 ; A, 316. 

Page 11. — 11. Sister, 120; brother, 360. 12. Less, 90; greater, 
460. 18. B, $ 360 ; A, $ 1400. 14. Wheat, 220 bu. ; com, 1100 bu. 
16. Rye, 160 bu. ; com, 300 bu. ; wheat, 900 bu. 16. A, $80 ; B, 

$ 160 ; C, $ 320. 17. 1st, 13 ; 2d, 39 ; 3d, 117. 18. $ 7260. 

19. 1st yr., $3460; 2d yr., $6900. 20. 1st, $76 ; 2d, $226. 21. A 
owns 2000 ; B, 6000 ; C, 2000. 22. 3. 

Page 12. — 23. 2 ducks. 24. Younger daughter, ilJlOOO ; elder, 

$2000 ; son, $3000. 25. 16 slate pencils. 26. 1st part, 2 ; 2d, 16 ; 
3d, 6; 4th, 12. 27. 16. 28. 4. 29. 13. 80. B, $3100; 

A, $ 12,400. 81. Daughter, $ 1200 ; son, $ 3600 ; widow, $ 9600. 
82. Barley, 4 ; oats, 12 ; wheat, 16. 88. 1st, 12 ; 2d, 36 ; 3d, 96. 

Page 13. — 84. Cherry, 20 ; peach, 60 ; apple, 480. 86. John, 6f ; 
James, 36^. 86. Fiction, 4500. 87. Sarah, 10^; Mary, 60^. 

88. 1st, 62 ; 2d, 124 ; 3d, 31. 89. 1st yr., $ 1000 ; 4th yr., $8000. 

40. A, $3000 ; B, $ 2000 ; C, $ 1000. 41. 1st class, 60 ; 2d class, 

100 : 3d class, 160 ; 4th class, 300. 

Pageia — 1. 6. 2.4. 8.11. 4.16. 5.6. 6.1. 7.1. 

8. 9. 9. 3. 10. I'i. 11. 4. 12. 70. 18. 240. 14. 36. 15. 6. 
16. 18. 17. 2. 18. 8. 19. 9. 20. 32. 21. 47. 22. 34. 28. 9. 
24. 8. 25. 2^. 26. 6. 27. 6. 28. 12. 29. 13. 80. 27X. 
81. 331. 82. 16. 88. 37. 84. 31. 85. 2. 86. 0. 87. 9. 88. 4. 

Page21. — 8. 26 6. 4. 19 ax. 5. 26a;2y. 6. -23«2y2. 

7. - 13cx8. 8. 30 ax. 9. 26 mn. 
Page 22. — 10. -26a;2y2. n. iQa^s, 12. 4 a. 18. a**. 

14. 6y/xy. 15. - 4(a;y)8. 16. (x + y)*. 17. ll(x-y) 

18. 3(a + 6). 19. 9(a - x). 20. 6(a - by, 21. 16(x + yy. 
22. 10 Va^ __ a.2. 

Page 23.^8. 6a + 46-6c. 4. 7x-6xy+«. 5. 8x+9«-2xj8?. 

B. —2y + 6z. 7. 2xy + 62? - 6y + 4x. 8. 4ac + 4ay. 

9. 166H-6cd-9c-4c. 10. -Sxh/+6xy+z, 11. -3aH-8c+8d. 
12. - 6y + 6w + 2. 18. 10a262 -Id^ + dK 

Page 24. — 14. 7o6+9V^+26. 16. 12x8+3x+6. 16. 6\iax^+ 
6|a2+5|x'2/-2TV&'. 17. 2a62+i aS^ 3^^560+ Ua^c^- 68+ H^^c+cS. 
18. 6(a-x)+3x2. 19. 20(a+6)2+62c2. Jo. 4(a-x)+4ax- 

iab+c). 21. -6(a+c)2-4a(x+y). 22. 6a(x+l)-2(y-2)+6a2. 

28. Va-x+9x2. 24. 10a-16(6+c)-4. 25. 6(x+3)+y*+2a62. 
26. 2ax(a-l)-2(62_2)-4y2. 

Page 25. — 27. 12VST6-2x\/a^=36-7a6c. 28. Say/b^+ 
d\/x+4y. 80. (2a-36+4c+3d)x. 81. (2a+46+3c+4)x2. 
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82. (6+5o)(a+6). 83.. (8a+2 6+7)(a+8). 84. (6a+5)v^+y: 
86. (aH-6+l)(x+y). 86. (6-f &H&»)(a?-y ). 87 . (4a+6c;Va^=^ 
88. (a+6+c)(x2+y'^). 89. (11+6 a;) Va^-c^*. 40. (2+66) 

(x+y+1). 41. (2a+2 6+2c)\^c^. 

Page 26.— 2. 2. 8. 4. 4. 2. 8. 4. 6. 4. 7. 4. 
8. 9. 9. 2. 10. 4. 11. Harvey, 7 ; Henry, 21 ; James, 42. 
12. C, ^20; B, ^40; A, f80. 18. Samuel, 6; Henry, 16; WilUam, 
30. 14. B, ^200; C, $400. 

Page 27. — 16. 10. 16. Fiction, 2000; reference, 20000 ; histori- 
cal, 6000. 17. A, $20000 ; B, |2000 ; C, $6000 ; D, $8000. 18. A, 
612 ; B, 306 ; C, 204. 19. Board, $36 ; wages, $60. 20. Ist man, 
$60 ; 2d, $90 ; 3d, $ 120 ; 4th, $160. 21. Men, 11 ; women, 22 ; 

children, 44. 22. Library, $ 10000 ; hospital, $20000 ; school, $40000. 

Page 29. — 8. 9 a. 4. 6 ay. 6. -2a^. 6. Sxyz. 

7. -12xV«. 8. -Sa^b^c. 9. 4x+4y. 10. a-b. 11. -2a;y+2«. 
Page30. — 12. 2x2y2-3«. 18. -2xy*z-xy, U. p'^q8-\-Spq^8. 

16. 2m^nx-mnx. 16. 4a;2y+6y2. 17. _2ajy2_3«. 18. -^p^q^-pq, 
19. 14a;2y2;52_2y2. gQ. -6y«*+2y*«. 21. 6p^q^-2q8. 

22. -9xygfi-Sxyz. 24. 6a^. 26. Sofiy^. 26. 4a;+3y. 

27. 3^-62;. 28. 4aa;+56y. 29. a+66-8c. 80. 2a;+7y+2«. 
81. 2xy-\-6z-Sx^+y. 

Page 31. — 82. -6+2c. 88. aj+6y-7«. 84. 3a2+562+5c2. 
86. 6o8-6c8-6(|8. 86. lla^-7y-*. 87. 13p2+6gr2_2r». 

88. -ax-^4ay. 89. Syz+7xz, 40. -6 3^^2+24 xy«+ 14 xy. 

41. 9x8y8-lly«8. 42. x^-^-oxy+bz^-hw. 48. 16x8+5 j/H 

4,sfi-7r». 44. 3x«y+7x+4. 46. 6 6x8+3ay2-2cy+9. 46. xV+ 
6x2/-9x+6. 47. 2x6y2-9xy6-92*-9. 46. 4ar2-6 6««+3r»- 
p-7. 49. 14x5-39aV-lly*-4«. 60. -x'»-6x»ir+4jr+ 

4x2«. 61. 7x-^-4 x8^'»- 4ir-^ 62. Vxy+5z4-y/f. 68. 6(a+ &y- 
4a+6c. 64. 6Va+62_9v^x+y+7v^c+y. 66. Va+d^-Sv^c+d. 

Page 32. — 67. (a-c)y+(d+2)x. 68. (c-8a)x+(2a-3(l)«. 
69. (2c-'2a)d-6ab+(c+2d)e^. 60. (a-6)a;+(a+6)y+(c-l)«. 
61. (6a-c)y+(a+2c)«+((i-6)x. 62. (a-2 6)x2+(3a+2c)y+ 
(3+c)xY 68. (2p-r)x2+(r+i))y2-(3g+«)xy. 64. (c-9)x+ 
(7a2_i5)52. 66. (3-6c)x+(7 + a)y-(8+g>. 66. (2a-6-c)x+ 
(o+2 6-c)y. 67. (d-c)x+2ay. 68. (4 6-4c)(x~y) + C4cd-.a)a5. 
69. 2V^+(8-2a)Vy. 70. (aa+c3)jc+ (62+c2)y. 71. (a-b)y/x+y+ 
(a+b)Vx^+(c+d)x. 72. (2n+3)v^-2mv^-3/2. 

Page 33. — 1. -6. 2. y. 8. 2a+6. 4. 2a+6. 6. b. 
6. a;+2y. 7. 2o-y. 8. x+4y. 

Page 34. — 9. 7x-7y. 10. 6x-y+2«. 11. x-«2. 12. -a^+ 
3x8y-x2. 18. 7x2+4y2+«2.' 14. 6a62+4ac2. 16. 26. 

16. x-a. 17. 4. 18. 2o2a;_i9. 19. Sab, 20. Sx+l-x^. 
21. 2 6X+11. 22. a-6+2c-(l. 28. 4c. 24. a. 26. x+c. 
26. 3a-26 + c-2d. 27. 6y-6x2+7x». 28. -6x2y+4y+l. 

29. a6-2 6c-4 6d-6c. 

Page 35.— 80. dxy+llz. 81. 6x. 82. y^-c^. 88. 6. 

84. a. 86. a -10. 86. L 

Page 38.— 2. 4. 8. 8. 4. 12. 

8. 2. 9. 6. 10. 3. 11. 4. 12. 2. 
16. IJ. 17. 6. 18. 4. 19. 7. 20. 8. 
24. 17. 26. 8. 26. 26. 27. 46. 2i 
81. 18. 82. 10. 88. 12. 84. 11. 



6. 7. 6. 10. 


7. 4. 


18. 3. 14. 4. 


16. 6. 


21. 3. 22. 11. 


28. 2. 


18. 29. 43. 


80. 16. 



ANSWERS. iii 

Page 39.— 3d. 18. 87. John, 20; James, 30; Henry, 86. 88. Ist, 
110; 2d,180; 3d, 165. 89. 48. 40. 11600; 1^1650; $1800; $1060. 
41. $2000; $2260; $2500; $2750. 

Page 43. --3. -24. 4. -12. 6. 21a. 6. -12aj. 7. -20a;. 
8. 63fi. 9. 6x7. 10. SstfiyK 11. dsfi^. 19. -.12i)fimV- 
18. -40flcV«^- 1*. 16»*y8««. 18. -20a«68. 16. -24a368ac*. 

17. 6a*y8. 18. 15(|66*«2y2. 19. -I2c*(l=2y. 90. -20a«6y4. 
91. -15a*ic»2/82f. 99. -20a;8y*«. 98. 24x*y*«-«. 94. -12 a^x^z^, 
96. -15a6iK*y«. 96. 2(«+y). 97. -12(o+6). 

Page 44.— 96. lb(y+zy. 99. 4(a-6)6. 80. 6(c+d)6. 

81. -10(ic+y+«y. 89. 12xa». 88. -20a^. 84. -lba^3^+K 
85. 8o2ai«H-«. 86. -16a3*x*«. 87. 20a?»+"jr+". 88. -15»2«+2. 

89. 3x8y-6ya. 40. 2x2yaf-4«a. 41. 12x8y-6x2y3. 49. -6x*2^- 
4xV. 48. -16x*y2af2__8x22f*. 44. 9 xSyS^g^ 6x^2^2. 45. 4x*2/+ 
2xj/2+3xy«. 46. 6x8y0+2x2/«-6x25f2. 47. 18x8y*H-12xy*. 
48. 12a«6cd-9a2c2d. 49. -26a2c2a;+30o2cx2. 50. -20a262c2d+ 
12a26i;2d2. 51. -6ah^-^4a^bcx^ 69. 6a*^z-\-Ux^zK 
58. 12a6»c2-96c4. 64. 16a*x6-12a8x*. 56. 20x»+V*+16x»y. 
56. 18o*x2-27a8ic8. 57. 6a2«+fix8-9o2«+L»«+i. 58. 35 o25c2(?y2+ 

20 d^xy^. 59. Ja^x^-^^o^x*. 60. 14a2«6"•+l^^21a«+l6"»+2. 

Page 45.— 4.V-y2. 5, Sa^-\-10ac+Sc^. 6. 12a^-lSab+6h^. 
7. 6y'^+yz-l2z^, 8. 4x2+6x2^+2 2/2. 9. 9x2-24x2^+162/2. 

10. 15o2-29oc-14c2. 11. a^^-i-2abxy-{-b^y^, 19. 4a2c2-962c2. 

18. 6&2d2+62c(l-12 62c2. 14. 6ai*2^+x22/22j2_i224. 15. 6x82/2^2+ 
4x2/8+3a.2;58+2y^. I6. 8a268+6a62c2+8a68c2+662c4. 17. 26x*2/*- 
16<ix22/8_ioajB4y+6a2x2. 18. a8+3a2&+3a62+58. 19. aj8+6x2+ 
12X+8. 90. a8-2a2/2^y8. 2I. 6a8-3a25_0a52^e68. 29. a8-a2. 
98. X9-2/6. 24. 6x2-5x2/+2x2!-62/2+232/«-20«2. 25. 60^+ 
Ila85+fl52c2_i0a252+3io5c2-15c*. 96. 21 x*- 34x82^+34x22/2+ 
2x2/8-162/*. 97. l-5x+llx2-12x8+6x*. 98. a*+a^Hx*. 

90. x2+3xy-'3x«+2 2/2-5 2/^+2 «2. 80. o2m_52». 81. x2"V2x»y»+2/2». 
89. a5*+*+x"2/**+a?"y*+y**+'*. 88. x**+*"+2x"*+»y"*+*+y*"+*". 

84. fl2m-2n_^2m— 2n^ 

Page 46. —85. 'x^+2xy+y^. 86. 4x2-4x2/+2/2. 87. 9x2-162/2. 
88. 16x2-362/2. 89. 9ah:^+Qaxy+6axz-\-4yz, 40. 4x2-8x22/- 
4x^+8x2/0. 41. 9a*-4 62c2. 42. a^-\-ab-\-a'^b^+b\ 48. a^-b^- 
26c-c2. 44. 058+30254.3 ^52^. 68. 45. o*-2a262+64. 46. x*-2x2+l. 
47. o*-2a262+54. 48. i+2a-2a8-a*. 49. x8-4a*2^2+6a4y4_ 
4x22/6+2/8. 60. ai6-2ai264+2a*6i2_6i6. 51. a^(ib^^-2 a^b^^+ 
2a*6i«-6i6. 62. -.aj4+2x22/2+2x2«2_y4+2 2/2«2-2f4. 68. l-x^. 
64. 16x*-81. 66. 64 2/^-9 2i^. 56. m''-m*n-^2mW-m*n^+ 
m8n2-m2n«+m8n*+win*+n7. 57. x6-x*-27x8+10x2-r-30x-200. 

68. -a;2-3x*+8-x8+6x+4x»-4aJ8. 69. a8+3a6 + 68_i. 60. x»- 
3x5+2x*+x8-2x2+x+l. 61. 3m6-6m*p+8m8p2_6w^8+4|yip*_p6. 

69. a2-4 524.12 6c-9c2. 68. a*-3a2c-62+6c+2c2. 64. w*- 
2 m2n2 — 4 mnp^ + w* -p*. 

Page 47.-65. r*-4r2^-4r«8-<*. 66. mP-mn^^-mP-^n-\-n^. 

67. X*+2 _ a;2pyP~3c+2 + jpiH-2c^S^+4-3c __ /gp+2-2cj^+8c-2 + /ep-2cy2p _ 2^+2, 

68. x''-X2/*+x'-«2^» i-x«-i2/^-*+x«2^-2/^. 69. i^-d^. 70. a*+ 
2a2c2-6*-2 62(|2+c*-d*. 71. o"+«+a«6'»+a'»6n+6«+n. 72. x*- 
2x82/+2x2/8-2/«. 78. aH?/^. 

9.6. 8.4.4.2. 6.17. 6. 1|. 7.2. 8.12. 9-1. 10.8. 11. 2 J. 

Page 48.— 19. 38. 18. 4. 14. 10. 16. 14. 16. 25. 

17. 1^ 18. 6. 19. 3. 90. 1. 91. 17. 98. 4. 94. A, 
10; B, 10. 95. Henry, 9 ; John, 12. 96. 1st, 20 ; 2d, 36. 



IT AKSWBBS. 

Page 49. — S7. C, $6 ; B, f 10 ; A, f 20. tt. SmaUer, 10 : 

laiger, 40. 89. B, $1400 ; A, $2800. 80. Amoont wanted, 46 
lb. ; in 1st firkin, 40 lb. ; in 2(1 firkin, 00 lb. 81. $120. 88. Ist, 
24 ; 2d, 25. 88. 8 doz. at 25^ ; 5 doz. at 30^. 84. B, 12 ; A, 36. 

Page 50.^1. c2+2cd+(P. 8. ^a+2mn+«*. 8. »^+2f»+«=*. 
4. aj2+4a;+4. 5. oH6a+9. 6. 9aH6ax+flf2. 7. 4 6-i+ 
46c+c2. 8. 4y2+4y+l. 9. w2+4mn+4na. 10. 4cH 

Scd+^dK 11. 4aj2+i2»+9. 12. 4a;2+16ajj^+16y2. 18. 9aH 
12a6+46a. 14. x^-\-2x^'^+y*. 16. lQ3i^+2^xy+9y^ IB. 9p^-{- 
12i>^+4g2. 17. 4«*H-20xV+26y*. 18. 4y6+12«V+»a^. 

19. a;2n+2a^jr+|^. 90. sc^-f 2«^*»^y^. 81. a^-«f+2a;J'-«yi»+y*. 

22. a;2/n+2n ^. 2 a;»+ny2» ^ y4»^ 

Page 51. — 94. 484. 96. 629. 96. 1681. 97. 2704. 98. 5041. 
29. 6724. 30. 8281. 81. 10201. 89. 10609. 88. 40804. 
84. 42849. 36. 91809. 37. 30}. 88. 72}. 89. 56}. 40. 156}. 
41. 110}. 49. 90}. 48. 6.25. 44. 12.25. 46. 20.25. 46. 2025. 
47. 56.25. 48. 5625. 49. 72.25. 60. 7225. 61. 1225. 

Page 52. — 1. a^-2ac+c2. 8. i/^-2yz+z^. 8. »^-2r»+A 
4. 62-2 6c+c2. 6. a;2-2a;H-l. 6. x2-4a;y+4ya. t. 3^'-'4xyz+ 
^y^z^, 8. 4x2_i2a^+9«2. q. 4a'^--4.ac-^c^: 10. 9y^-12yz+ 
4«2. 11. 9«2_24ajy+16y2. 13. 4a2+8a(i+4(22. 18. 4r3-. 
12r«+9s2. 14. is2_4gq^^2^ 15. 9t»2-24wn+16n«. 16. 4tT2- 
4t7W+t<?2. 17. 4x*~8a2y2+4y*. 18. 4aj2-12a;+9. 19. da^x^- 
12ax8+4«*. 90. a;2«— 2a;'»3r*+j/**. 91. x*»-*«— 2a«-*»y*+«+y2'"+«". 
28. 4x*-12a;2+«2/«H-9aj2».y2». 84. 324. 86. 841. 86. 1521. 

27. 1444. 88. 2401. 89. 2304. SO. 3481. 81. 8364. 88. 6241. 
38. 6084. 34. 9801. 36. 9604. 86. 994009. 87. 996004. 88. 998001. 

Page 53. — 1. c^-d\ 8. f^-s^ 8. m^-n^. 4. <^--a^. 

6. x2_i. 6. 4-aj2 7. c2-4cP. 8. 4«2-9. 9. Om^-lOn*. 
10. 4x2«25y2. 11. a262_c2<i2. 12. 4a;2-i6. 18. ^a^-y*. 
14. 3C*-y*. 16. a;8_y8. le. 9v2-4w3. 17. 26ajV-9. 
18. 4a*-96*. 19. 9a26*-26 62c4. 80. 160^-25. 81. 25«*"- ' 
162/2n. 23. 49a42^2jg6_3egf2» 24. x^-y^-\-2yZ'-;^. 86. a«- 
62_2 6c-(J2. 86. a2-2a6+62_c2. 87. m^-n^-2nr-i^. 

88. x*-2aj2+i. 29. lQ-x^+2xy-t/^. 80. xl^-hx^+y*. 
81. 16 a2_9 524.6 5c-c2. 38. 4«2+i2jMf+9«2-l6. 88. 4m*+ 
12m2n-w2n2+9n2. 

Page 54.-36. 399. 86. 899. 
40. 8099. 41. 6396. 48. 9991. 
46. 2475. 47. 9999. 48. 9996. 
64. 841. 66. 961. 66. 1521. 
60. 9216. 61. 8836. 68. 6084. 
66. 11449. 67. 12544. 68. 994009. 

Page 55. — 1. a;24.7a.+ l2. 8. a;2_2ic-15. 8. a2-a;-12. 

4. a;2__i0a;+24. 6. a^+(b'hc)a-\-bc. 6. a^+{m-^n)a+mn, 

7. 4«2_2a;-20. 8. 9aJ2-9aj-10. 9. «*+4a;2_21. 10. 3fi+ 
a«8_2a2. 11. 9a;2-33a;+30. 12, 4a^-\-(x-{-y)2a+xy. 18.2552+ 
10&c-3c2. U. 9a*-3a2«6. 16. 16<|2+28d+10. 16. 49y2_ 
49y+12. 17. 9a;2-6a;-35. 18. 4y2-i4j^+12. 19. 16a2+ 
(6+c)4o+6c. 80. 26a2+(2&-2c)5a-4 6c. 81. 9a2aj2-. 
9ax-28. 88. 4a*a;2_8a2a;_i2. 28. 4a^y«+22a;2y«+28. 
84. 9a2c*-6ac2-16. 86. 25c*(f»+(a;-y)5c2d8-a^. 86. 9a2a*4. 
33ax8+28. 87. 25c2(22fl;2_20cete-6. 98. 16c6+(a6-d)4c«-aM. 

89. a2x2-4a5c-45. 30. 4o2aj2+(4-6)2a«-46. 81. 9a^+ 
(m»+n"»)3a?»+w"n"». 89. a^d^yfi -IS ad^-^SO. 



87. 891. 


88. 3584. 


89. 4884. 


48. 884. 


44. 1596. 


46. 3591. 


49. 9984. 


60. 9964. 


68. 361. 


67. 3481. 


68. 2401. 


69. 9604. 


68. 6241. 


64. 4624. 


66. 10609. 



ANSWERS. V 

Page 56. —1. x^+y^+z^-\-2xy-2xe'-2yz. 2. x^+^+z^-2xy-\- 
2xz-2yz. 3. a-*+&^+c'2-2a6~2ac4-2 6c. 4. a^+b^+c^+2ab- 
2ac-2 6c. 6. aHyH9+2a;y+6x+6y. 6. 4.x^+y^-\-4Q'\-4xy- 
28aj-14y. 7. 4x^-^y^+z'^'-^xy-4txz+2yz. 8. 9a;'H2/Hlt)+ 
6»y-24x-8y. 9. ^X^-{-9y^+SQ+12xy-2^x-BQy. 10. «H362/2+ 
25-12xy-10»+60y. 11. 9 X^+^y^+9 z^-V2 xy+lSxz-V2yz. 

12. aH6Hc'H(P+2a6+2ac+2ad+2 6c+2&fl[+2c<i. 18. a2+6'«+ 
c^^-\-d^-2ab-2ac-2ad+2bc+2bd+2cd, 14. asHyH^^HdH 

2ay-2fic«-2dx-2y«-2dy+2d«. 16. x^+y^-^z^+16-h2xy+2xz-^ 
Sx-^2yz+Sy+Sz. 16. 9xH4y2+9«H9+12a;i/+18x2;+18a;+ 

12y«-i-12y+18«. 17. ix;^+9y^-{-^z^-\-2b-12xy-Sxz+20x+ 

12 yz -SO y -20 z. 18. 4xH26y2+2j2^|^2^20x2^+4x«+4«w+10y«+ 
I0wy+2wz. 19. 9a;2+y2+4«2+264-6ajy+12x«+30a;H-4y2J+10y+ 
20«. 20. ^x^-^93^+26+4z^+12xy-20x+Sxz-S0y+l2yz-2Oz, 

21. 9 x«+49+4 y«+^6 «« - 42 a; + 12 ay - 30 a;« - 28 y + 70 « - 20 yz. 

22. 16«a+4yH402+36-16:fcy-16a;2fH-48a;H-8y«-24y-245;. 28. 4a^+ 
96H4(S8-12a6-8ac+126c. 24. 16a2w2+9a262-)-36+24a26n+48an+ 
36 a6. 26. 9 a'hi^+4: 62^4+49-12 abx^^-h^2 ax^-2S by'K 26. 4aj2+ 
9y2+4«2+i6+i2a;y-8x«+16»-12ya+24y-16«. 27. a;2«+y2»+ 
a>+«72»+2x*y»+2a»««H-2a?H^»H-2y»2:*»+2y«ta«+2««to«. 28. x*»+ 

y*" + «*«H-64 + 2 a;2nyn-2 X2»«8«- 16 X2n_2 yn2!8n_ 16 yn + 16 2^, 

Page 59.-4. 2. 6. -4. 6. -3ay. 7. 4«y. 8. -3«2. 

Page GO. --9. -hxyz, 10. 2a'^b^. 11. 2/. 12. 2a;2. is. ^2xz. 
14. -3«7. 16. -3r«2. 16. In. 17. 2y2. ig. -2aa;2y2. 
19. 4«. 20. -18a;. 21. -24. 22. -9n»y«. 23. -bx-^y-^z, 

24. -^. 26. -~ 26. 4xy«. 27. aa;-2y. 28. 3y-3a;. 

2?X to2 

29. 2a;+y. 80. a6-2 62. 31. ab-c, 32. Sxy+z, 33. a-36+c2. 

34. a;-y+«y2. 86. a-2y+^. 36. z-SX'\-Sz. 37. to+2-— . 

X n 

38. c-3d+i^. 39. -a(6+c)-6C&+c)2. 40. 8-2(a-c)2. 

41. -2+5o-10x. 42. 10y2_7a;-iy+4. 48. 7a-ix6+96x*-8a62356. 
44. 3d-ix2+4cx-6c2(jte8. 46. y-^+cx-{-dx^. 46. a(b-c)^+ 
6(6_c)«-c(6--c). 
Page 61.— 47. -8(x+y)-»+9-6(x+y)8. 48. Jx»-ix2-Jx- 

l--i- 49. X"-8+X"-2+a^m-.l + a.m, 50. I_y_y2_j^. 

2x 1' 

Page 63. — 7. a-b. t. x+2. 9. 3+x. 10. x2+y2. n. a^^yi, 
12. x2+2xy+y2. 13. r+«. 14. x8+3x2y+3xy2-}-y8. 15. ^2+ 
2cdH-d2. 16. x2+6x+7. 17. a+x. 18. a+6-c. 19. a^^ 
2ay+y^. 20. x2-ax-6. 21. 5a2+2a6-362. 22. 3x2- 

6y2+3«2. 28. 2a2-3a+l. 24. 2a+36. 26. 27 a^-^l2ab-{- 
662_i. 26. 6a8+4a2+3a+2. 27. x^-xy-\-y^-xz-yz-\-z\ 

28. 6x2—7x4-8. 

iPage64. — 29. 8x8+12 ax2- 18 a2aj_ 27 a«. 30. a2_2ax+4x2, 
31. x*+x«+2j2. 32. xHic-^y+xy^+y*. 83. X^-oi^y+x^y^-xy^+y^. 
84. x8-x6+x4-x8+x2-x+l. 86. x8+3x2y+9 xy2+27 y8. 36. 27a8- 
18a26+i2 a62_8&8. 87. x«"i-x»-2y+x»-3y2» etc. 38. a2+2 ab+S 62. 
89. 4x2-6xy+9y2. 40. x2+ax-a2. 41. a2-2ax+x2. 42. x2- 
2x+2. 43. 4w6+6w»n2+9n*. 44. x8-3x2y+3xy2-y8. 45. ^^ 
x»+x2-x+l. 46. a-b. 47. aH2a26+2a62+68. 

Page 65.— 8. c+3. 4. a-4. 6. 2a+3. 6. <2->-3a. 

Page 66. — 7. a+b. 8. 2a+36. 9. a2+o. 10. 3a+26. 



▼i ANSWERS, 

11. 7+6 d. 18. 6a+2&. 18. 2e'^-(2. 14.6-30. 16. 2m2-3s»+l. 
16. a2-6a+9. 17. 2mH3w»+n2. 18. 3a2-6+62. X9. mo. 
20. 1st, 1 1000 ; 2d, $2000 ; 3d, $4000 ; 4th, 83500. 21. 5 beggars ; 
19 cents. 28. 6th, 10 years ; 6th, 14 years ; 4th, 18 years; 3d, 22 

years ; 2d, 26 years ; 1st, 30 years. 88. 7 gallons. 

Page 67.-84. fj. 86. B, flOOO; A, fllOO; C, 81300. 86. In 
1st, 200 ; 2d, 160. 87. 8600. 88. 1st, 828 ; 2d, 848 ; 3d, 8 76. 
89. 1st, 12 ; 2d, 16 ; 8d, 10. 80. To Denver, 100 ; Omaha, 110 : 
St. Paul, 336 ; Chicago, 670. 

1. 20aa;+20+8Vfl5+10a;2. 8. 2am+5a;+8v^+»-ai2. 3. Wa^-J^- 
6(«+2/)-6- 

Page 68.^4. 8Vic-\^-32f-H22+y. 6. (^a^-h^)x^'-ay-\- 

(c-3)2/6-3«6. 6. -4x2n_6a;V+6a5V*-%«+4a«+4a?»+6«. 

7. x^+2K*y+a:8y«+2aj6y+4x8y2+2x2y*-{r*y2__2a;V_a^. g. ^2n^ 
4y2ny«^2a5»2r4-4a;2ny2n^4ajny2»^y2n. 9. 3a;2n+2a^a»-a?y»- 

4a?«y2i»_2a;2ny4n^y8n_|.3jp2nyn_|.2aj8«2^. 10. 9a5"+* + 6xV*'''"'+ 

3 x^a^ — 6 x»»+ V*~'" — 4 y*'^* — 2 yn-WjJ" + 3 fl5»+2;j;2m ^. 2 yn+m-jam _j_ jfim^ 

11. x2_3a;+2. 18. a;2+a;-6. 18. x2_3aj-i8. 14. a;2-a;-90. 
16. a2-3a-28. 16. x'^-bx-\-Q. 17. x2+a;-30. 18. a2+a-2. 
19. y*-32/2_28. 80. c2+7c-44. 81. to2+3to-4. 88. p2^.23p+ 
132. 88. y2^7y-18. 84. d2+36dr+300. 86. 324-16a;2. gg. 99. 
87. a;24.4ajy+4y2. 28. a2«_52». 29. 9m*-4m2. 30. x^^'-x^. 
81. a24.2a6+52_c2. 88. x*-2a;2y2+y4. 88. l-x^e. 84. 0:6^.6 a^y^ 
10«8y2+10aj2y8+6a;y4+y6. 85. o*-8a2+i6. 86. 81 a* -648 02+1296. 

Page 69. — 87. p^-2p'^q-^q\ 88. x^-^-^xV-^t- 69. 626. 

40. 4096. 41. 324. 48. 4a24.20a;yH-262/2. 48. 9ic*-12a;2y2^ 
4y*. 44. 9a2-12a64-4 62. 46. 4a2a;2^12a2a;2/+9a23/2. 46. 16 a* - 
24a8y+9o2y2. 47, 4a2«+4a'«62«4.54«. 49. jB4n+4a;2^2«+4y4n 
49. a^+2»-2a;2+ny2+y4, 50. a2^52+c2+2a6+2ac+2 6c. 61. a^+ 
62 + c2-2a6 + 2oc-26c. 68. a2 + 62 _j. c2 4. 2a6 - 2oc - 26c. 
68. 4x2_y2. 54. 9x2_49y2. 55. I6aj*-4y*. 66. 9a*62-4 6*. 
67. 49a*-4 62. 59. 26 6*-36c*. 69. 64a;2y2_9aj4. eo. 81 a^ma- 
64a:2y2. gi. ^2jca»_y2«. 92. a2aj4«_<,2y4» gg. as^a-s. 

84. fl;i6_yi6. 85. 266 0^-2692 0^+6661. 66. 2a2+3a6+62. 

67. x+y. 68. m2-4TO-4. 69. «8-2x2+io«-24. 70. a:8+2a;2-a;. 
71. a*-a»+a2-a+l. 78. x8_3a;2y+3a;y2_y8. 78. 2x2-4ay+ 
2y2. 74. x5_4a^2/+lla^2_a;2y8_ajj^+3y6. 75. a-h-c. 

Page 70.— 76 -7. 77. 2a8+a26-2 a62+2 68. 78. a2+3 62. 
79. 1+a. 80. 18+3a;. 81. 2a+3c. 82. o+3&-4c. 88. 6x. 
84. -6a. 86. -4x. 86. llx-36y. 87. a-2 6+3c. 88. x. 
89. 3c-4a--36. 90. 4«. 91. ((?-c)x-(a+6)2^+(6-c)2J. 

92. (2a-5)x+(4c-l)y+(3a-3&)5?. 98. (4a-6&)x+(6+c)y+ 
(3a-3d)2J. 94. (3a-6 6)x+(2a-4)y+(5a-3 6)«. 96. (46- 
4c-o)2/-(36+2c)x+(a+2c)2J. 96. (a-4 6-2 c)x-(a+2 6+ 

3c)y+(a+3c)2r. 97. (6a-6c)x+(5a+2 6 + 6c)y+(3c-66>. 

98. (3a-4 6-2c)x-(2 6+2c)y+4c2. 

Page 71. — 99. x»+2xV+2^- 100. xi'^-2x«y64.yio. 101.4x2+ 
4x+l. 102. 9x*+24x2y8+i6y6. 108. 26a2«_20o«c2+4c*. 

104. 4a2(f2+i2ac(f2+9c2(r^. 106. 36x*-36x2y8+9y6. 106. 9aV"+ 
12a2c8x»»y»+4c6x2». 107. 4x*-9y*. 108. 4a«-6*. 109. 9x2-4a2. 
110. 25x*-9. 111. 4962c2-d*. 112. 4x2+14x+6. 118. 4x2- 
16X+15. 114 a2x2+a6x-662. 116. xi^+y'i-^e^+2xy-^2xz+2yz, 
116. x^-j-^y^-\-9z^'}-^xy^6xz-12yz, 117. x2+ 9^2^.4 ;52_ 63.^+43:5? 
-12 y«. 118. TO2+n2+|)2+g2_2n»n+2wii)--2mg-2np+2n^-2i)g. 



ANSWERS. vii 

119. 6. 190. 1. 121. 6. 129. 6. 128. 2. 124. 10. 

126. 2. 126. J. 127. 2. 128. a+h. 129. a^-^^ab+b^. 
180. a+b. 181. 7&c--3y» ^^ ^_^ ^^ 2a-36. 184. 3+ 

6--3c 
2a+c. 188. 2a+3c+(i 
Page 73.-2. a2(6 6+6 c). 8. 4a;2(2y2+3«a). 4. 6ay£?(l+2a^.). 

6. 9 3^25,(3.2^.2 02). e. a2xy0(a^+«). 7. c(a2+62^.<^2). g. a:j,(4a. 
+ cy+8y2). 9. 2aa;(2 6+3ax+4). 10. 3ai/(a2-2ay+3y2). 
11. ac(2o-2ac+3). 12. cd(6a-2cd+6). 18. c(462c_l2a6-9c). 
14. a6(3a+c-d). 16. 6o2jB>»(a-x+20). 16. ay(6a^2;5_3y;j2+i). 
17. 3acx(4a+6c-4). 18. 3a26»(2a^6H7a-8 6). 19. 6c2a;(4cx- 
3c?+a;). 90. 8ajV(7 + 14a^2_27a^8). 91. 6{r*y«(13a^8-17x» 
+61 y2). 99. 75ay*(a2+2ay2_3y8). 33. 48 62c8(l-3 6*c2-4 68ca). 

Page 74. — 1. (a+6)(a+6). 9. (a;+y)(x+y). 8. (6-c)(6-c). 
4. (r+«)(r+«). 6. (a;+l)(x+l). 6. (a;+2)(x+2). 7. (y-1) 
(y-1). 8. (2y-l)(2y-l). 9. (3a;+l)(3a;+l). 10. (4x+2) 
(4x+2). 11. (3y-3)(3y-8). 19. («»+8)(«8+8). 18. (4 a62-6c2) 
(4a62-6c2). 14. (3m+3n)(3m+3n). 16. (3+x)(3+x). 

16. (l-x2)(l-x2). - 17. (4»-l)(4n-l). 18. (4+2o)(4+2a). 
19. (6+a2)(6+a2). 90. (7-x8)(7~x8). 91. (9x-a)(9x-a). 
99. (2a«+36'*)(2a'»+36»). 98. (x-16)(x-16). 94. (2x2-16) 
(2x2-16). 96. (7x-8y)(7x-8y). 96. (14a6c+46cd) 

(Uabc+^bcd). 

Page 75.— 99. (8x-2y)(3x-2y). 80. (2+x-y)(2+x-y). 

81. (a+6+3)(a+6+3). 89. (4+a-6)(4+a-6). 88. (Sx-y) 
(Sx-y). 84. (2x-y)(2x-y). 86. (6x-3y)(6x-3y). 

86. (2x+j/)(2x+y). 87. (a+2c)(a+2c). 88. (2o+c)(2a+c). 
89. (x+«)(x+0). 40. (3x+«)(3x+0). 41. (a+6c)(o+6c). 

49. (2a+6c)(2a+6c). 48. (4a+4y)(4a+4y). 44. (6x+6«) 
(6x+6«). 

Page 76. — 1. (a+6)(a-6). 9. (c+d)(c-<l). 8. (w+n)(TO-n). 
4. (2x+2y)(2x-2y). 6. (3x+y)(3x-y). 6. (x+3y)(x-3y). 

7. (4x+4y)(4x-4y). 8. (3c+4d)('3c-4d) 9. (6a+36)(5o-36). 
10. (3y+l)(3y-l). 11. (6x2+4y8)(6x2-4y3). 19. (Qy+Tsfl) 
(6y-708). 18. (2x+3y)(2x-3y). 14. (xy+2yz)(xy-2yz), 

16. (TO2+n2)(w+n)(m-n). 16. (aH6*)(aH62)(a+6)(a-6). 

17. (m''+n^){m*'-n'^). 18. (3a'»+2 62n)(3flf«_2 62n). 19. (as^.^*) 
(a*+62)(a2+6)(a2-6). 90. (3a6+2c2X3a6-2c2). 91. (a2x2+3c(r^ 
(a2x2-3cd0. 99. (x8+y^)(x?-y^). 98. (2 6c2+6d8)(2 6c2-6d^). 
94. (962+4)(36+2)(36-2). 96. ill a+6b^) (II a-Qb^). 
96. (13c2+7d8)(13c2-7d^). 97. (10a<i2+8)(10ad^-8). 98. (8+5xV) 
(8-6x2y2). 29. (7+6xV2)(7_6a^2). 30. (4r»»+»2«)(4w«-»2m). 

81. (17x8 + y^)(17x8-y««). 89. (16a2 + 6«*)(16a2 - 6«*). 

83. (14x2«+3)(14x2»-3). 84. (16xy^+llz^)(16xy^-nz^), 

85. (18xy22r8+9)(i8xy2-g8_9). se. (15x2/*+ 12) (16x2/*- 12). 

Page 77. — 89. (c+a+6)(c-a-6). 40. (6+x-2/)(6-x+2/). 

41. (2c + x + 2/)(2c-x-2/). 49. (3c + x - 2/)(3c - x+2/). 

48. (x + a + 26)(x-a-26). 44. (c+3a+6)(c-3a-6). 

46. (6+2a+3c)(6-2a-3c). 46. (2c+2a+36)(2c-2a-36). 

47. (3c+2a-36)(3c-2a+36). 48. (2a)(26). 49. (3x+2/+3) 
(y-x-S). 60. (3x+2/-4)(2/-x+4). 61. (6x-l)(7-x). 
69. (6x-2/)(7 2/-x). 68. (9x-2/)(x+62/). 64. (dx-2y) 
(6X-42/). 66. (llx+32/)(6x+7 2/). 66. (llx-2y)(i x+Sy). 

Page 78. — 69. (6+c+(i)(6+c-(i). 60. (a+x+2y)(a+x-2y). 



viii ANSWERS. 4 

61. (2a+a;-y)(2a-a;+y). 62. (a-3aj+2c)(a-3a:-2c). 

68. (2aj + y + 2«)(2a;4-2/-22). 64. (x - y + b){x - y - b). 

66. (x+2y+2«)(a+2y-2«). 66. (aj+3+3y)(a;+3-3y). 

67. (2x+3y4-3c)(2x+3y-3c). 68. (2 a-36 + 4c)(2a-36-4c). 

69. (3x+4y+6«)(8x4-42^-6«). 70. (a+c+6-cZ)(a+c-6H-<2). 
71. (a + 2& + x -2j/)(o4-26-a; + 2y). 72. ^d- 2c + o - 2jc). 
(d-2c-a+2x). 

Page 79.— 2. (x4-2)(x+l). 8. (x+4)(xH-3). 4. (x-7)(xH-3). 
5. (x-9)(x+2). 6. (xH-4)(x+2). 7. (x+8)(x+4). 8. (&-6) 
(6-3). 9. (6+4)(6-3). 10. (6-4) (6+3). 11. (6+7)(6-6). 
12. (y+8)(y-7). 18. (y4.8)(2/-6). 14. (6 + 16c)(6+3c). 

16. (c*(f^+4)(c*(Ji+3). 16. (xy+6«)(xy+2«). 17. (x+12)(x-3-). 
18. (x-56)(x-l). 19. (x-13)(x+3). 20. (x-16)(x+4). 
21. 2(2x-3)(x-.l). 22. 9(x-2)(x-l). 28. 4(xH-3a)(xH-a). 
'24. 3(a+2 6)(3aH-4 6). 26. (2a4-3)(2a-l). 26. 2(26+7)(6-l). 

27. (3a-7)(3a+2). 28. (4c-7)(4c-6). 29. 3(3x+5y)(x-y). 

Page 80. — 80. (4y + 7«)(4y - 2?). 81. 2(2x- 6y)(x - y). 

82. (6y-32J)(5y^2«). 83. (7x3+5y)(7x8-3y). 

Page 81.— 2. (x + 2)(2x~l). 8. 3(x4-l)(x+l). 4. (x-6) 
(3x-2). 6. (6x-3)(x-7). 6. (3x+2)(x-l). 7. (3x-2)(x+3). 

8. (3x-4)(x+6). 9. (2x+3)(x+4). 10. (4x-3y)(x+y). 
11. (4x-y)(x-y). 12. (6x-9y)(x-4y). 18. (7x-3)(x+18). 
14. (6x-y)(2x+y). 16. (3x-2y)(x+3y). 16. (4x-5)(x+3). 

17. (3x-2 2^)(2x+y). 

8. (6+x)(c+x). 4. (a+6)(x-y). 6. (a+6)(6-c). 

6. (a-y)(64-y). 7. (3a-6)(x-y). 8. (ac+6)(ac+d). 

9. (a4-6)(x2+2). 10. (x-3)(x-y). 11. C6-x)(c4-x). 12. (cx+y) 
(dx-y), 18. (ax+y)(6x-y). 14. (6d-ac)(dx-6y). 16.f(2a+6) 
(3c-2d). 16. (6a+36)(3x-4y). 17. 9(2a-6)(26-c). 

18. (3a-26)(4x-3y). 19. (a+6)(c+d)(x+y). 20. (2a-36) 
(x+2y) («-«). 

Page 82.-8. (62+6c4-c2)(62-6c+c2). 4. (xa+x+lXx^-x+l). 

6. (362 4-36c + 6c2)(362-36c4-5c2). 6. (36^ + 36x + 2x2) 
(3 62-36x + 2x2). 7. (6x2 + 7xy + 4y2)(6x2 - 7xy + 4y2). 

r*8. (4a2+5a6+62)(4a2-6o6+62); or, (4a2-3a6-62)(4a2+3a6-62). 
9. (6x2 + 6xy + 4y2)(6x2-5xy + 4y2). 10. (762 + 96c + 5c2) 

(7 62-96c + 6c2). 11. (8a2 + 4a5 + 962)(8a2-4a6 + 962). 

12.(7x2 + 6xy+6y2)(7x2-6xy + 5y2). 13. (3c2 + 2cd+ 7(P) 

(3c2-2cd + 7d2). 14. (6a2+iOa6 + 762)(6a2-10a6 + 762). 

16. (662 + 76c + 8c2)(562-76c+8c2). 16. (562 + 96c+ 8c2) 
(662-96c + 8c2). 17. (9x2 + 4xy + 2y2)(ia;2 - 4xy H- 2j^). 

18. (9x2 + 10xy + 2y2)(9ic2_l0xy + 22^2). 

Page 83.-1. x7+xPy+x6J^+x*3^+xV+«V+aJy®+y^ 2. x8+ 
xV+a^y*Ha;^y®+x*y*+xV+a"'22/^+«y^+y^- 3. x8+x2+x+l. 4. x8+ 
2x2+4x+8. 6. x«+x*2/2-fa;22/4+y«. 6. (a-3)(a2+3a+9). 

7. (x-2)(x2 + 2x + 4)(x8 + 8). 8. (2a - 6)(4a2 + 2a6 + 62). 
9. (3x-2^)(9x2+3xy + y2). 10. (7-x)(49+7x+x2). 

Page 84. — 1. xT-Q^y+7^^-7^y^-\-Q:^-x'^^Qc^-y\ 2. x*- 
x8y+xV^-xV+x52/*-x*2/6+a:8y6_aj22,7+j^_y9. 3. x8-x2+x-l. 
4. x8-.2x2 + 4x-8. 6. x8-x*y2^.a;2y4«y6. e, (x+3) 

(x-3)(x2 + 9). 7. (x + 2)(x-2)(x2 + 2x+4)(x2-2x + 4). 

8. (2a + 26)(8a»-8a26 + 8062-868). 9. (ax + y)(ax-y 
(a2x2 + axy + y2)(a-2x2-axy + y2). 10. (a6 + cd)(a6- "^ 
(a262 + c2d2)(a46* + c*d*). 



ANSWERS. ix 

1. a!^-a*y + acV-«V4-a^y*-a;y* + 2/®. 2. sfi •- x'^y -h ofiy^ - 
a^' + acV-aV + ajy-ay^ + y*. 8. je*-x« + a^-a;+l. 4. a; V - 

7. (a + 62c2)(a*-.a»62c2H.a254c4_aft6c6 + 68c8V g. (a + y;?) 

(m*n*-w8nVs+m2n2r««2_^^^g8 4.^^). lo. (ab^ -{■ cct^) 

(a*68 _ flf8&6c<f2 ^. a254c2c?4 _ aft^c^d* + c*d8). 11. (ax^ + ft'V) 

(a*x8 - a^b'^y^ + a2aj*6*y* - ax^bV + &V)- 18- («^y + zy^) 

(x8y* - {eV« 4- x*^z^ - xV^* + «*y'). 

Page 86.— 1. (a-4)(a+2). 8. (3a+6)(8a-6). 3. (2a)(2 6). 
4. (y+w)(y+«»). 6. (6-16)(6+3). 6. (x^+^)(x-^y)(x-y). 
7. (n+10)(n-8). 8. («»2+n^)(wi4-n)(TO-n). 9. (a+6)Cc+d). 
10. (g-2r)(g-2f). 11. (3x-4c)(3x-4c). 12. (x+j/)(x*-x8y+ 
x2y2_a;y»4-y*). 18. (a-10)(a+3). 14. (a-7)(a~2). 

15. (««-y)(x* + x2y + y2)(a;ia + jrV + 2^). 16. (a-6)(x-J^). 

17. (a-l)(« + 2> 18. (p-6)(p+l). 19. (o - 6) (aH a6 + ft-^) 
(a+6)(a-^~a6+62)(a2+62)(a4-a262+64). 90. (3a-6)(2a-7). 
21. (x-y+«)(x-y-«). 22. (x+9y)(x4-4y). 28. (a-+6")(a"»-6»). 
94. c2(2a-3c)(2a-3c). 26. (c + 7)(c- 2). 26. (y + 4)(y +2). 

27. (x-l)(x2 + x+l)(xH-l)(x2-x+l). 28. (x-yKy + «). 
29. (3a + 22ra)(3a + 222). 80. 4(a - &)(a2 + a& + 6^)(a H- 6) 
(a^-ab + b^). 81. (x* + l)(x» + 1). 82. (2x»* + jr)(2x>« + y~). 
88. (2p -2r)(2p -2r). 84.(4aj2» + 9y*») {Zsf^ + 'Sy^») (2a;»-3ry2n). 
85. (m - 10)(m + 9). 86. (x + 7)(x - 6). 87. (a 4- 6)(c - cP). 
88. (m-7)(mH=4). 89. (xH- 10)(x + 4). 40. (17-y)(6 4-y). 

Page 87. —41. (2 x + 3)(2 x + 1). 42. (x2 + x + l)(x2 - x + 1). 
48. (a-6+c)(a-6-c). 44. (2c2+6 c)(2c2-6c). 45. (c-2)(c+2) 
(C-2XC+2). 46. (c-2)(cH-2)(c2h-3). 47. (y-2)(j/-l). 48. («2_12) 
(«2 + 2). 49. (p+5)(p+2). 50. (x*+J^)(x2+y2)(x-|.3/)(a;-y). 
51. (36H-1)(2 6-3). 52. (20x+y)(-y). 58. (3o-w)(2a-w). 
54.4(c+6(2)(cH-5d). 55. (2x+3y2)(2x-3y2). 5e. (2a+6)(a+2). 

67. (x-20)(x + 18). 58. (5p2 + 6xp)(6|)8 - 6xJ»). 69. (3c +4) 
(4c-3). 60. («-x+y)(2;-x+y). 61. (x2-2xy + l)(x2- 2x2^+1). 
62. (x - y)(x - y). 68. 4(a + c)(6 + d). 64. (x - 2 .v)(x + 2z). 
65. x(x-y)(y-2). 66. (x+a)(x~a)(«2+a). 67. (ax-^by-c) 
(by+c). 68. («— y)(a-y)(y-5). 69. (a-6+r»— n)(a— d-wi+n). 
70. (a-6+cH-d)(a-6-c-d). 71. (a^-b^-^m-\-n^'ia^-b^-m-n). 
72. 3(a -6 + 2 c)(a - 6). 78. (x + y)(x + yX» - y)(«-y). 

74. (8a6)(a«+62). 75. 2(x+y-«)(a+5). 

Page 89. — 8. Qm^nx^, 4. 4r2«^2. 5. 7a;2y2;j8. 3. 6x6y«2. 
7. oxy. 8. a^y\ 

Page 90. — 9. 2 62c. 10. 2xy2. n. 2f2«2f. 12. 6a^xy^, 

18. 3xV«2. 14. ^_5. 15. a;-2. 16. 4x-y. 17. x+3. 

18. x+6. 19. x+0. 20. X4-3. 21. x+7. 22. x+6. 

28. x+y. 24. 2a-3x. 25. 6-3a. 26. 4a(b^-c^). 
27. ziy-1). 28. a-1. 29. 3y+2. 80. a-6. 81. 2(x-y). 
82. a-b. 88. z+S. 84. x+2. 86. 1+a. 

Page94.— 4. x-7. 6. x+4. 6. x-3. 7. x+6. 8. 3x-2. 

9. x--4y. 10. x-y. 11. (x-l)2. 12. 2(x+l)2. 18. 3x+9. 

14. 6x2-1. 15. x+3. 16. x-7. 17. x+3. 18. a^-b^. 

19. x+2. 20. a+b. 21. 3xa+2x+l. 

Page95. — 22. x2+4. 28. aa+4. 24. 5x2-2 x+1. 25. ax -a. 
26. 2oa-262. 27. x-6. 26. 3x+33. 29. x^-x-l. 80. a2-13a+6. 
81. 2sb>+x+l. 82. x-2. 



X ANSWERS. 

Page 97.— 8.40 a262c8. 4. 100a^««. b,70a^h^ch^. 6. 72 m^nV. 
7. 36 r8««2?*. 8. ofi-x^-xy^+y^. 9. 3i^-\-x^-xy'^-y^. 10. x*- 
2x2yHy*. 11. a5*4-«*y-Ky«-y*. 18. a^2(a;2_ar2). ig. a^-l. 
14. 12ajy2(a;2-y2). 15. x(a^-l). 16. x(a^+x«-a;-l). 17. 8(l-a;2). 
18. «8+9a;2+26a;4-24. 19. a8-4a2-17 a+60. 80. a^-lla;^- 
4x4-44. 81. x*-6x8-6»2+70x-76. 88. x*-y*. 

Page 98.-88. x* - xy* + x*y - y6. 84. a» +.2a* - 16a - 32. 

86. x6-xy*. 86. x8--3x2-4x+12. 87. x*-2 axHa^x^- 10x8+ 
20ax2 - lOa^x + 26x2 - 50ax + 26a2. 88. x^ + 2x* - 16x - 32. 
89. m»-6m2+8m-4. 80. j^-Sj^-lSp-h^^O, 81. 8c2-c8- 
19C+12. 88. l-2i>2+2i)8-2i)64.p«. 88. 46c(a-c-l). 84.3x8- 
31x2+82x-24. 86. wH6 »»»- 127 m2- 600m +2700. 86. y*-Sy^- 
33y+36. 87. 2x*-14x8+31x2-31x+12. 88. as+2a*-a*- 
a2-2a+l. 89. (c-l)(c-2)(c-4)(c-4). 40. (o+4)(a-l)(a-6). 
41. (x+y+2r)(x-y-«)(y-x-;5)(«-x-y). 48. (a-l)(a-2) 
(a-3)(a-4). 48. (2c+3)(2c-3)(3c+2). 44. l+x2+x*. 
46. x*+2x8y-2xy8_y4. 43. (a+6)(a+c)(6+c). 47. a^-b^. 
48. 4a8(a2-x2)(a2+x2). 

Pag^ 102.-8. 1^. 4. 55^'. 6. ^^^^^^^ 6. ^^^+^^ 
^ 28 36 16 30 

t Qg^ 8 Qa? 9 4ax2 --. (a— &)(2a+x) . 

• I8X+9' ' 18X-24* * 6aj+4xy* ' a2-62 

a. (a+&)C3x-y) 
a2+2a6+62. 

Page 103.-18. |. 18. -5- 14. -?-. 16. -^^. 16. ^. 
6 4y 6xy 3xym ^z 

XT. 2*. 18. Ix. 19. 2^. ^ a+6. ji a^ 

y 7yz 3y a— 6 a+6 

82.-^. 88.?i«±li. 84. ^«^. 86. -^±^. 86.-4-. 
3-2x a-1 a x2+x«+22 a-26 

87. ^ . 88. ^. 89. ^±^. 80 w'-w>n+n2 ^ 3^ (l-x)^, 
3(x*y*-l) 7(2 x-y w2+2ww+»2 i+x 

88. «:=5. 88. ?^. 84 ^^. 86. ^^=5. 36. ^^. 87. ?^- 

a+3 x+7 a-2 x+2 w+6 2x 

88. 1^. 89. ^Ili. 40. ^^. 41. ^i^±«). 
a— X x+1 2y X— a 

Page 104.-48.-^. 48. -^±i-. 44.^. 46. ^ *"+^ » 
x2+y2 x(x-4) X— 4 w2+mn+n2 

^ a*-a262-|.6* ^^ w-n ^g (m*+n*Xwt2+n2) ^^ 3a& 

a2-62 'm2-mn+n2' ' w*+wi2n2+«* * a+6 

50^ x2+xy+y2 , ^^ y(y-&) , g^ a+26, ^3 o:-!, ^^ a+2, 
X— 2/ y+6 a— 2 6 a+2 a+4 

66. ^^±?. 66. ^-^-^. 67. ^£±2i^. 68. ^^. 69 ?!±i^±l. 
4c+6 a 3x+2y a-8 x2-x+l 

Pagel05.-8.i^^±^. 8 ^^^'^V . 4 5^11^. 6. ^+4y+3 ^ 
5 4 2 4 

3 8a+3x+4 Y 16x+3y-4 3 18 x-2y-3 3 10a~8x-4 
4 8 '6 ' 8 

▲LOBBBA — 26. 



ANSWERS. xi 

10 24a-3y»7 ^^ 3cd+4a+& ^^ 4ac<f4-8c-d ^^ 8aa^-|-6a-as 

4 ' d ' cd * 005 

^^ 6x+20+2c-<f jj ag-2ac+cg ^g g^-Qg+B ^^ 2ag 
6 * a * x—2 ' a— 05 

jg aM:2ac-2^. 19. 2^ll2^. 20. ^ or -il. fll. «^-^+^ 

a— c a5+y «— 4 4— ac a— « 

gg «-2a& Qj. 2a6, gj f»«~2n»n--2n» 
a— 6 * b—a ' w — n 

FagelOe.— 8. a+-- 8. a;+^. 4.26 — i^ 5. tf+x. 6. a-«. 
a b a+6 

7. ««-«+!. 8. a;Ha;+l+-^- 9. 1+r^- 10. a!?-ajy+j^ — ^ 
x—1 1— a; a+y 

U. 7a+76+^^ 12. 1— ?iL. is. 2«+8+-5^ 14. 6«-a. 
a— 6 x+y x—4 

15. a^+aigy«+ ^T"f ' W- 2aJ. 17. aHa6+62+-^- 18. 1+ 

3fi—tr o—b 

^<^+^ , 19. 2a-26. 20. aj+y+1+I^IllL 2I. a«+a6+62. 
ox x+y 

92, x+-^ 28. «»+3n+-^^^ U. x^+xz-^z^ — ^. 85. 2«»+ 
a;+y wi— « x— « 

88. a+-^. 89.a-6+- ^^ 



a+b+1 a2-2a6+6« 

Page 108.-8. ?|, -^ 8. ^, ^.. 4. 5|l?, ^. 

^ 12 12 24 24 8 8 

- 2a? 2^^ g 26^^ _c_^ ly 9acg^ 4&(fy ^ 4g-8y^ Sa^-Sxy 
" 3a 8a ' Sy^' 3y3* ' 6a;2y» 6«2y«* * lOx^ lOaJ^ 

g 16a+20& 9aH12a& ^q 6aa;-4ay 4x-3y -- 18 a«? 
' 12 a* * 12a2 ' ' 10 a^c 10 a^c ' ' 12«V 

12 €LZ 20c 22 ^cxy^ 2 (toy d -• Sed ac 

12a;2y« 12a;2y«* 'SajV 8x^«' 8a;V * 3^ 3a2ca' 

12a^ j^ acx+gcy ^ 2 aa;~2 gy^ 2ca;'+2cy« jg a;g-f3a;+2 

3a2c«' * 4ac ' 4ac 4ac ' ' x^-l ' 

x^-Zx+2 gH-3 ,g axhf-bx^^ axy+bxy a?y« 

x2_i ' x?-l ' a^-62 a2-62 ' o2_52 

,1, a;g+2gy+y' x^-2a;y+y^ xHy ' jg a^-2aj2+i a^+2gg+l 

• xa-y2 ' x2_y2 ' aj2_y2' * ""^TZi * a^_i ' 

ag*+l jg a— c b—c 

x*-l* • (a-6)(6-c)(a-c)* (a-6)(6-c)(a-c)* 

Page 109.-80. ^"^^ . «^-^«-^ . _2a+2 
"»' a84-a2-9a-9 oS+a^-Oa-O a»+a2-9a-9' 

g8+8aa_q_8 18g;-6 6x+15 4x-l go 32x2-200 

<,84.aa-9a-9' '0x4-12 6x+12' ex+12' *4x»-20a^-26x+126' 



11. 


24. 


17. 


24. 


24. 


8. 


88. 


2. 


40. 


9. 



xii ANSWERS. 

26x^126 6j«->45gg+76a; 33 m«+2mgn+2mn«+n8 

4a;8-20a;2-26a5+126' 4aj«--20x2-26a;+126 ' w^-mnHw^w-w* * 

2w8+2mgn-f2mn^ ^ m^+2mn+n^ ^ a^+2g»-6a;g-18a;-36 

f)iLiiin>+m>n-n«' »»*-f»n»+m8»-n* ' a^-6a;8-12a;2_-8a;+24' 

a^+2»»+3g^-2a;-4 ^ g4+2g»-8a;-16 a^-2xg-6a;+6 

a*-63c«-12a;a-8a;+24 jB6-5««-12a;3-8a+24' a^-6iB8-12a;2-8x+24' 

Page 110. — 8. 20. 4. 18. 5. 12. 6. 10. 

Page 111. — 7. 14. 8. 80. 9. 72. 10. 6. 

12. 24. 18. 12. 14. 24. 16. 12. 16. 17|f 

18. 48. 19. 7. 90. 1. 91. 12. 99. 40. 98. 6. 
26.*20|. 98. 164. 97. 23. 98. 2^. 

Page 112.— 99. 6^ 80. 1. 81. 11. 82. 3. 
84. 7. 86. -6}. 86. 3. 87. }$. 88. 28. 89. 6. 

Page 113. —42. 12. 48.18. 44. 30 yr. 46. Ist, 1^1000; 
2d, $300; 3d, f 200. 46. A*8, $1600; B*8, $2000. 47. Horse, 
$180 ; carriage, $240. 48. A, $ldA ; B, $8«V ; C, $21|f ; D, 

$4JV. 40. 90. 60. $630. 

Page 114.-61. 160.' 69.' 24, 76. 68. 6, 6. 64. A, 12 yr. ; 
B, 8 yr. 66. 16, 36. 66. 60. 67. 4, 12. 

Page 116. -4. ^±^ 6. ?±^. 6. ^±^^ 7. i±^. 

a^-az-^ax-xz 1-x^ 1-ic* l-aJ^ 

g gH-ay~y* . Q 0+1 ^ iQ a(16d-46) ^^ mn(2y^S) 

aja-y« ' ' a ' ' 6xy ' * 4y2 ' 

19. ^LzM. 18. ^^-^. 14. ^^. 16. .=^ or -*^. 

16. ^±2^. 17. 8a-6+^. 18. ^^^f^- 19. ti^:^^ 
90. 2^=4,. 21 •^ 



«2(a;2-l) 1+xHx* 

Page 117.-99. 26(|«!±5?). 28. 3«+?M^. 94. 4x+ 
a^—ir oOa 

3^:^- 96. 6+«±^. 96. 3r«+l^^. 97. a-6+>«* 



y ax 12 a2-a;'^ 

gg 7y-3x+4xg-3a;y gg &g-8g2&g-4a6-7 a2 ^^ 2x 

x^ " ' a»68 * ' 1-aj** 

81 a^+2aa;-8og ^ 2g~3 ^^ ^ j^ 2(3a;2+2a;--3) 

* a«~3aica^.3a2aj_«3 * 4x«-a;* * ' * «8-7a;-6 

86. 0. 86. T^-^^ 



2x(xHa;-2) 

Page 118.-87. J^(5^ + 7) 3^ .2^^. 89. -il^. 

y^^2x^-x-2 a*+aHl x*-y* 

^ 4a6+2ag&»4-6y ^ a^+2g;2y-2xyH2y8 ^ 10 - g j. , ^ 
a6-6« * aj*-y* * x2_|.a._2 

48. ^3^+^ 44. ll£=2n_3^ ^ _2 

x8-5a;2-18x+72 6 JK*+a;2+l 

^ 3ax+3a;g-o» ^.^ 2q+3 ^g mim-V) 

2a+» 'a8-7a-6' * TO«-10ma+llt»+70 



ANSWERS. xiii 

49. «^--»^+^^ . M 2a^(y-l) 51 ^xy 

52 a^H-4x^-8g+l 

* 6a?-lla;2-5x+12" 

Pagell&.-58. =2 5^ 3^-20 

Page 120. - 8. ?^. 4. i^i^. 5. 5?^. 6. <^-<¥. 

2by 2a2 2y»» 2x 

80 46 x^-tfl 

Page 121.— 11. X. 19. 1. 18. e^m^. 14. -^. 15. ^ 

a a5*-y* 2 

16. ?«. 17. ^ 18. — i— . 19. IJ. 90. ^ 

a; c («+y)^ «-3 

31 a^-7g+6 gjj a^-2g-8 ^3 g V j^ 72 0^-2 x« 

a;? * * aja-2a; * ' a5«-y«* Qc^ 

«- ya-2y+l jS ^+^^+^ 97 g^~13g+40 

* y8+lly2_,.28y+20* a^ * aja+14x+49 
98. ^+y' - 99. a?g+llg-12 

Page 123.-8. ^. 4. I«5. ». |^. 6.-^- 1. ^ 
Sdyx 2y Saz Sayz Sex 

ft S!^. 9 g+^ . iQ 2a+x 11 2(m^— n^) ij £z:C^ 

' mV * 2 ' * a^+ax+x^' ' 3m+n ' * l+x 

18 o^+4xH-4 1^ 5(xH-y) . 15 ah+cd ^^ San+cm 

ad+ac-\-dz+cz ' x—y ' a^—c^ ' x*— y* 

1., 4(ax+6y) , 15 x {y+z) , 15 _J__. 

ac^+atf-^+ftc^+ftcP ax-\-nx+az+m x-2 

20. -J2^. 91. ?2E. 99. li«. 98. a+6. 94. ^. 

36 <»^-&^ 26 g+4 «- ag-4o+4 ^5 xH12x+20 

* <j8^58* • X2-X--12 ' a2-4a-6' * xa+10x+2l' 

Page 124.-99.^+1^. 80.^^^. 81.a+l. 89.te:?l. 
z+y-x x3+y2 a(w-7) 

2 d(g+cx) , 3 5(3 aHx), ^ 0(o-y). tf. ^^(^^y) . 
c(6+dx) 3(20+x) ^ ^^ dbibx-Sy) 

6. ^. 7. 4(a-x)«. 8. 1^1^^^^. 9. ^^^ 

x-y 3(2acx+3<0 x-3y 

10 xHacy-S) 

ac2(a+2x) 

Page 125. -11. ^^^^^^^X 19. -1^. 18. ?^. 14. y. 
6y(ac-x») y-x' «— 6 



XIV ANSWERa 

a-6 3x(«+l) a+1 a(a«+2) 

in gCxH2gy+2ya) ^^ a»-q&*+g*&-&'^ 22 3g2-2a;+l ^ l+c 

«H2«y+y^ ' * 2a»6a ' 3«-l ' ' l+c* 

1 ^-^ 8 *»-^ 8 -^=^±?-. 4 ^~^. 5* c+6 

* x+l ' m+i ' xa-4«+9 * a+2 ' ca-6c+8 

g gy-2a!^-2a;+l - a^-6a+6 g x+l g a;g-3c+2 

4»«-.7«-l ' 3aa-8a' ■ 8aj-7' * «»+x+l* 
-J. 2q«~6q-7 .^ St^ 

• 6aa-17a-20' * al»-l 

Page 126. -12. -i-. 18.- 1 -• 14. -L. 15. -|^-. 

16. -t^ 17. aHl+V W-7^- !«•«• »• -• 
81. -H. 88. «. 98. ^^^^ty . 84. ^^. 

P^« 127 —25 2x>(x+y) «g l(te»+47a^-17a;~10 

^ jB«-a5y«-a^-4a;2y-4flB» 17(«-6) 

87 £. 88 ^^^' . 89. ?i^. 80. a^-y*+2ay^-2y». 

81 ^ 88 qft-ftcg-gbg-gftc 33 yCa?~12) 

• 2 ' c(a2-6a) • • x(y+l2) 

Page 128.-84. ;«?±^. 86. ^±^. 86. ^^Illi^^ 

87. ^^(^-^) . 88. -^. 89. -i-. 40. a^+2a^-2 agy»+y«. 
x2-36 a+x x-y x^-y^ 

41.-^. 42. «(«+3a?), 48.^. 44. 1. 45. a-x^-^f 

ax+c x(a— 3x) a» x(a— x+yXa— «— y) 
46 i-. 47 aa;(2qx--a«-a^) , 
ox ' a*+a2x2+x* 

Page 130. — 1. 8. 8. 2}. 8. i 4. 6. 6. ^. 6. 12. 

^ a-1 2(2 a+6) d(l+a) 

18. M^ldl. 18. 4a 1^ 1^^ 13 6(0+276). 

2 4 " 24 

13 a«(c-a)(c+l) . i^ jg 13 4 13 g. 80. 9. 21. -7. 

22. 4. 28. i. 

Page 131.— 24. 9. 26. 8. 26. -2^V ^' a6(2c-a--6) 
^ *^ c(a+6)-(aH6^) 

28. -7f 29. -^. 80. 4. 81. 66. 82. 8. 88. 6. 84. 4». 

b—a 

Page 132. — 86. 3. 86. 65. 87. 6. 88. 2. 89. 3. 40. -2. 
41. 20. 42. 22. 48. 13. 44. 7. 46. -10. 46. 5. 47. 1. 48. 9. 



ANSWERS. XV 

Page 133. —40. 10. 60. 6. 51. P^ 58. ^. 58. 2. 

— 1 

54. 12. 55. 6. 56. 3. 57. 9. 58. 20. 58. 29. 60. 1. 61. ^• 

68. 6. 68. — »f--. 64. r!^±^. 
a+ca-2 m+n 

Page 134.- 65. 1. W. 2(g-&)+d(q-f 5)+c, ^ ^^^j^y 

68. 50. 69. 12, greater; 4, less. 70. 82400. 71. 47, greater; 
23, less. 78. 75. 
Page 135.— 74. 4^. 75. 2^^. 76. ^. Tt. 12. 78. 72. 

Page 136. —81. 64, A's ; 80, B's ; 144, C's ; 104, D's. 88. 150, 
com ; 100, oats ; 50, rye. 88. 103yV, greater ; 100} J, less. 84. 8 84. 
85. 8 5000. 

Page 137. —87. 1024. 88. 760. 88. 90. 91. 42, 30. 88. 12, 
A*s age ; 32, B^s age. 

Page 138. — 98. 8 8000, E's ; 8 7000, Y's. 94. 8 450, A's ; 8 270, B's. 
95. $00. 96. 51. 97. 60. 98. 81400. 99. 8360. 

Page 139.-100. 21, 15. 101. 18, Ist ; 22, 2d ; 10, 3d ; 40, 4th. 
108. 84000. 108. 10 yd. 104. 6. 105. 720. 106. 8 24, A; 
836, B ; 880, C ; 8 175, D. 107. 100, 150. 

Page 140. — 108. 7^; \2f. 109. 12, A; 24, B; 18, C. 

110. 800, poorer horse; 8120, better horse. 111. 13, 40. 

118. 27^min. 

Page 141. — 114. 43^ mm. 115. 54^ min. 116. 6 o'clock. 
117. 16 A min. 118. 30 mln., or 9 o'clock. 119. 8300, better 
horse ; 8 160, poorer horse. 120. 8 2, laborer ; 8 4, 1st mechanic ; 
8 6, 2d mechanic. 121. 28 miles. 122. 43, larger ; 37, smaller. 
128. 8 100. 124. 80, 1st ; 40, 2d ; 110, 3d. 

Page 142.-185. 18 days. 186. 10 rd. long; 5 rd. wide. 

127. 80 miles. 188. 7 dimes ; 28 dollar pieces. 188. 8 7500. 180. 7 hours. 
181. 23^. 

Page 143. — 188. 8 20, saddle ; 8 180, horse. 184. _&_ -_| 15 g • 

1+a ' ' 

-^=8 60, A. 185. -^=8, Ist ; -^ =21, 2d. 186. -^^ ; 

l+a 1+a ' l+a m+n 

2H; 4J. 187. ^M)=3. 188. i^r^=64. 

Page 146.— 8. flc=3; y=2. 8. «=1 ; y=l. 4. «=2 ; y=l. 
5. a;=2; y=l. 6. aj=2 ; y=2, 7. ic=l?; y=5». 

Page 147.-8. x=6; y=6. 9. a;=5; y=4. 10. «=2}|; 
2^=4/7. 11. a;=5; y=4. 12. a;=4; y=3. 18. a;=6 ; y=4. 
14. x=12; y=10. 16. a;=8; y=0. 16. aj=5; y=3. 17. a;=5; 
y=4. 18. x=b^^ y=\bU. 19. a;=16; y=18. 

Page 148.-2. a;=2; y=t 3. a;=4 ; y=5. 4. aj=2f ; y=7f 
5. «=8; y=10. 6. a;=2; y=Z, 7.»a;=l; y=2. 8. x=b\ 
y=3. 9. 05=4; y=5. 10. a;=6 ; y=Q. 11. x=l \ y=S. 

Page 149. — 12. x=4; y=10. 18. x=S] y=2. 14. x=6; 
y=3. 16. x=15; y=Q. 16. x=6 ; y=6, 17. x=16; y=12. 
18. x=7; y=6. 19. x=Q^j,; y=-3|t. 20. x=15i; y=18||. 
21. x=15; y=20. 28. x=12; y=14. 



XYi ANSWERS. 

Paga 150.^2. x=i; y=8. 8. x=8; y=4. 4. «=16; y=6. 
6: «=l; y=8. 6. a;=J; y=i. 7. x=4; y=3. 8. a;=9; y=6, 
9. aj=2; y=6. 10. aj=60; y=36. 11. «=11; y=6. 

Page 151.— 18. «=6; y=12. 18. x=12f; «=16f. 14. a;=10 
y=6. 16. «=42 ; y=36. 16. x= J ; y=J. 17. x=fi ; y= AV 

18. 'aj=J; y=i. 19. a;=-^^; y=-^^- 80. x=40; y=60. 

m+n m— n 

21. «=6; y=12. 22. aj=4i||; y=4f}. 28. a;=6J; y=4J 

24. x=5; y=7. 26. x=2; y=3. 

Page 152. —28. z=a ; y=6. 27. x= -^ ; y= -— 28. x= 

8a * 86 ' ' en— 6e * a«— cto 

aO. «=-^t^;»=^ 81. »=?^;y=?. 88. x=J-;y=l- 
a(6-c) 6-e 3 2 a6 cd 

88. «= 5i«=il ; y= SiUtzSi. 84. x=«»6 ; y=«6«. 
an— dm an— c^m 

Page 153.— 2. aj=J; y=J. 8. a;=i; y=i. 4. a;=2; y=3. 

8. x=2; y=8. 9. aj=^l-=:^; y=4=^. 10. a;=-2; y=2. 
ac— o« oo— oc 



Pn^iSS.— 4. a; = 16; y = 8. 6. 2 = 17; y = 12. 6. 2; = 41; 
y=7. 7. $4, men; 82, boys. 8. A. 9. 866, 833. 10. 8180, 
8120. 11. 8250, A ; 8320, B. 12. fy. 18. 24. 14. 1 and 5. 

Page 156.-16. 12per8on8; 85,eachpaid. 16. x = £3; 2^ = £2. 
17. 53. 18. 8 4800, A's ; 8 5000, B*8. 19. 55 at 8 20, 45 at 8 30. 
20. 50, father*s ; 30, son's. 21. 60 ct., A. ; 40 ct., B. 22. 65 at 845, 
35 at 8 37. 28. 72 apples, 60 pears. 

Page 157. —24. 58^ com; 81, wheat 26. 12 and 48. 

28. 50^, 1st boy ; 8 2, 2d boy. 27. 20, in 1st field ; 30, in 2d field. 

28. 12, Paul's ; 6, MabePs. 29. f and |. 80. 86000 ; 2 years. 

81. ft., length ; 4 ft., breadth. 82. 21 and 18. 

Page 158.-88. 82. 84. 4 days. 86. 82000 hi 3% bonds ; 82400 
in 2|% bonds. 86. 300 yd., A's rate per mhi. ; 275 yd., B's rate. 
87. 30 miles per hour ; 90 miles. 

Page 160. —2. a5 = 3;y = 4;» = 5. 8. » = 5;y = 6;« = 8. 

4. » = 1 ; y = 2 ; ar = 8. 6. a; = 4i ; y = 4i ; « = 4^. 6. « = 20 ; 
y = 10 ; « = 5. 7. « = 2 ; y = 10 ; « = 14. 8. « = 6 ; y = 4 ; « = 2. 
9. a; = 40;y = 30;« = 24;M = 26. 10. a5 = 3;y = 5;« = 7. 

11. aj = 35; y = 30; « = 25. 12. a; = 15; y= 20; « =25. 18. x = 3; 
y = 7 ; ;? = 4. 14. a; = 12 ; y = 20 ; « = 8. 16. flc = 2 ; y = 3 ; « = 1. 
16. a; = 5 ; y = 6 ; « = 7. 17. a; = 6 ; y = 8 ; « = 10. 

Page 161—18. aj = 2^ y = -2; « = 0. 19. x = ^; y = ^; 

« = --. 20. a=a + 6 — c;y = a — 6 + c;;8r=6 — a + c. 21. a; = 

-2^—' ^^—2b—' ^= 2c ' 82.aj = 2;y = 3;^ = 4; 



ANSWERS. xvii 

y = J;« = J. 26. x = S; y = Q; z = 9. 26. x = a;y = 6;« = c 

a=6;« = 8;« = 7. 29. « = Hi » = i*! « = **• 
Fagel62.— 80. «= 1 ; » = 1 ; « = - ^ 



a+b — e' a — b + e' b — a + e 

81 x = 3;y = 6;« = 6;u=:7;t = 8. 88. x = Sa; y = 2a; z=a. 

38. x = 5J:^; y = ^^±^; a = 2L±«. 84. a: = SL+liz:«+li ; 
2 2 2 ^ 5 ' 

.,_8o + 6 + 2c-rf. ._ 36-o + c + 2d . __2a -6 + 3c + d 

86. « = -2£-; y = -l»-; * = ^ 86. « = ^^ll|±l-« ; y = 
a+c 6-c a-6 3 

a + b-c . __ 2b-a + e „ _ _ 6a- 11& + 13c . „_ 

3 ' *- 6 ■ "•*- 56 ' '- 

66 + 18a-llo .^^ l36-lla + 6c 88. « = «-«; v = * + «; 

i9 = 0;v = a — &. 39. x=:- ; y = — =— ; g= ^ ■ 

6 + c a+c a + 6 

1. 10,30,20. 2. 50,68,80. 

Page 163. — 8. A, $ 300 ; B, $ 420 ; C, $ 780. 4. 10^ sugar ; 25^, 
coffee ; 76^, tea. 5. 16, 1st ; 24, 2d ; 6, 3d ; 80, 4th. 6. 14}f , A ; 
17f f , B ; 23/t, C. 7. 361. 8. 4 horses ; 16 cows ; 60 sheep. 

9. 20 dollars ; 24 half-dollars ; 40 quarters. 

Page 164. — 10. A, 40 yr. ; B, 20 yr. ; C, 80 yr. 11. $200, fine 
gold watch; $120, plain gold watch; $60, open face watch; $20, 
chain. 12. $ 160, horse ; $ 5, sheep ; 20, cows. 18. 1000, A ; 600, 
B; 100, C. 14. ^Tf, larger; ^.smaller. 15. $40, eldest; $30, 
second; $24, third; $26, fourth. 

Page 165. — 16. 40 sheep ; 8 cows ; 6 horses. 17. $98-U in 1st 
$ 296^1 in 2d ; $ 362|f in 3d. 18. A, $ 280 ; B, $ 300 ; C, $ 320! 

19. 60, 120, 180. 90. A, $13 ; B, $7 ; C, $4. 21. A, $490; B 
$770; C, $1190. 

Page 167.— 8. 36x*y2. 4. -64aW 5. -27o86». 6. 9c*d*. 
7. 32a6a;i5yio. g. 64:X^z^^. 9. 266 0*616^12. 10. - a865i4c42 
11. 266a868ci«. 12. S2 x^^y^z^. 18. - 126 a^ft^c^. 14. a^b^^c^. 
16. 266a86i2ci6. le. 612a^^b^^d". 17. IdxY^sf^- 18. 27a^yi2 
19. -64aVy«. 20. S2x^^^z^^. 21. -32oi0yi6. 22. 16a*xhf^^ 
23. x^^. 24. x^'^z^, 25. a^si*^*w^. 26. a^^^^z^. 

27. ±aj*«y«»^- 28. ± a^on^^on^^onf^ 29. a*«-«6*»-8c8«-«d(«--2)2 

4096 asft* 



Page 168.-31. i^. 82.*^. 88. -fl«. 34. 



962 9y2 1260858 2401 aV 

gg q^256n ^ a;7«yMn ^^ q2n52ncn«-n ^ q4nft6n58n ^ cfi^^^ 

(524^8* • (fngOs' ' ^-2nyn»-8n ' sc%nySng^' ' I)l2ny9n' 

40.2!*!!^^. 41.2^^5^. 48. "'"ft"-'^. 1.4«2 + 4a6 + W 



ZTiii ANSWER& 

t. 0(i^-12ae + 4A 8. 4tfS + 12aft + OM. 4. 16(S>-16a& + 4&9. 
5. 9aa + 24ac + 16c». 6. 26 a» - 40 ac + 16 c^. 7. 4aj*-4a5V+y"- 
8. 9aj*+12a;2y + 4y3. 9. 9{b* - 18*V + ©y*- 10. 16«* + 40x2y + 
26y2. 11. 26a^ - SOofiy^ + 9y*. IS. 9aj* + 36 xV + 36 jr*. 18. aH 
^ + c2 + <ri + 2a6 + 2ac-2<Kl4-26c-26<l--2cd. 14. 4x^ + 9y^ 
+ 4«2_i2icy + 8a»-12y«. 15. a5* + y*H-4«* -2a;2y8^ 4a.2;5a_ 
4yV. 16. ic*4-4y2^9«* + 4x2y4-6a;2«a + 12y«a. 17. 4x« + 9y* 
H-«4+12xy2-4x2fa-6yV. 18. 4x* + 9y* + 4«*- 12aJ2y8- 8x2«2 

4-122/2;jf2. 

Page 169. — 19. ofi+Sa^+Bx^+y^. 90. a6-6a*6+10a»6a- 

10a268+6aM-65. 31. c^+^cfib+6a^hH^ab^+b^. 89. xP+6x6y+ 
16x*yH20xV+15xV+0iKy^+y®- 88. a^-7€fic-\-21a^c^-S5a!^c^+ 
36 a8c*-21 a2c6+ 7 a(fi-c\ 94. 16 64+32 68c+24 b^c^-\-S b€?+ c*. 

85. 8a8-12a26+6a62-68. 86. 81 aH108a86+54a26a+12o6H6*. 

87. 266x*-256x8y+96x2y2-.i6xy8+2^. gg. 3126x6+ 3126 x*«+ 
1260 x^;?2+ 260 x2««+26x«*+«6. 89. 8x6-36x*y2+64x2y*-27y«. 

80. 27x«+64x*y2+36x2y*+8y6. 31. 266x8+768xPy+864xV+ 
432xV+81y*. 38. 126x8-160x*y24.60x2y*-8y«. 83. 266x8-. 
512 xPy2+384 x*y*- 128 x2y«+ 16 y8. 

Page 171.— 8. x8 + 3x2y+ 3xy2 + y». 8. a«-3a26 + 3a62- 6». 
4. a8 + 3«2c + 8ac2 + c8. 5. a* + 4a8x+6a2x2 + 4ax8 + x*. 6. a»- 
3 a2x + 3 ax2 - x^. 7. a8 + 3a26 + 3a62 + 68. 8. x8-3x2y + 
3xy2-y8. 9. 6* + 468c + 662c2 + 46c8 + c*. 10. x8 + 3x2 + 
3x+l. 11. x8-3x2 + 3x-l. 18. l + 3o + 3a2+a8. 13. 1 « 
4a + 6a2-4a8+o*. 14. x* +4x8a + 6x2a2 + 4xa8 + o*. 15. x8 + 
3x26 + 3x62+6«. 16. x*-4x8c + 6x2c2-4xc8 + c*. 17. x*~4x8y + 
6x2y2 -4x^8 + y4. 18. a* + 4a86 + 60252 _|.4 ^58 + 54. 19. ^ _ 
6a*c + 10a8c2 - I0a2c8 + 6ac* - c^. 80. a* - 4a8x + 6a2x2 - 4ox8 + x*. 

81. a« + Oa^x + 16a*x2 + 200^x8 + 16 a2x* + dox^ + x^. 88. a^-9a^c + 
36 a7c2 - 84 aM + 126 a^d^ - 126 o^c^ + 84 a^cf^ - 36 a^c^ + 9 ac^ - c». 

88. x7-7x^y+21x5y2_36x*y8+36x8y*-21x22^+7xy«-y7. 34. a;io+ 
lOx^y + 46xV+120x7y« + 210 x^y* + 262xV + 210x*2/« + 120x8y7 + 
46x"V + loa^ + 2^10. 85. x^ + 6x* + 10x8 + 10x2 + 6x + 1. 

86. xP - 6x6 +16x*-20x« + 16x2 -6x + l. 87. l + 6a + 10a2 + 
1008 + 60* + 056. 88. l-7o + 21o2-36o8 + 36o*-21o6+7o6-o7. 

89. X* + 4x8oc + 6x2o2c2 +4xo8c8 +a^(^. 20. 3fi+ 6x*6c + 10x862c3+ 
10x268c8 + 5x6*c* + b^ifi. 81. x^ - 6x^00 +16x*a2c2 - 20x8a8c8 + 
16 x2o*c* - 6 xa^c^ + cfiifi. 

Page 172. —88. 08 + 6 025 + 12o62 + 868. 34. 27 08 - 27 o26 + 
9a62 _ 68. 35. 808 + 36 o26 + 64 062 +27 68. 36. 27 08 - 81 o2c + 
81oc2-27c8. 87. 81o* + 21608c + 216o2c2 + 96oc8+ 16c*. 88.806- 
12o*c + 6 o2c2 - c8. 89. 808 + 12o2c2 + 60c* + c6. 40. 27X8+ 64x*y2+ 
36x22/4+82/6. 41. 266o8-266o6c+96o4c2-16o2c8+c*. 48. 27 06+ 
108o4c2+144o2c4+64c6. 48. 81 x^- 640 x6c2+ 1360 x*c*- 1500 x2c6+ 
626c8. 44. 626o6+2000o6c2+2400o*c*+1280o2c6-|-266c8. 46. 08+ 
3o26+3o62+68+3o2c+6o6c+362c-3o2<l-6o6d-3 62(?+3oc2-6oc<i 
+3od2+3 6c2-66cd + 36d2+c8-3c2d + 3c<22-d8. 47. 3fi-Sx^ + 
3x2/2-2/8+3a.2;g_6a;2/5f+32/20+3x«2-32/«2+2j8. 43. iB8~3x22/+3xy2 
-y8-3x22!+6x2/«-32/25?+3xa2-3j/«2-^j8. 49. o8+3o26+3o62+68- 
3o2c-6o6c-362c+3oc2+3 6c2-c8. 50. o8~3o26+3o62-68-3o2c 
+6 o6c-^ 62c-3'o2d+6 o6d-3 62(1+3 oc2+6 oc<2 + 3 ad» - 3 6c« -6 6cd 
-3 6(P-c8-3c2d-3c<i2-d8. 51. 084.3026+3 ao2+2,8_3o2c-.6o6c- 
3 62c+3o2d+6 o6d+3 62d+3 oc2-6 ocd + 3 0^2 + 3 6c2-6 6cd+3 6<r2- 
c8 + 3c2d-3cd2+d3. 58. l+3x+3x2+x8-32/-6x2/-3x2y-3«- 

6X2f-3x2«+3j/2+6|/2r+3«2+3icy2 + eX|/« + 3x»2-y8_3y2^_3y^2«^. 



ANSWERS. zix 

Page 174.— 8. 8 a» + 36 a«c+ 64 ac« +2708. 4. 8a«-48a>6+9ea6« 
-646«. 5. 81 a* + 216 a»x + 216 a^x^H- 96 (Ke» + 16 X*. 6. S2€fi- 
400a*x+2000a8x2-5000a'^+6260ax*-3125xB. 7. 626a^+ldO0cfic 
+ 1350a2c2+640ac8+81c*. 8. 1024 a«+ 3840 a*x+ 6760 aSx^^ 4320 a^x* + 
1620ax*+243x5. 9. 243a6-2026a*x+6760o8x2-11260a2x8+9376ax*- 
3126x6. 10.2401o*-6488a8c+4704a2c2_i792(ic8+256c*. 11.46656o« 
+ 233280 o^x + 486000 a*xa + 640000 a«x8 + 337600 a^x* + 112600 ax6 + 
16626X8. 18. 243x6-406x*H-270x8-90x2+16x-l. 18. 16x*+160x» 

+600x2 + 1000XH- 626. 14. a^ + Jo»H- f « + A + tI::; + 5^* 

4a loo* ojia^ 

15. i-Ya;+^a^-iiA«« + ^x*-W«*- W- tt + ¥c + ¥<^ + 
2jflc8+.«j^c*. 17. aW+10a8c2+40a«c*+80a*c«+80a2c8+32cio. 

Page 176.— 8. ±^ab^€^. 8. -2ab^c, 4. ±2a^c^ 5. 3x2^20. 

Page 177.— 6. ±2ab^c^. 7. -2a*&ci 8. -ac^^V- »• aaj'y. 
10. oxyM. 11. ±xy2«*t4>i 18. ±2x»^2«*. 18. ±a^'^. 

14. aVy». 15. ±i^. 16. |^. 17. |^. 18. ±r|^. 

6y« 3ya 6a2y 17|^«« 

19. -^^. 90. xV*. W. a^^^*. M. aaJV«*. 88. -2a2xy. 
7x*y8 

Pagel79.— 8. x+2. 4. 6+x. 6. 2x+l. 6. a+Jft. 7. 3o-26. 
8. a+h-c. 9. 2x2-3x+l. 10. 2a2+a--2. 11. x»--2xa+3x. 
19. 4a2-3(ix+6x2. 18. a-6-c. 14 3x2-2x+6. 16. 2x8+3al» 
-x-1. 16. 7x?-2x-f. 17. 8a+c-l. 

Page 180. — 18. 2m-8x + 2. 19. a-h-Qc, 90. a«-62+cft». 

21. 1-^ + ?. 99. ms-ma-m-l. 98. a^ + ^ + l- 94 c»-o+J. 
2 3 2 4 

95.^ + 5-5. «T. 1~|-^. 98. l-«.^'. 99. a-^--^. 
2 X c 28 2 a 2a* 

80. a + A-^. 81. 2 + ?«-^. 89. 2a + A«-0_ 

^2a 8a» ^ 4 64 ^4a 64(i» 

88. 2X-.J-- 1. 84. l-»«-^. 86. o + A-^. 

4x 64x» 2 4a 32a» 

Page 183.— 8. 63. 4.63. 6.66. 6.06. 7.47. 8.41. 9.266. 

10. 233. 11. 207. 19. 266. 18. 344. 14 821. 15. 886. 16. 881. 
17. 328. 18. 16.3. 19. 4.16. 90. 24.01. 91. 969. 99. 2424. 
28. 3646. 94. 6666. 95. 1.167. 96. .027. 97. 32.16. 98. 172.16. 
99. .0849. 80. 2.2360+ . 81. 3.3166+ . 89. 3.6066+ . 88. 3.8729+. 
84. 2.6832+. 85. 2.3021 + . 86. .2646+. 87. .0836+. 88. .7669+. 

89. .6123+. 40. .7463+. 41. .7386+. 49. 1.1647+. 48. .7746+. 
44. .6831+. 45. .8164+. 

Page 185. — 8. x+2y. 4. 3a+l. 5. 2x-3. 6. 3x+4. 

Page 186.-7. a+-. 8. a-4. 9. 2a+l. 10. 3ai2-2x+l. 
a 

11. 2f»2+3m+l. 19. l-a+a*. 18. m-1-— . 14. x-y+2flr. 

m 

15. 2a-76. 16. y2-2y+3. 17. l-3a+4a2. 18. 2c2-3c+l. 

19. aHl+^. 80. x2-4xy+4y«. 



XX ANSWERS. 

Page 187.— 1. l-2a. 8. x+1. 8. x+l. 4. a+2b. 5. »~y. 

6. a — -. 7. c + «. 

y 

Page 190.— 8. 42. 4.64. 5.65. 6.827. 7.607. 8.89. 
9. 67. 10. 63. 11. .26. 18. 2.34. 18. 177. 14. 126. 16. 636. 
16.39.2. 17. .04. 18. 1.442+ . 19. .646+. 20. 1.856 +. 81. .166+. 
28. .941+. 28. .966+. 24. .648+. 86. .643+. 

Pagel92. — 17. 64. 18.6. 19.81. 80.-81. 81.216. 88.243. 
88. f J. 94. Ji. 

Page 193.— 1. -• 8. i. 8. -i— 4. i. 6. ^. 6. ^ 

7. «^ 8. i^. 9. ^. 10. 2^. 11. 1^^ 18. ^^ 18. 2xj^. 

14. a^xjr*. !«• Soxy*. 16. caryi. 17. a&cay^. 18. 6a;2y-i;r«. 
19. 3a2a;V^«-8. 80. 26ccr». 

Page 194.— 1. 6a^\ 8. 16 aj^. 8. 6ai 4. 86. 6. 10 c^. 

6. 7 a. 7. 8 aft*. 8. 2a*62. 9. 3 ax*. 10. 4a*a;2. n. Sc^x. 

18. lOadi-*. 18. Qa'h. 14. 06*. 15. 16a6c~*. 16. ab^c. 
17. a6""M. 18. a;*yW- 

Page 195. — 81. a+2a^6*+6. 88; «+a;V+«V+y. 88. x*+ 
;BV+2a;V+«V+y* .84. 4a;+a;*+3x^+4aj*+6x*. 86. x*+ 
»V-»M-I^*- 36. a'^ft^-aV*. 87. a^-a;-2-x-i. 88. a;V^ 
-7+arV. 89. a%-2-a:»y+a;-V+«*y"'^-«V+»"V-a;VHa^2- 
ar^y*. 80. -a^y-»+a;*y"^+arV+«"M- 

Page 196. — 1. a^. 8. cfi. 8. a"^. 4. a<. 5. a^i 6. c"*. 

7. «"**. 8. «'A. 9. 6*. 10. 6c"*i. 11. a^aj^^. 18. x'^iyA 

15. «*+y*. 16. x^+x^y^+p^. 17. a*+6*. 18. a*+2a^xi+a5'. 

19. x^-yi. 

Page 197.— 80. ar«+ir". 81. ar*-2arV*+ir*. 88. - &-«+ 
a-2+a-i6-i. 88. c*-c*+l. 

1. a2. 8. a"* or ~ 8. <ri or 1. 4. 6. 5. d*^. 6. x"^ or i. 
a^ . ^ X* 

7. x*. 8. «r« or i. 9. c* or i 10. ^r* H- t' 12. |^ or 
2f2 c* 27 4 216 

— ^^ — 18. «"^ or i- 14. x'K'^ or -i— 15. -^^ or — 

216 a« J J J 16384 16384x7 

»" X If* 

16 125x:!ir? or -1?1-. 
27 27xPy* 

1. a^+2a*6*+6*. 8. x*-2x'y'+yl 8. c*+2ctx*+xi 

4. x*-y"i 5. l+2xV+«y-«"^y-2x"M-y'- 8. x^+2x^«*- 
2xM-««. 



ANSWERS. xxi 

Page 198.— 7. a-6. 8. c-'2c^-^6c^-c^^4. 9. 8a+4a*&^ 
6aM+18a^-4a^6-2aM-8aV--96. 10. a^+y'^. 11. 7c*- 
2c3-rl. 12. ab-^ + ar^b. 18. ap*»+a:*y»+x*«3/3*+x»y8»»+y*». 14. a* 
-a*+l. 15. 3c*-2+c~^. 16. 2a*+36*+c. 17. 2x*-5+a;"*. 
18. a;*+«*+l. 19. 2a;*-6ajV+3y*. 90. aj*+4. 91. aj*-a;*-l. 
99. ia;-2y*. 98. 2aH-l-3a-i. 

Page 201.— 8. 3V6. 4. 6VS. 6. 8\/2. 6. 6 VS. 7. 8V5. 
8. 3v^. 9. 2v^=7. 10. 5\/5. 11. 7-^^. 19. 3\^. 18. 3 xV2. 

14. 6 a Vt^ 15. 6a;y2V3«. 16. lOaSdVft. 17. 12aa;V3ay. 

18. 9a Vxy. 19. 6ygVae. 90. ISagygy^. 91. aV l-g. 99. a;\^g-y^. 

98. g Vq^. 94. gy ^a^+p. 95. xy/ cT^. 96. 6V 2 6+&'^. 
97. 6\/ ^T&Jc. 98. a;v'aa;-T2y. 9 9. 2\/q a;-2. 80. 3Va 8+2y. 
81. a;\^16+64xy2. 89. yia-x) V(i^) % 88. a^v^a-as^. 
84. a(a + b)y/a. 85. a(a + 6) Va^ - 62. so. (jifi-y^)y/i. 
87. a;(H-y+y2)i. gg. 4a(H-y)«*. 

Page 202.— 40. J\/6. '41. ^V21. 49. JvTO. 48. JvlB. 

44. ;i- VSbab. 45. ;i VT^. 46. -i- VSOofti^. 
76 3y "^ 6ab 

48. J-v'TI^. 48. ;^Vl6ai. 50. jVlO. 
8a; 6a 

59. ^=? V^^^Ti. 58. ^^ V5(?^. 

a;+2 • a-6 ' 

65. «!z:^ Vx(a2+6«). 56. ?^ (21ay)i 
^ a2+62 ^ ^ 7y^ ^^ 

P age 20 3. — 9. VOo^ . 8. Vli^. 4. V1 6 o^a;^ . 5. V26^ 

6. V9a*y8. 7. V26a-*x. 8. V(a+6)^. 9. VOo^x^. 10. -v^^gegl 

11. v^fS^. 19. v^'Sftia^. 18 . v^64x- ^y8. 14. "^^27 ah^ 

15. '^ ^^. 1 6. \^(a-x)8. 17. ^(a +5)l 18. vT^Cx^Tg. 

19. V2x(x+2/)2. 9 0. V9a2 (a2-62), 21. V(a-i-b)\a-b)\ 
92. Va{x-y). 98. Vx(x+y)2. 

P age 20 4.-2. v^^lOOO, \/9 . 8. y/ ^o?, v ^^. 4. v^, v^ . 
5. \^a6^, v^xV?. 6. v/a5x6y2o, v^o^xV- 7. "v^o^, "V6«r- 
8. \/S^, v^62y.2, .J/^. ^ 9. ^/^^^ ^/^^ ^p^. 10. ^, 

</7^, ^. 11. -^g, ^, ^«. 12. ^(5+6?, ^^(5+672. 

Page 205.-2. 16\^. 8. llVS. 4. 9v^. 5. 56\/2. 6. 12\^. 

7. 3tVV6. 8. 12\/6. 9. IjVS. 10. llV2. 11. 44x2y2V2xy. 

12. 26 V3. 18. 24xyv^. 14. 9\/6. J16. V6. 16. llVS. 17. 34 V2. 
18. 9aV6a. 19. (2a+2 6-6c)V2y. 90. 8\/2. 91. 6V3a. 

99. 6|\/3. 




xxii ANSWEBa 

Page 206.-88. fi + i-l^VS: it. (^-:^ + ^\V^ 

\x y z) \cx^ cPx pxj 

25. 3\/3. 26. 2«V5- W. af^g. 28. ^~y+^ v^g^. 

29. (y«+x-ajV«^)\''5^«. 80. 13v^. 81. ISVS. 82. 20V^l3. 
88. Av^- 8*- «V^- M- 2y"v^. 86. 6a^^. 87. r^^/^- 
88. 9tVS. 

Page 207. — 4. 12^/5. 5. 24 VS. 6. 30V3. 7. 36 V2. 8. 9>/5, 

9. 24V36. 10. 150V^. 11. 24\/2. 12. 60v^. 18. 30\/^. 
14. 6\^i08. 16. 3\/72. 16. 2v^. 17. 6v^576. 18. 6v/72. 
19. 288 \ ^. 20. 3q6\^^ q2&. 21. gyf^ihc. 22. 6a^aV2«. 
28. x2y2,{/io8^. 94. oxy^/Qo^y. 25. 2a6v^a*6c8. 26. 36ayv^^. 
27. iV3. 

Page 208. — 28. |. 29. fVO. 80. Jv^. 81. \^|1. 82. v<V- 

88. v^. 85. 7v^-12. 36. 38+23\/3. 87. -66. 88. V6-21. 

89. 27-33V2. 40. 9-2Vl6. 41. 28+46 V35. 42. 16a+16Va6+46. 
48. 4-243 a. 44. aVa-6V6. 45. 12 a; -2. 46. a;2\/3+3xH2a;V3 
+«+l. 

Page 209.— 4. 1. 5. 6. 6. \\. 7. 1|V3. 8. j. 9. \\y/l, 

10. 4V2. 11. 3v^. 12. i\^108. 18. 2v^. 14. Jv^SFi. 15. Jv^. 

16. 3. 17. i\^. 18. fv^. 19. —V^Q^, 20. i\^'fl^ 

21. \/§2«i. 22. V|y|^- 98. i v^i^yFe. 34. '^^186=5?. 
25.3ax2v^5i^. 26.2. 27. 2+3 v^. 28. 4+ 3 VS. 

Page 210. — 29. 4+3V6. 80. fV3-2. 81. v^-6\/6. 

82. VjB+v^+Vi. 

4. 4a;. 5. 9a\^. 6. 166\^. 7. \%a%^/^, 8. 216«\/«. 
9. 24a*V3a. 10. 324 aa;. 11. 64 aa;*. 12. 16+40 Vi+26a;. 18. 9- 
42Vic+49x. 14. 4VI6+23. 15. 7 + 10a;V7^+25aa;8. 

Page 211. — 18. 1.31 + . 19. 2.69+. 20. 2.92+. 21. v^. 

22. v^o^i. 28. ^y/xf^, 2 4. 1.90 6+ . 25. vW- 96- 2.236+. 
27. \/xV 98. 1-48+ . 29. Vo^V- 

3v^ 5 </J 6 ?^^. 7 5^^ 

' X * ' 2a ' 

10 li5i. 11 ?«i^. 13 2gv^ 
2 ' 6x ' 3« ' 2 ' * 3a 

Page 213.-4. 8-2V5-4V3+ Vl6^ 5.^=^. 6. ^+^^ . 
12 x2-y 

- cy/x—cy/z g 6-2V5 ^ a^+2xVg+g ,q a + 2Vax+flg ^ 
«— » 1 a^— » a— « 




ANSWERS. xxiii 

.- g;-2-|-2V£4T 12 2x«-l-2a;Vg^ jj 2a+8.>2Vaa+3a 
X * ' 1 ' 8 ' 

c * * 2 * 

Page 214. — 17. 4.949+. 18. 9J887+. 19. 2.828+. 90. .2809+. 
91. .412+. 99. .2857+. 98. 1. 9ft. 8.649+. 96. 1.271 + . 

Page 216.— 4. V3+V2. 6. 2v^+l. 6. V6-V3. 7. 8-v^. 

8. Vba+Va. 9. VS-v^. 10. 2V2+ V7. 11. 6+V3. 

12. VI0+V3. 18. V5-\/2. 14. V6+\/6. 15. VmTn^Vm^. 
18. 2v^-V7. 17. 3+ Vs. 18. HVli+Vid). 19. 6+V3. 
90. TO+Vn. 91. 2V§+Vl3. 

1. aT+7(i»6+21a*62+36(i*6«+35a»6*+21a2ft6+7a6«+6^. «• ?— + 

125 

86^ + ^^ + ^. 8. 16 a*-96 a86+216 a26a-216 aft'+Sl 6*. 

175 245 843 

^^5_ 5£^ 6^ 5^ 50^ jt g 243aH1620a46+ 
1024^ 768 288 216 ^ 824 243 

4320 a86a + 5760 a268 + 3840 aft* + 1024 66. e. ^'-^ + ^-^. 

8 4 6 27 

7. a^+na^'^b+ ^^-l fl>-a6«+ n(n-l)(ji-2) ^,,^,^ 

n(n-l)(n^2)(n-8) ^^, n(n-l)Cn-2)Cn-8)Cn-4) ^.g^^^ 
2x3x4 2x3x4x5 

8. flF-a+(n-2)tf>-«6+ (^-^)(^^^) a»-46a 

Cn~2)(n^3)Cn-4) ^,,^, (n~2)Cn-3)(n-4Kn-6) ^^^ 
2x8 2x3x4 

9. af+f«--iy+?^^^af-V+^^^^^^^ 

r(r-l)(r-2)(r-3) , . r(r^l)Cr-2)Cr-3)Cr-4) , . 
2x3x4 ^'^ 2x3x4x5 ^ 

10. l+4«a+9^+«*+4x+6y+2«+12a^+4x2f+6y«. 

Page 217. — 11. 4v^-\/78. 19. 8v^+v^^. 18. 12jy5. 
14. 10. 15. ay/Sa. 16. 3«*-4y*+2. 17. 2a*+a-4ai 18. x^- 
2ajV+y* 18. 3x*-2x*+a;*-4. 90. x^-aj-l. 91. a;*-2a;*+l. 
99. x*+xAyA-2y* 98. aV*+Ja"*x^-4a"^x^'^+ etc. 94. 2aj+ 
2Vai. 95. «. 96. 4x*-8a;*-5+10x"*+3a"*. 

Page 218. —97. m - Vwm+ w. 9 8. a;2-a y\^+y«. 99. 1. 

80. yv^+2v^4^ +a;v^. 81. 4+4a2\/2x+y+a*(2x+3/). 89.147 
+60\/6. 88. l+2xVr^2. 84.3.464+. 85. a^xv^o^. 86. a2v^. 

87. 27\/S. 88. v^8orl.515+. 89. ^/sxvl. 40. 2±±^. 

6 

^ 3\/5+3v^+\/i6+\/iO ^ a+Vab ^ ^ 24+17V^ 

1 a-6 ' 1 



xxiv ANSWEBg. 

1^ '_ 1 ' jta 

47. w«-Vm*-l ^ 4g 1 841 49 4031 5^ 479^ ^j 269. 

62. \/5--2. 68. 5-3v^. _64. v^~V3. 66. 2\^~ViO. 

56. 3V6-\/2. 67. 2>/3-Vll. 

Page 221. — 6. 4. 6. 32. 7. 66. 8. 6. 9. 27. 10. 12. 11. 5. 
12. 6. 18. 9. 14. 25. 16. 121. 16. 4. 17. 64. 18. 18. 19. 25. 

20. 5}. 21. 1. 82. 27. 88. f. 84. 2. 86. a - 1. 86. — • 87. 4. 
28. 64. 89. 2f 80. 25. 81. 100. ^ 

Page 222. -88. 4J. 88. lo! 84. ^' 86. J. 86. «i^IlD?. 

6^+1 4 6 

87. 4. 88. 4. 89. ^«' 40. «!i^llll'. 41. ^^ . 48. J. 

48. A. 44. 2}. 46. 27. 46. 9. 47. -3. 48. 16 a. 48. -5. 

60. J. 61. ^^^~^). 68. <^-^y . 
2Vbc 2Vb 

Page 224.-8. ±7. 4. ±2. 6. ±6. 6. ±6. 7. ±4, 8. ±6. 

Page 225.— 10. ±5. 11. ±6. 12. ±3. 18. ±8- 14. ±1. 

16. ±8. 16. ±i. 17. ±3V2. 18. ±2. 19. ±aV2. 80. ±1. 

21. ±2. 82. ±iV3. 88. ±m\^. 84. ± _--£_-. 86. ±4. 

V2a-1 

26. ±4i. 87. ±6. 88. ±h 89. ±V2. 80. ±jV2. 81. ±VaH6^. 

32. ±iV5. 88. ±-v/-^. 84. ±V(2-a)a--l. 

Page 226.— 1. ±f 8. ±4. 8. ±8. 4. ±8. 6. ±30, ±60. 6. Son, 
8; father, 32. 7. $150. 8. 12 ft., 18 ft. 9. 3, 9. 10. 6, 8. 11. 6, 7. 

Page 227. — 18. 8, 12. 18. 12, 20. 14. 8 yd. 16. Length, 40 rd. ; 
breadth, 36 rd. 16. 8, 10. 17. 6, 10, 16. 18. 26 da. $2.60 per da. 

19. 9, 36. 80. 4, 16. 81. 7, 11. 

Page 230.-4. 6, or -9. 6. 3, or -9. 6. 2, or -10. 7. 1, or 
-11. 8. 1, or -21. 9. 1, or -19. 10. 1, or -25. 11. 15, or -3. 
12. 11, or -3. 18. 17, or -3. 14. 30, or -2. 16. 82, or -2. 

16. 2, or -3J. 17. 3, or -4i. 18. 3, or -6J. 19. 2, or -5. 

20. 4, or -J. 81. 20, or 1. 88. 2, or -5J. 88. 4, or -1. 

Page 233.-6. 1, or -2§. 6. 2, or -5J. 7. 4, or -5J. 8. 5, or 
-4i. 9. 10, or -4S. 10. 6, or -4J. 11. 2, or -2J. 18. 8, or -71- 
18. 6, or -44. 14. 4, or -4i. 16. 8, or -2. 16. 14, or -1. 

17. 1, or -18. 18. 12, or -1. 19. 6, or 4. 80. 2, or -4 J. 81. 24, 
or -3. 88. 6.229+, or -2.729+. 28. 3.625+, or -2.325+. 84. 3, 
or -2^. 86. 13, or -44. 86. 7, or -U, 87. l^Vi or -If. 88. 2, or 
-5. 89. 14, or -10. 80. 3, or -J. 81. 7, or -If. 88. 1, or^. 

88. 5, or 5f. 84. 6, or -1}. 86. 3. 86. 4, or -If. 87. -3, or -3f. 
Page 234.-88. 4, or -21. 89. 1, or |. 40. 4, or -1. 41. 2ji. 

48. 4. 48. 8, or }. 44. 6, or -3. 47. -6(1± V^). 48. 66, or -2 6. 



ANSWERS. XXV 

49. 6(2 ± VlT). 60. 2 a, or -6 a. 61. 2 6, or -7 6. 68. 2 c, or |. 

5S. A,or--L. 54. ^.or-^. 66. a,orl. 
4a 3a 2 2 

Page 235.-66. J^, or -2. 67. -16, or -2a. 68. ^^=^± 

W l6&«-240 6+226. 69. ^, or -f . 90. ^i^, or ^i^ 
* a b c—a e+a 

61. 5^, or t «S. 4c, or -f 68. ^. 64. c, or 1. 66. c, or -|. 

4 2 4 ac c / 

66. ?^,or?i. 67. c, or 1. 68. 1±V^. 69. ^, or ^. 70. a-6. 

or c. 71. a+c, or 4c. 79. -^, or -=l^. 78. 9n, or -n. 

c+o c+a 

74.«±^,or^. 76.2«,or26^^4^. 76. 5±|, or ^. 
c a+6 3a— 26 c—a c+a 

Page 237.— 4. ±2, or ±y/-2, 6. 2, or \/^. 6. 2, or \^^. 
7. ±2, or ± y/^. 8. ±1, or ± J V^. 9. 2, or J v^:^62. 10. ± y/2, 
or ±>/:i6. 11. 16, o r 266. 19. 4, or \ ^12l. 13. 1, or -64. 

14. 625, or 266. 16. ^'-A^J-Vp+I^. 16. ±1, or ± V^IO. 
' 2a 2a 

17. 3, or - 6. 18. ±6, or ±2. 19. ±2, or ± V^. 90. 4, -3, or 
j± jx/ria. 91. 4, or -1. 92. 4, or 20. 98. 4,2, or ~}±}VTf. 
94. 3, 2^or -3dtV3. 96. 3, -1, or 1±J>/^=10. 96. 9, -2, or 
J± JV173. 97. 3, -4}, or _f ±jVr66. 

Page 238.-98. ±4, or ± J\/l6. 99. 4, or 69. 80. 14, or 23. 
81. 1, or -10. 89. 50, or 19|}. 88. ±3, or ± V^. 84. 2-6, or 
-(3+6). 86. -2±V3, or-2±V^. 86. 1 ± VH, or 1 ± \/2. 
87. 6*-a, or 81 6*-a. 88. 9, 1, or 6±2 V2. 

9. 7, 3. 8. 7, 20. 

Page 239. —4. 28 rd., 40 rd. 6. 20 sheep. 6. 60 rows, 40 in a 
row. 7. 10, 12. 8. 11 persons. 9. 6 days. 10. 8^ per doz. 11. $20. 
19. 20 persons. 18. 3 in. 14. $30. 

Page 240. — 16. A, $1.14+ per rd.; B, $.89+ per rd. A dug 
43.846- rd.; B dug 56.155+ rd. 16. 6 rd. 17. 12 yd., 24 yd. 

18. 9 gal. 19. One, 9 mi. ; other, 10 mi. 90. Silver, 2 ; copper, 26. 

Page 244.-7. x=6 ; y=2. 8. x=3, 2 ; y=2, 3. 9. x=6, li ; 
y=3, 10. 10. x=Q, -IJ; y=l, -4. 11. a=3, -6; y=2, 6. 

19. x=6, 6; y=4, 3}. 18. a;=6, 10; y=10, 5. 14. z=:±e, ±4>/=^; 
y=±4. If 3v^. 16. a;=5, -2 ; y=2, -5. 16. x=4, 3 ; y=3, 4. 
17. x=4, -3 ; y=3, -4. 18. x=3, 1 ; y=l, 3. 19. »=±3, 1 ; y=l, 3. 
90. a;=3, -1 ; y=l, -3. 91. x=±6, ±iV2; y=±6, +V^- 
99. x=:±2, ±2\/3; y=±3, T3V3. 98. »=±7, ±6\/2; y=±8, 



XXVI 
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±2V2. 84. 3c=8, 17} ; y=6, -laj. 96. x=18, 121; y=8, -2J. 
S6. a=2, -40; y=3, 16. 27. x=4, 2^3±\/2l ; y=2, 4, 3tV2I 

Page 245.-88. a; = 6, 4, -6±V-~10; y = 4, «, -.^zfy/ZTm 
29. x=±2, ±iV2;y=±8, ±JV^. 80. g=64,8; y=8,64. 81. x=4, 
-2; y=2, -4. 82. aj=2, 1, 1(3± V-66) ; y=l, 2, 1(3^^^=^). 
88. a;=3, -2; y=2, -3. 84. x=3, 2, -3±\/3; y=2, 3^ -3tV3. 

88. :c=±4, ±3V3; y=±5, ±V3. 86. x=±2, ±4V3; y=±6, 
tV3. 87. a;=±3, T8; y=±6. 88 . x=±5, ±3 ; y=±3, ±5. 

89. x=3, -3, 2, -2, V- 7± > /^^14, ~ V- 7± >/^^14 ; y=±2, ±2, 
±3, ±3, ±V-7T V^Ili, ±V-7tV^=^. 40. a;=9, 4; y=4, 9. 
41. x=±2, iifVlI; y=±4, ±AV11. 42. x=5, -4; y=4, -6. 
48. g=3 , -1, J:>/^+l : y=l, -3, ±V:^-1 . 44. x=±4, 
±2, Vk-62±2V 705) , -Vk-Q2 j :2\/706); y=±2, ±4, 
iV^(-e2V2V'705), ±V|(-62T2V70&). 46. x=±2, ijVlO; 
y=±J, TfVIO. 46. x=±2, ±241; y=±6, TlO^. 47. x=±2, 
±1; y=±l, ±2. 48. x=±2, ±V2; y=±4, ±3^2. 49, x=±3, 
±2;y=±2,±3. 60. x=4,3, -2, -6 ; y=8,4, -6, -2. 61. x=±6, 
±102;y=±5, T69. 62. x=S,h ii9±V-(il)] y=l,S,iidTV^^^). 
68. x=9, 3, J(_13±>A^^); y=3, 9, J(-13T\^^^). 64. x=e. 
-6; y=±3, ^3. 

Page 246. — 66. x = (a^ + 6*) -5- (a - 6), - (a^ + 62)^ (« _ 5) . 
y=±2ab-i-(a—b), ±2a6-5-(a— 6). 66. x=a— 6, 6-a; y=a+6, 2 a. 
67. x=a±by -a±b; y=aTb, - aTb. 68. x =6^ Y, y, 10; y=4 , 

V, h ^' W- «=4, -4, 3, -3, Vi(81±29V^, _ Vi(81±29^^; 
y = ± 3, i 8, ± 4, ± 4, ± Vl(81 T 29 V"^, ± Vi(81 =F 29^/3^. 
60. x=JJa; y=tt«- 

1. 2, 6. 2. 10, 2, 8. 4, 9. 4. 9, 11. 6. 36, 64. 6. 4, 2. 7. 8, 6. 
8. 8,6. 9. i(a± V2 ft-a^), i(aT V2 6-a2). 

Page 247. — 10. 6,4. 11. 48. 12. A, 36 ; B, 24. 18. Linen, 16 
yd. ; cotton, 48 yd. 14. 24 rd. long, 18 rd. wide. 16. 49 yd., $3 per 
yd. 16. 40 children, 10 cents. 17. 60 cows, $40 per head. 

Page 248. —18. 30, 20. 19. 8 miles. 20. J, 16 ; F, 20. 21. 67. 
22. 2,8. 28. $600, $1000. 24. 600,604. 26. Fore, 12 ; hind, 16. 

Page 248. — 26. J (3 ± V6), i(l± V6). 27. A's $192 ; B's $224. 
28. Length, 31 ; breadth, 19. 29. 8 men; 12 women. Men, $3; 
women, $2. 80. Gold, 6, or 4 ; silver, 4, or 6. 81. 18, 3. 82. 20 mi. 

Page 253.-2. x2-x-6=0. 8. x2-14x+48=0. 4. x2-x-72=0. 
6. x2+17x+70=0. 6. x2-12x-46=0. 7. x2+|-3 = 0. 8. x«- 
9. x2-61x+9J=0. 10. x2-|Jx+A=0. 11. ««+ 



m-i=o. 



s^x-{-9^=0. 12. x2-6x+7=0. 18. x2-4x+l=0. 14. x"- 
2x-4=0. 16. x2-2axH-6x+a2-a6=0. 16. x2-2ax-6x+a2+ 



a6-2 62=0. 17. x2-2ax+a2-a*=0. 
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18. x2-ax+5^=0. 



ANSWERa xxvii 

Page 255. —3.-2,-1. 4. - 3, - 4. 6. - 3, 7. 6. - 2, 9. 

7. -4, -2. 8. -4, -8. 9. 13, -3. 10. 16, -4. 11. 1, IJ. 

12. 2, 1. 13. - 3 o, - a, 14. =-^, - 2 6. 17. ± >/^, or 6. 
18. -3, or ±iV6. 19. ±V6, -?• 90. 3, -1, -2. 31. -5, 7, -3. 
22. 3, K-l±>/^)- ^ 

Page 266.— 2. ^. 8. IJ. 4. 2f 6. ±6. 6. U. 7. 8. 8. 16. 
9. 8. 10. 11. 11. 2, or -6. 12. 4. 18. f 12, ^28. 14. 12, 18. 

16. 12, 20. 16. 200 bu., wheat; 300 bu., oate. 

Page 267. —19. 5, 3. 20. 5, 2. 21. 8, 6. 22. 8, 4. 28. 4, 2. 

24. 4, 3. 

Page 269. —8. 6. 4. ^. 6. |. 6. -|^. 7. ± jV6. 

2V6 . 2\/6c 

Page 272. — 2. 56. 8. 47. 4. 6. 6. 3. 6. -68. 7. 30a. 8. 0. 

9. 2n-l. 10. $1.72. 11. 209,^5^ ft. 

Page 273.— 2. 144. 8. 108. 4. 124. 6. 52^. 6. 80a. 7. 9a + 
9 6 + 36 c. 

Page 274. — 8. rAc. 9. -12. 10. 330 mi. 11. 78. 12. $3360. 
18. $676. 14. 438 mi. 15. 1102^ mi. 16. 36 mi. pr 120 mi. 

17. 3720 ft. 18. 6433Jft. 

Page276.— 8. 17. 4.3. 6.13. 6.58. 7.216. 8.-43. 9.192. 

10. 6. 11. -11. 12. i. 18. -A- W- 13. 16. 1518. 

2. 6, 9, 12, 15. 8. 20, 27, 34, 41, 48, 56, 62, 69. 4. i, 4J, 8f , 124. 

6. 243, 298, 343, 393. 6. i§, i, ^, {h }|, f jf, H- 7. - 8, - V, 
-¥, -¥» -¥. -¥, -V. -4. 8. i I, J, i, 0, - i, - «, - f, - J. 

Page278. — 2. 30. 8.10. 4.8. 6.3,5,7. 6.1,3,5. 7.3,6,9. 

8. 2, 6, 8. 9. 3, 5, 7. 10. 1, 2, 3, 4. 11. 3, 6, 7, 9. 12. 2, 4, 6, 8. 

Page 279. —18. 2, 6, 8, 11, 14. 14. 1, 3, 6, 7, 9. 16. 1, 4, 7, 10. 

16. 234. 

Page 280. —2. 160. 8. 612. 4. 2187. 6. 612. 6. 128 a^. 

7. 768 a»x8. 8. 2«-J. 9. 3 x 4— i. 10. yi^. 11. $ 2187. 12. $32000. 

18. $612. 

Page 281. — 14. $196.83. 16. $31.25. 16. 67108864 bu. 

17. $2928.20. 

Page 282. — 2. 2047. 8. 9841. 4. 16380. 6. 266719. 6. 2046 a. 
7. 59048x2. 8. 2(2" - 1). 9. 3}||. 10. 10J^|. 11. 1364. 12. 1022. 

18. 4. 14. 12. 

Page283.— 16. 3. 16. -;^- 17. -^^ 18. $610. 

19. $1048575. 20. $60600. 21. $256. 22.50 ft. 28. $42949672.95. 

Page 284.-2. 2, 4, 8, 16. 8. 62, 124, 248. 4. 3, 9, 27, 81, 243. 

6. 6, 18, 64, 162, 486, 1468, 4374. 6. i, 2, 8, 32. 7. - 6, - 18, - 54, 

- 162, - 486, - 1458. 8. - }, fj, - fi, }« . 9. 12. 10, 16. 

11. 28. 12. 21. 

Page 285.— 18. 8. 14. 8^. 16. 20 x^. 



xxviii ANSWERS 

I. a«H-(r-l>. 8.2. 8.-1. 4. r=*^. 6.4. 6. r = 8; 
f 2, 6, 18, series. 7. a = -i^. 8. a = 6 ; 6, 16, 46, 186, 406, 1216, 
series. 9. r = 1=^. 10. r = i ; 2, 1, J, J, J, ^, A, series. 11. 2. 

13. z = ?LH:Lzl1^. 18. 1216. 
r 

Page 287. —8. 7. 8. 1. 4. I. 8. 6. 6. 1, 8, 9. 7. 1, 2, 4. 

8. 1, 3, 9, 27. 9. 1, 2, 4, 8. 10. 2, 4, 8. 11. 4, 6, 9, 13^. 18. 2, 6, 18. 
18. 2, 6, 18. 

Page 288 — 16. $ 629.88 + . 1. 10 x^y - 2. 2. (6 - 6 c)x*y2 ^ 
2 x-*y* + 3 a;2 + 2 a + cy + 2 ie8. 

Page 289. ~8. 10cy"J-f 12m+16aa;-36. 4. 10a^-««+10a- 
(12-2 6)«. 6. a^-b^. 8. 6a?»-4jKy«-2-9aj*-y+6y*. 7. 9a;-i- 

4yi 8. 4sc"-9jr"". 9. a^+2a2»y*»+y**. 10. a^-a^y+ocy^ -yS. 

11. X«-a^ + «*y2_a4ly8^.a.22,4_3cy64.j^. 13. y^-l^xn-2y^x^-^ + 

a;"-V+«""V+a?»-^*. 18. x^ + i. 14. (2x-^y)(2x+y). 

16. («2H-y2)(a.+y)(a.__y). le. (a;_7)(a;+6). 17. (x-9)(x+3). 

18. (aj*+!/*)(x2+y'0(«+y)(«-y)- w- «-y. «>• 2x24.3. 21. x-3. 

22. x2-6x~8. 88. 12a2xV. 
Page 290. -24. y(x3~y2). 86. ^^' 98. ^. 27. ^-^-^^ 



2x4-3 x+4 a-\-b-c 

38. -M.. 89. -i-. 80. 0. 81. 0. 88. x*-l. 88. ^. 
x^-l x+2 X* <i*-6* 

84.x. 86. i^tl^. 

Page 291.— 88. ^~y~^ - 87. x-1. 88. Vy-Vx. 89. x^^ 
x-fy+« 
7x^+21x6yH36x*y«H-35xV+21xV+7xy«+y7. 40. 32a6+240a*6+ 
720a862+1080a26»H-810a6*+24366. 41. aio + iOa»6+45a86a-4- 

120a''68 + 210a«6* + 2520*6* + 210a*66 + 120a867 4. 45a268 + 10a6»+6^. 
42. x8+3x2y+3xy''«+y8. 48. (x-^yyVxy. 44. (x-y)\/3«. 

46. lOVi. 48. x-y. 47. 0+ 2 VoftH- 6. 48.7. 49.-?^. 60. a^-fta. 

a— 

61. ^. 62. 6. 68. 12. 64. ^ILzm. 
be m—n 

Page292. — 66. 6. 68. ±2, or ± v^^. 67. ±V7. 68.81. 
69. 26. 60. 4. 61. f 62. x=3, y=4, z=&. 68. x=llA,y=-7i, 

a=74*. 64. x=2, y=4, «=3, w=S, v=l. 66. x=^, y=oc, ar=^. 

c a 

66. x=±2, y=±4. 67. x=2, or3; y=3, or2. 68. x=4, or6; 
y=5, or 4. 69. x=9, 26, 16 ; y=26, 9, 15. 70. x=4, or -2 ; y=2, 
or -4. 71. x=5, -5; y=±4, ±4. 72. x=±3, ±\^VS; y=±4, 
:Fi\/3. 78. x=3,2, -3± v^;jr=2, 3, -StVS. 74. x=2, orl6; 

y=2, orj^ 76. x=4, 2, 3j:\ /21; y= 2, 4, 3^ V^. 76. x=6, 4, 

8dbAV-2606 ; y=:4, 6, 8q=AV-2606. 77. «=4, or 1 ; y=8. 



ANSWERS. xxix 

Page 293.-78. «=:8, 6, 10, 0; y=6, 8, 0, 10. 79. «ss8, or -2; 
y=2, or -3. 80. 21, 28. 81. 20 minutes past 6. 88. 20. 

88. 9. 12. 84. 0, 3. 85. 17, 14, 27, 8, 33. 88. 2, 3. 87. 276. 
88. 50 apples, 150 pears. 89. 42 miles. 90. A's age, 21 ; B's age, 39. 

Page 294. —91. 333. 92. 8 cento. 98. f 94. 144 sq. yd. 
95. 40 horses. 98. 9180,9120. 97. 357. 98. 30 shillings. 

99. 27, 13. 

Page 295. — 100. 24000 men. 101. A to B 12 mi. ; B to C 4 mi. ; 
C to D 18 mi. 108. ± (1 ~ v^). 108. 8 persons. 104. 27 A minutes 
past 11. 105. 40 rd. and 16 rd. 106. 10, 8. 107. 9677.18+. 
108. Length, 118.484- feet; breadth, 88.86+ feet 109. x=18, or 6; 
y=6, or 18. 

Page 296. — 110. «=±20, ±16; y=±16, ±20. HI. 7,13,19,25. 

118. 2 yd. and 5 yd. 118. $40. 114. 1, 3, 9. 115. x=±3, ±|\/6; 
y=±ly ±i>/6. 116. 5 ft. and 4 ft. 117. 2,4, 8. 118. ax^+to+c. 

119. 10, 20, 40. 120. $1200, 9600, $300 ; or 91600, 9400, 9100. 
Page 297. — 121. 38 gal. and 62 gal. 122. 24 bales or 72 casks. 

123. 18 acres; 9 12 per acre. 124. 4, or \/^. 125. 5,3. 126. A, 96; 
B, 108. 127. 15 pieces. 128. 2, 5, 8. 129. B, 15xlays; C, 18 days. 

Page 298. — 180. J(3±V^), J(3=fV^). 181. J(5±V6), 

± JV6. 182. A, 55 h. ; B, 66 h. 188. 6 days. 184. 3, -2 , 

1(1 ±V=^). 185. 1,2,3. 186. x=4, -4,3, -3, V i(81±29v^7) , 
-V K81±29V^ ; y=±3, ±3, ±4, ±4, ± Vi(8lT29V^), 
±Vj(8lT29V^). 137. x=±2, ±1, ±2v^^, ±V^; y=±l, 
±2, ±V-1, ±2V^=T 188. 300 miles. 

Page300.— 2. 5V^. 3. 5V'=:2. 4. 20V^. 5. OV^ 
6. SV^b. 7. SaV^. 8. lOftV^l. 9. 17axV^. 10. -a\A=T. 
,11. -2wxV-3. 

Page 301.— 2. -2\/5. 8. -12V6. 4. -36. 5. -6a«Vx. 
6. 2. 7. -2\A=T. 8. -6V6. 9. ISVlO. 10. -30V3. 11. SV^, 
12. 96+12\/^. 18. xV^+yy/-l. 

8. 3V2. 4. f 5. fo^ 6. l-\/^. 7. l-V^. 8. jVS. 

PageJ02.— 9. 2+v''-2. 10. 2o\/^. 11. 6\/^. 

12. OV-l. 18. 2V^. 14. 2V^. 15. l+4v^. 16. V^. 

Page 303. — 1. oo . 

Page 304. — 2.x. 8. Indeterminate, ^. 4.). 5. oo. 6. f . 

Page 307. —2. 1 and 4 ; 2 and 3. 8. 1 and 6 ; 2 and 5 ; 3 and 4. 
4. 1 and 4 ; 5 and 3 ; 9 and 2 ; 13 and 1. 

Page 308.-7. 272, 228. 8. x=8; y=5. 9. x=3; y=7. 

10. x=48 ; y=19. 11. x=8 ; y=3. 12. x=ll ; y=18. 13. x=37 ; 
y=\S. 14. Cows, 5, 10, 15, etc.; sheep, 83, 66, 49, etc. 15. Calves, 
1 or 4 ; sheep, 27 or 8 ; geese, 72 or 88. 

Page 309.-16. 63. 17. 31. 18. 59, 119. 19. 215. 20. 1147. 

21. Calves, 17, 16, 15, etc. ; sheep, 2, 4, 6, etc. ; lambs, 21, 20, 19, etc. 

22. Oats, 15, 38; barley, 76, 30 ; rye, 110, 132. 28. Calves, 4, 9, 14, 
etc. ; sheep, 78, 60, 42, etc. ; lambs, 72, 85, 98, etc. 



xzz 



ANSWER& 



Page 310. —94. Least number, 253. A, 89 ; B, 73 ; C, 61 ; D, 26. 

26. Histories, 6, lo ; lexicons, 17, 7. 26. Calves, 11, 12, 13 ; sheep, 
16, 10, 6 ; pigs, 4, 8, 12. 27. 1st part, 6, 12, 18, 24 ; 2d part, 66, 42, 
28, 14 ; 3d part, 8, 16, 24, 32. 28. Sheep, 37, 36, 36, 34, etc. ; pigs, 
4, 12, 20, 28, etc. ; lambs, 69, 62, 46, 38, etc. 29. Sheep, 6, 10, 16 ; 
turkeys, 42, 24, 6 ; geese, 63, 66, 79.* 

Page313.— 8. a;>7. 4. x>8. b. x>a. B. x>6, 7. x>3. 
8. x>6. 9. x>ll;y<6J. a;=2;y=3. 10. a;<2J ; y >7j. 
x=2;y=9. II. x>il ; y<2^, x=l ; y=2. 12. x<if^; y>2^. 
'^ '^ '*" a;=12;y=10. 14. a;<6i}; 



x=4 ; y=3. 18. x > 11^ ; y < HA 
y>3}}». x=6;y=4. 16.2. 17. 



Page 319. —2. 2.60243. 8. 2.46484. 4. 2.68664. 



6. 1.&2634. 
11. 3.44483. 
16. 3.32323. 
21. 3.47481. 
26. 3.61983. 
81. 3.89471. 
86. 3.69864. 
41. 3.88196. 



7. 0.42813. 
12. 3.60093. 
17. 3.17833. 
22. 3.61679. 
27. 3.64196. 
82. 3.64666. 
87. 3.82776. 
42. 1.92133. 



8. 1.68433. 

18. 3.27302. 

18. 3.48487. 

28. 3.66170. 

28. 0.76726. 

88. 3.67320. 

88. 0.76246. 

48. 0.93267. 



' 8. 2.62604. 

9. 3.68404. 10. 3.68601. 

14. 0.37016. 15. 0.22636. 

19. 8.36160. 20. 3.49914. 

24. 3.70234. 25. 3.67461. 

29. 1.79663. 80. 3.96260. 

84. 3.92237. 85. 3.96727. 

89. 1.79861. 40. 2.62726. 

44. 2.73287. 45. 1.89768. 



46. 0.94221. 47. 3.79782. 48. 2.04632. 49. 4.00000. 50. 1.47726. 
51. 2.16229. 58. 2.30320. 58. 3.38936. 54. 3.64019. 55. 3.93399. 
56. 3.89209. 57. 2.16229. 
Page 320.— 2. 241.31. 8. 163.65. 4. 1.704. 5. .19339. 

6. .09662. 7. 1628.6. 8. 731.72. 9. .001766. 10. 966.06. 

11. 386.86. 12. 8886.9. 18. 1.6464. 14. 631.96. 15. .16382. 

16. 326.02. 17. 1387.04. 18. .04448. 19. 63339. 

Page 321. — 2. 8.61. 8. 87.6. 4. 766. 5. 74.88. 6. 418.2. 

7. 6.824. 8. .000698. 9. .0000226. 10. .884. 11. .3249. 

12. .4896. 18. .00046. 14. .0036424. 15. 1182.19. 16. .0120989. 

17. 182863. 18. .00912. 19. 16147. 20. .000016. 21. 120.9. 
22. 2402.7. 28. 20.8023. 24. .0006372. 25. 18311. 

Page 322.— 2. .26. 8. .763. 4. 30.2. 5. 3660. 6. .16. 
7. 321.9. 8. 2.683. 9. 3130. 10. 21600. 11. 41.6. 12. 4420. 

18. .428. 14. 94.27. 15. 10308.4 +. 16. 17. 17. 606. 18. 210. 

19. 6260. 20. 6.02. 21. 206.89+. 22. 13499.06+. 

2. 4226. 8. 7055.9+. 4. 421882+. 5. 16776046+. 6. 668600. 
7. 60662+. 8. 6766000. 9. 763668+. 10. 1061183+. 

11. 131077639+ . 12. 3112101 + . 18. 226621 + . 14. 374643+. 
15.199170403+. 16.307.636+. 17.273263164666+. 18.610096238+. 
19.76.736+. 20. .88473+. 21.44.361 + . 22.868.49+. 38.28.096+. 
24. .0000002746. 25. .0074306+. 26. 690462+. 27. 17.076+. 
28. 26.872 + . 29. 61684.62+. 

Page 323.— 2. 14. 8. 16. 4. 24. 5. 34. 6. 41. 7. 63. 8. 16. 
9. 72. 10. 24. 11. 2.6. 12. 42. 18. 46. 14. 3.072. 15. 4.020+ . 
16. 3.064 +. 17. 2.491 + . 18. 1.472 + . 19. 1.691 + . 20. 1.677 + . 
91. 1.601 + . 22. 1.681 + . 28. 1.484+. 24. 1.668+. 95. 1.466+. 
96. 1.047+. 27. .0072+. 28. 7.96+. 29. 9.81 + . 

Page325. — 8. $1010. 8. 8740.26. 4. $701.79. 5. 9332.51. 
6. 9641.46. 7. 9676.62. 8. 4}%. 9. 11.89 yr. 



ANSWERS. xxxi 

Page 327. ~8. $10616.70. 4. $6298.19. 5. « 4464.69. 6. $8376.16. 

7. $5383.82. 8. $12462.36. 

Page 330. —1. 3024. 2. 6720. 8. 70. 4. 20160. 6. 120. 6. 6040. 

Page 331.— 7. 495. 8. 31. 9. 18664. 10. 3628800. 

Page 334. —1. a^ + bo^x + lOa^aj^ + lO a^x^ + 6 oa* + a^. 2. a^- 
7a8a;+21a6a;2-35a*a:»+35a83C*-21a2x6+7aacP-x^ 8. a^-\-^cfih^+ 

6a*6«+4a26H6^2. 4. a-*+4a-»c-2+'6a-^c-*+4a-ic-«+c-8. 5. c*+ 

3c(2-2+3c*<r*-f<r«. 6. a*-4a2x*+6a*x*-4a*a;*+x». 7. x~*+ 

6x-V+10x-*y«+10x-iyH6x-*yi«+yW. g. i^-§^ + Mli-?Ii^. 

y» y X X* 

9. x*+4x»2^i+6x2y4-4xy*+y3. 10. a»+12a^xi+60cf8x^+160a*x+ 
240a8x*+192aW+64x«. 11. 243 x^o- 136x^+30 xT-J^x^+ 
6x^_x*_ jg 16xg 32x 24 8y^ y^ 

27 243' • yi y* %t « ^* 

Page 335.— 1. 66086*. 2. 210 a«x*. 8. 462 o^c^. 4. 496 0*6". 
6. -2836x9. 6. -10JaOx«. 7. 36?. 8. -20a^. 9. -tt«*y* 

10. }a-ix6. 11. 70a2x«. 12. -36 aM. 18. 64x«. 14. -??^J^. 

3 '3 

1. x«+3x2y+3xy2+y8-f3x2«+6xy«+3y2af+3x«2+3y«2+;58. 3. 1+ 

4x+2x2-8x8-6x*+8x6+2x6-4x7+x8. 8. xs -4x7 +14x6 -28x6+ 
49x*-66x8+66x2-32x+16. 4. a«+3 a«x+6 a*x2+ 7 08x8+6 a2a4+ 

3ox6+x». 6. 08+3 o*x2+3ox*+x8+3o2ar+6ox?«+3x*»+3 0^+6 ox2 
+3x*+3oaf2+6o2:+3o+3x2««+6xa«+3x2+«8+3;jj2+3-j;+l. e. jbS.. 

8x'+12x6+40x6-74x*-120x8+108xa+216x+81. 

Page 339. — 8. l-2x+2xa-2x8+2x*. 4. l+x+3x2+9x«+27x*. 
6. i-Jx+tx2-Ax8+|}x*. 6. l+3x+4x2+7x8+llx*. 7. l+2x 
+8x2+28x8+100x*. 8. 2-6x+3x2+2x8-6x*. 9. l + 3x+7x2+ 
15x8+31 X*. 10. 3+x-2x2-3x8-x*. 11. x-x2+0x8+x*-x5. 

18.2+3x+4x2+6x8+6x*. 18. l-2x2+x*+4x6-ll x^. 14. x+9x2+ 
32x8+92x*+240x6. 

Page 341.-6. -2.-+J-. 6. -L-+-1-. 7. -1-+-1--. 
x+1 x-2 x+1 x+2 x-2 x-3 

8. J-+^-. 9.-^ + ^. 10. -J§ §L_ 11.1 + 

x-2 x+4 x-5 x-3 6(x-3) 5(2x-l) x 

1 .+^. 12. 1+ JL+_L,. 18. ^^.+^. 14. « 



x+1 x-2 X x-1 x-2 (a;-2)2 x-2 (a;-l)8 

(X-l)2 X-1 

Page 343.— 2. x^y-i/^+y^-y^-^-'-. 8. x=y-3y2+13y8-67y* 
+ .... 4. x=y+iy2+jy8+^j^ + .... 6. x=iy-iy2+^2^-j?^^j,i 
+ .... 6. x=iy-iy^+|y8^jy4+.... 

Page 344. — 8. .45403. 9. .274649+. 

Page 345. — 2; m=x2; n=x. 3. m=2x^', n=x. 4. w=3x2; 
9is2x. 6. m=2a^; n=3x. 



zxzu ANSWERS. 

.^ l-x-afi l-X'-2sfi l-8a5-2a^ 

6 ^+^ . 

Page351.— 2. a* fia"*6-ia"HH A «'**•—•• •• «*+ 

Ja"*6-ia'"*62+A«"*&'--- *• a-«-2a-»6+3a-*6«-4a-*6»+.... 

10a-«6«+-. 7. a*-f a"*6-A«"*&^-|Vi«"*&'+— «• «"*- 

tJa"*6»+-. 10. l+6a;+5ar2-f»«+-. 11. y/Sa*+^ 

275» ^„136^ + .... i3.1-Jx-|x»-.At^-. 



64av^2a 612 a»\^ 

18. a"*+Sa"*6 + H«"^&' + Jft«"^&'+-- W- 2.609+. 

16. 4.242+. 17. 6.0W+. 18. S.072+. 19. 8.086+. 90. 3.0049+. 

Page 354. —9. -1, 3. 8. 1, 2. 4. -8, 2. 5. 8, 2. 6. -i± 
JV-39. 
Page 356.— 1. a<-9aj«+26x-24=0. ' 9. a<-9ajH23a;-15=0. 

3. ««+2x2-6x-6=0. 4. x*~2x»-18xa+38x-24=0. 6. a*-4Jx2 
+ 6x-li=0. 6. x*+}x«-6x2-ix+l=0. 7.1,2,3,4. 8. 2±2\/2. 

Page 357. — 1. Two positive and one negative. 9. Three pos- 
itive. 8. Two positive and one negative. 4. One positive and two 
negative. 6. One positive and two negative. 6. Two positive and two 
negative. 

Page 359. —9. y6-3y*+2y2+3y+6=0. 8. j^-3y*-4y«-7y+ 
13=0. 4. j^-2y*-5y8-3y-4=0. 
1. y»+36y-432=0. 9. y»+6ya-81=0. 8. y»-6y3-243=0. 

4. y8-27y-54=0. 

Page 360.— 1. y*-y»+2y-288=0. 9. y«-14y«+lly-76=0. 
8. y8_i8y2^.27y-120=0. 4. y»-llya-12y4-31=0. 6. y*-12y8 
+ 150 3/2- 13600 y +23626=0. 6. y* - 66 y«+ 1170 y2- 163000^+162000 
=0. 7. y*+4y8-76ya+500y=0. 8. y* - 36 y* + 13824 y- 697 1968=0. 

Page 363. — 1. x8-9x2+26x-24. 9. x*+4x8-18x«-76x-66. 
8. x8-6x2+lla;-6. 

Page 364. — 8. x*-3x2+5x-6=0. 4. x«-30x2+226x-491=0. 
6. y6+50y4+i005y8+10160y2+61497y+104965=0. 6. y*+9y8+ 

12y2_i4y=0. 7. y*+43y8+687y2+4847y+ 12463=0. 

Page 365. — 8. x6+ 10 x*+77x»+302x3+430x+ 163=0. 9. y*- 
10y8+36y2-60y+24=0. 10. (I)y»+6y4+lly8-19y-16=0. (2) y* 
+48y»+244y2+432y+291=0. (3) x5+10x*+40x«+80x>+80x+31 
=0. (4) y8+6y2-68y-62=0. 

Page 366.-4. 4, 6, 1. 6. J, 3, -}. 6. 6, -6. 7. -6, 8, 4, -1. 

8. i J. 9. 2, 3, 4, 7. 10. 7, 9, 14, 18. 

Page367. — 1. 1. 9.6(6-1). Z. ^^i^^^^) . 4.13. 6.8. 6.4. 

4a— o6 



ANSWERS. xxziii 
T. 1. 8. 4. 9. ia. 10. 6, or -}. 11. 4~- 1«- • 

-»{'-(f^)'}- -^- 

Page 368.-15. 8. 16. 1, or I<t2\/l6. 17. 4, or v^. 18. }, or 
A. 19. 10>/^. aO. a;=4;y=2;«=6;tt=5. 21. a;=3; y=2; »=4; 

tt=-2;t?=-8. 88.x=±^^i^. 88. a;=4. 94. x=-b£ ^Bllll . 
2V6c V2n-1 

Page 369.— 97. a;=±2^\/a2+4. 88. a;=±i. 89. «=±3, ±2; 
j/=±2, ±3. 80. x=a, 6; y=6, a. 81. x=2; y=2. 88. a;=6; y=3. 
88. a;=3, 6; y=zQ, 3. 84. «=4, (jjj)^; y=9, 324. 85. a=4, 1 ; y=8. 
86. x=4, -2 ; y=2, -4. 87. x=2, y/S- v^ ; j/=6, -2 v^. 88. x=4, 
16, -12±V68; y=5, -7, ~lT>/68. 89. x=8, -7, -2±>/^=T7; 
y=2, f K5Tv^=T7). 40. x=3, -y, A±jV409; y = l, -J, f± 
tJjV409. 41. x=6, -36^; y=3, 80^. 48. x=4, 2, 3± V21; y=2, 
4, 3T V^. 48. x=3, 2; y=2, 3. 44. x=2, |; y=2, -6. 45. x=±4, 
±2;y=±2, ±4. 46. x=±3, ±2\/Ci:; y=±2, TSV^. 47. x=8, 
7, -8± V^^^; y=7, 8, -8t>/^^^. 48. x=9, 6, -9±V6; y=l, 
4, -8t>/6. 

Page 370. — 49. x=±8, ±S V^; y=±6, t6V^. 50. x=6, 4, 
8±AV-2606; y=4, 6, 8tAV^2606. 51. x=l, l^; y=2, -^. 
59. x=9, 4, 36, 1 ; y=4, 9, 1, 36. 58. x=4, 2 ; y=2, 4. 54. x=4, 
-4, 3, -3, Sy/^, -3V3i, 4>A:1^4V^; y=±3, ±3, ±4, ±4, 
±4V^, ±4\/^, ±3\/^, iSV-l. 55. x=12; y=6. 56. x=4; 
y=8, 2. 57. x=3, 2, -4±4\/^; y=2, 3, -4t4>/^. 58. x=2, 
l;y=l,2. 59. x=±4;y=±6, T13. 60. x=8, 2; y=2, 3. 61 . x=6 , 
4, t(-17±6\/ n); y =:4, 6, K-HTfiVH). 68. x=3, 2, f ±1^3809; 
y=2, 3, |Ti>A^309. 68. x=8, 6, 10, 0; y=6, 8, 0, 10. 64. x=±4; 
y=±6; z=±Q. 65. x=6, 5 , ^(_103± V-3161); y=8, 8, -7, -7; 
^=5,6, A(--103=FV-8161). 

gg . 6« ^ ^_ V26-ai:\/q . V26-aTVa ^ 

a + 6' a+6* ' 2y/2b^ ' 2v/26^ 

«». hh H» f «i «, A. W. 3, 1, i. 71. -fs' 78. 10. 78. «*- 
Ia"ix-Ja"*x2-A«"*«'-T4¥«"^«*- 74. a»"+8+(«+l)«®"&H 



£* 



n(n+l) «-«w I nCn+lXn-1) «._fly . n(n+l)Cn-lXw-2) «,_,g^8 

2 6 24 

75. H-6x+9x«-4x»-9x*+6x6-X». 76. 3360a-«x2. 77. 3.3437 + . 

78. l+2x+8xa+28x«+100x*. 79. -A- + -1--. 80. -+-^+ 

„ _ x*+l x*-l X x+1 

-=-. 88. 3-\/2, 3+V2. 84. x8+6xH2x-8=0. 
«+8 



xxxiv ANSWERS. 

Page 372. —85. 2=4 ; 2^=12 ; z=4. 86. 376, 214. 87. 28^14, 

,37m. 88.180. 89. 12 Inches. 90. Length, 20 ft. ; breadth, 

height, 14 ft. 91. 656^ ft. nearly. 92. Base, 16 ft. ; hyp., 



16 ft. ; 

39 ft. ; perp., 36 ft. 93. 

Page 373.-94. -^. 96. 26.4 in. +. 98. 4, 13, 16. 97. Length, 

16 ft. ; breadth, 2 ft. 98. Length, diminished 10^ ft. ; breadth, 

increased 114 ft. 99. A, 36 ; B, 30. 100. i(S± V5) ; i(l± \/6). 
101. ±iV6; J(6±>/6). 

Page 374. —109. 8600, $320. 108. 100 ft. 104. 7 hours ; 6 
hours. 105. 79 days ; number of men alive, 28. 106. 40 ft. long ; 
25 ft. wide. 107. 38, 62. 

Page 375. — 108. 26 miles from Baltimore. 109. Length, 90 yd. ; 
breadth, 60 yd. 110. 6 days, 26 men. 111. Length, 30 yd. ; 

breadth, 19 yd. ; height of wall, 4 yd. 118. .666. 118. 1.896. 
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SCIENTIFIC MEMOIRS 

Edited by JOSEPH S. AMES, Ph.D. Johns Hopkins 
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The Free Expansion of Gases. Memoirs by Gay-Lussac, Joule, and 

Joule and Thomson. Edited by Dr. J. S. Ames. $0.7$, 
Prismatic and Diffraction Spectra. Memoirs by Joseph von Fraun- 

hofer. Edited by Dr. J. S. Ames. ^0.60. 
Rontgen Rays. Memoirs by Rontgen, Stokes, and J. J. Thomson. Edited 

by Dr. George F. Barker. ^.60. 
The Modern Theory of Solution. Memoirs by Pfcflfer, Van't HofF, 

Arrhenius, and Raoult. Edited by Dr. H. C. Jonear. ;j5i .00. 
The Laws of Gases. Memoirs by Boyle ahd Amagat. Edited by Dr. 

Carl Barus. 1*0.75. 
The Second Law of Thermodynamics. Memoirs by Camot, Clausius, 

and Thomson. Edited by Dr. W. F. Magie. ^(^0.90. 
The Fundamental Laws of Electrolytic Conduction. Memoirs 

by Faraday, Hittorf, and Kohlrausch. Edited by Dr. H. M. 

Goodwin. ^0.75. 
The Effects of a Magnetic Field on Radiation. Memoirs by Fara- 
day, Kerr, and Zeeman. Edited by Dr. E. P. Lewis. $0.75. • 
The Laws of Gravitation. Memoirs by Newton, Bouguer, and Cav- 

cndiah. Edited by Dr. A. S. Mackenzie. $1.00. 
The Wave Theory of Light. Memoirs by Huygens, Young, and 

Fresnel. Edited by Dr. Henry Crew. $1.00. 
The Discovery of Induced Electric Currents. Vol. I. Memoirs by 

Joseph Henry. Edited by Dr. J. S. Ames. $0.75. 
The Discovery of Induced Electric Currents. Vol. II. Memoirs 

by Michael Faraday. Edited by Dr. J. S. Ames. ;Jk).75. 
The Foundations of Stereo-chemistry. Memoirs by Pasteur, Le Bel, 

and Van't HofF, together with selections from later memoirs by 

Wislicenus, and others. Edited by Dr. G. M. Richardson. $1.00. 
The Expansion of Gases. Memoirs by Gay-Lussac and Regnault. Edited 

by Prof. W. W. Randall, ^i.oo. 
Radiation and Absorption. Memoirs by Prevost, Balfour Stewart, 

KirchhofF, and KirchhofF and Bunscn. Edited by Dr. DeWitt B. 

Brace, ^i.oo. 
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APPLIED PHYSIOLOGIES 

By FRANK OVERTON, A.M., M.D., late House 
Surgeon to the City Hospital, New York City 



Primary Phyaology . . . ^0.30 Intermediate Physiology . ^.50 
Advanced Physiology . . $0.80 



OVERTON'S APPLIED PHYSIOLOGIES form a 
scries of text-books for primary, grammar, and high 
schools, which departs radically from the old-time 
methods pursued in the' teaching of physiology. These books 
combine the latest results of study and research m biological, 
medical, and chemical science with the best methods of 
teaching. 

^ The fundamental principle throughout this series is the 
study of the cells where the essential functions of the body 
are carried on. Consequently, the study of anatomy and 
physiology is here made the study of the cells from the most 
elementary structure in organic life to their highest and most 
complex form in the human body. 

^ This treatment of the cell principle, and its development 
in its relation to life, the employment of laboratory methods, 
the numerous original and effective illustrations, the clearness of 
the author's style, the wealth of new physiological facts, and the 
logical arrangement and gradation of the subject-matter, give 
these books a strength and individuality peculiarly their own. 
^ The effects of alcohol and other stimulants and narcotics 
are treated in each book sensibly, and with sufficient fullness. 
But while this important form of intemperance is singled out, 
it is borne in mind that the breaking of any of nature's laws 
is also a form of intemperance, and that the whole study of 
applied physiology is to encourage a more healthful and a 
more self-denying mode of life. 

^ In the preparation of this series the needs of the various 
school grades have been fully considered. Each book is well 
suited to the pupils for whqm it is designed. 
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AMERICAN LITERATURE 



AMERICAN POEMS 110.90 

With notes and biopaphies. By AUGUSTUS WHITE 
LONG, Preceptor in English, Princeton University, Joint 
Editor of Poems from Chaucer to Kipling 



THIS book is intended to serve as an introduction to the 
systematic study of American poetry, and, therefore, 
does not pretend to exhaustiveness. All the poets from 
1776 to 1900 who are worthy of recognition are here treated 
simply, yet suggestively, and in such a manner as to illustrate 
the growth and spirit of American life, as expressed in its 
verse. Each writer is represented by an appropriate number 
of poems, which are preceded by brief biographical sketches, 
designed to entertain and awaken interest. The explanatory 
notes and the brief critical comments give much useful and 
interesting information. 



MANUAL OF AMERICAN LITERAT^URE, $0.60 

By JAMES B. SMILEY, A.M., Assistant Principal of 
Lincoln High School, Cleveland, Ohio 



THE aim of this little manual is simply to open the way 
to a study of the masterpieces of American literature. 
The treatment is biographical rather than critical, as 
the intention is to interest beginners in the lives of the great 
writers, and thus to encourage a freer and less mechanical 
study of their works. 'Although the greatest space has been 
devoted to the most celebrated writers, attention is also di- 
rected to authors prominent in the early history of our 
country, and to a few writers whose books are enjoying the 
popularity of the moment. Suggestions for reading, both 
with reference to each author's works and along biographical 
lines, appear at the end of the chapters. 
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UNITED STATES HISTORIES 

By JOHN BACH McMASTER, Profewor of American 
History, University of Pennsylvania 



Primary History 



^.60 



School History .... j^I.oo 



THESE standard Histories are remarkable for their fresh- 
ness and vigor, their authoritative statements, and their 
impartial treatment. They give a well-proportioned 
and interesting narrative of the chief events in our history, 
and are not loaded down with extended and unnecessary 
bibliographies. The illustrations are historically authentic, 
and show, besides well-known scenes and incidents, the im- 
plements and dress characteristic of the various periods. The 
maps are clear, and full, and well executed. 
% The PRIMARY HISTORY is simply and interestingly 
written, with no long or involved sentences. Although brief, 
it touches upon all matters of real importance to schools in 
the founding and building of our country, but topics beyond 
the understanding of children are omitted. The summaries 
at the end of the chapters, besides serving to emphasize the 
chief events, are valuable for review. 

% In the SCHOOL HISTORY judgment and skiU are 
shown in the selection of material, and in the space given 
to each topic. By far the larger part of the book has been 
devoted to the history of the United States since 1783. From 
the beginning the attention of the student is directed to causes 
and results rather than to isolated events. 
^ Special prominence is given to the social and economic 
development of the country, to the domestic life and institu- 
tions of the people, and to such important topics as the 
growth of inventions, the highways of travel and commerce, 
and the progress of the people in art, science, and literature. 
Brief summaries, tabular synopses, explanatory notes, and 
suggestions for supplementary reading, are provided. 
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A BRIEF COURSE IN 
GENERAL PHYSICS 

1 1. 20 

By GEORGE A. HOADLEY, A.M., C.E., 
Professor of Physics, Swarthmore College 



A COURSE, containing a reasonable amount of work for 
an academic year, and covering the entrance requirc- 
^^ents of all of the colleges. It is made up of a reliable 
text, class demonstrations of stated laws, practical questions 
and problems on^the application of these laws, and laboratory 
experiments to be performed by the students. ' 

^ The text, which is accurate and systematically arranged, 
presents the essential facts and phenomena of physics clearly 
and concisely. While no division receives undue prominence, 
stress is laid on the mechanical principles which underlie the 
whole, the curve, electrical measurements, induced currents, 
the dynamo, and commercial applications of electricity. 
^ The illustrative experiments and laboratory work, intro- 
duced at intervals throughout the text, are unusually numerous, 
and can be performed With comparatively simple apparatus. 
Additional laboratory work is included in the appendix, to- 
gether with formulas and tables. 



HOADLEY'S PRAC?TICAL MEASUREMENTS IN 
MAGNETISM AND ELECTRICITY. $0.75 

THIS book, which treats of the fundamental measurements in elec- 
tricity as applied to the requirements of modern life, furnishes a satis- 
factory introduction to a course in electrical engineering for secondary 
and manual training schools, as well as for colleges. Nearly loo experiments 
are provided, accompanied by suggestive directions. Each experiment is 
followed by a simple discussion of the principles involved, and, in some 
cases, by a statement of well-known results. 
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BOTANY ALL THE YEAR 
ROUND 

By E. F. ANDREWS, High School, Washington, Ga. 



Edition with Flora . . . I1.50 



Edition without Flora . . $1.00 



THIS book has been prepared with the view to encour- 
aging the study of botany in schools where it is now 
neglected for want of a method suited to their needs. 
It is intended especially for schools not having a highly 
organized system of instruction, and can be used without 
difficulty by teachers who have had no special training. For 
the most part the experiments described are very simple, and 
can be performed with homemade appliances within the reach 
of any school. While the treatment is distmctly practical and 
scientific, the language is simple and direct, and botanical 
terms are introduced only as required. 

^ The lessons are arranged according to the seasons, so that 
each subject will be taken up at just the time of the year when 
material for it is most easily obtainable. The leaf has been 
selected as the starting point, followed in turn by fruits, 
seeds and seedlings, roots and underground stems, buds and 
branches, and finally flowers. The chapter on ecology, the 
studies of a few typical cryptogams, the practical questions at 
the end of each topic, and the suggestions for field work at 
the close of each chapter, form vital features. 
^ The Flora, which has been prepared especially for use in 
connection with Andrews's Botany, gives descriptions of over 
1,200 species, covering the flowering plants, wild and culti- 
vated, which are most fi-equently seen in the eastern half of 
the United States. Each plant is described so exactly and 
fully as to enable the beginner to determine readily and 
accurately its genus and species. Because the Flora is brief, 
it is easy to use, and does not discourage the young pupil with 
a multitude and diversity of plants. 
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